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PREFACE 

Advantage has been taken of the preparation of the third edition of 
this work to add a chapter on Ellipsoidal Haraionica and Lamp’s E<juation, 
and to rearrange the chapter on Trigonotnetrical Series so that the parts 
■which are used in Applied Mathematics come at the beginning of the 
chapter. A numher of minor errors hare been coirected and we have 
endeavoured to make the 7 

Our thanks are due tilif MisS Wrinch reading the greater part of the 
proofs and to the staff of Press for much courtesy and con- 

sideration during the progress of the printing. 

E. T. W. 

G. N. W. 

July, 1920. 
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THE PRorESSES OF ANALYSIS 




CHAPTER I 


COMPLEX NUMBERS 


I'l. Ratimal numbers. 

The idea of a set of numbers is derived in the first instance from the 
consideration of the set of positive* integral numbers, or positive integers', 

that is to say, the numbers 1, 2, 3, 4 Positive integers have many 

properties, which will be found in treatises on the Theory of Integral 
Numbers; but at a very early stage in the development of mathematics 
it was found that the operations of Subtraction aiyd Division could only be 
performed among them subject to inconvenient restrictions ; and consequently, 
in elementary Arithmetic, classes of numbers are constructed such that the 
operations of subtraction and division can always be performed among them. 

To obtain a class of numbers among which the operation of subtraction 
can be performed without restraint we construct the class of integers, which 
consists of the class of positivef integers (+ 1, + 2, + 3, ...) and of the class 
of negative integers (— 1, -2,-3, ...) and the number 0. 

To obtain a class of numbers among which the operations both of sub- 
traction and of division can be performed freely^, wj^onstruct the class of 
rational numbers. Symbols which denote members^ this class are 3, 
0 , 

We have thus introduced three classes of numbers, (i) the signless integers, 
(ii) the integers, (iii) the rational numbers. 

It is not part of the scheme of this work to^r^Ttuss the construction of 
the class of integers or the logical fonndatiytis4?if the theory of rational 
numbers|. 

The oxteusion of the idea of uuniber,' which has just tieen described, was not effected 
without some opposition from the more conservative mathematicians. In the latter half 
of the eighteenth century, Maseres (1731-1824) and Freud (1767-1841) published works 
on Algebra, Trigonometry, etc., in which the use of negative nnmliers was disallowed, 
although Descartes had used them unrestrictedly more than a hundred yeare before, 

* Strictly speaking, a more appropriate epithet would bo, not poritiw, but tignteia. 

t In ibe strict »pse. 

^ With the exception of division by the rational number 0. 

g Snob a diseoasion, defining a rational number as so oidered number-pair of integers in a 
siinilar manner to that in whiob a oompiex number it defined in $ 1-3 as an ordered ntunber-paii 
of real nomberS, wRl be found in Hobwin’s I'latetivns ej a Beal Variable, §g 1-19. 
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A rational number x may be represented to the eye in the following 
manner: 

If, on a straight line, we take an origin 0 and a fixed segment OPi 
(P, being on the right of 0), we can measure from 0 a length OP® such that 
the ratio OPJOPi is equal to x ; the point P* is taken on the right or left of 
0 according as the number x is positive or negative. We may regard either 
the point P* or the digplacetnent OPx (which will be written OPj,) as repre- 
senting the number x. 

All the rational numbers can thus be represented by points on the line, 
but the converse is not true. For if we measuie off on the line a length OQ 
equal to the diagonal of a square of which OP, is one side, it can be proved 
that Q does not correspond to any rational number. 

Points on the line which do not represent rational number.', may lie said to represent 
irrational number.', ; thus the point Q is said to rcpiescnt the irration.jl number 
,^3 — 1-414213. . But while such au explaiiatiou of the existence of irrational numbers 
satisfied the mathematiciana of the eighteenth century and may still be sufficient for 
those whose interest lies in the spplications of mathematics rather than m the logical 
upbuilding of the theory, yet from the logical standpoint it is improper to introduce 
geometriial intuitioiw to supply deficiencies in •irithmetical arguments ; and it was 
shewn by lledekind in 1858 that the theory of irrational numbers can lie established on 
a purely arithuiotical ba.si.s without any appeal to geometry. 

Dedekind's* theory of irrational numbers. 

The geometrical property of points on a line which suggested the starting 
point of the arithmetical theory of irrationals was that, if all points of a line 
are separated into t\gp classes such that every point of the first class is on 
the right of every point of the second class, there exists one and only one 
point at which the line is thus severed. 

Following up this idea. Dedekind considered rules by which a separation + 
or section of all rational numbers into two classes can be made, these classes 
(which will be called tS^ A-class and the df-class, or the left class and the 
right class) being .such tKA^ they posseau the following properties : 

(i) At least one member of each class exists. 

(li) Every member of the i-class is less than every member of the 
ij-class. 

It is obvious Ihat such a section is made by any rational number x ; and 
X is either the greatest number of the A-elass or the least number of the 

* The theory, though elaborated in 185S, was not published before the appearanoe of Dede- 
kind’s trout, A’ten’pkeit und Urationale ZatUen. Brunswick, 1873, Other theories are due to 
'Weierstiass [see von Dantsuher, Die Weier$trau^»cfie Theone der iTraUonalen Zahlen (Leipxig, 
1308)] and Oantor, Math. Jnn. v. (1872), pp. 123-130. 

t TbJe proeeduie formed the baeie of tbe treatmeat of irrational nninbets lay the Greek 
methematioians in the sixth aud fifth oentunes b.c. Tbe edvanoe made by Dedekind consiMed in 
observing that a purely arithmeticai theory could be built up on it. 
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ijt-class. Btit secUonB can be made in -which no rational number a> plays this 
part. Thus, since there is no rational number* whose square is 2, it is easy 
to see that we may form a section in which the ii-class consists of the positive 
rational numbers whose squares exceed 2, and the i>-clase consists of all 
other rational numbers. 


, ®(a? + 6) , 2r(2 — j*) , 

y= :L^+2 ■ 2/-*= f- 


so 1 C*, y* 


Then this section is such that the ii-class has no least member and the 
Z-class has no greatest member , for, if ic be any positive rational fraction, 

2 )» 

'(3r»-l- 2)*’ 

ami 2 are in order of magnitude, and therefore given any member a, of the 
Z-class, we can always find a greater member of the Z-class, or given any 
member a' of the, ii-class, wc can always find a smaller member of the 
ii-class, such numbers being, for instance, y and y' where y' is the same 
function of m' a.s y of r 


If a section is made in w'hich the ii-class has a least member A^, or if the 
Z-class has a greatest ineinber A,, the section determines a rational-real 
number, which it is convenient to denote by the Milled symlxd A^ or j4i. 


If a section is made, such that the ii-class has no least member and the 
Z-cLess has no greatest member, the section determines an in ational-real 
nnmhei j: 

If X, y are real numbers (defined by sections) we say that x is greater 
than y if the Z-class defining * contains at least two§ members of the ii-class 
defining y. 


Let or, /S, . be real numbers and let .d,, ii,, . bq any members of the 

corresponding Z-clas.ses while A„ B^, . are any members of the corresponding 
ii-classes The classes of which A,, Aj, . are respectively members will be 
denoted by the symbols (d,), (d^ 


Then the sum (w-ntten a + /3) of two real numbers a and /S is defined as 
the leal number (rational or irrational) which is determined by the Z-class 
(d, -f B,) and the ii-closs (A, -e B;}. 


It 18, uf vouise, necessary to prove tliat these classes determine a section of the rational 
numbers It is evident that Jj+AiCA^ + Hi luid that at least one member of each of the 
tlasacs (di -t- diJ, (da-t dj exists It remains to prove that there is, at most, one rational 

* For if pfi/ be each a naniber, this fraction being in itfl lowest terms, it may be seen thal 
-p)/(p - g) IS another snoh number, and 0 <p -g-rg, so that plq is not in its lowest terms. 
The contradiction implies that such a rational number does not exist. 

-t This catises no confusion in practice 

^ B A. tv. Busaell defines the class of real numbers as actually being the olase of all L-classes; 
the class of real numbers whoso L olasaes have a greatest membci corresponds to the class of 
rational numbers, and though the rational. real number i which corresponds to a rational nnmber 
ir is oonoeptually distinot from it, no confusion arises from denoUng both by the same symbol. 

9 If the classes had only one member to common, that member naight be the greatest 
member of the L-class of x and the least member of the if -class of y. 
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ausi^erwHoh ia greafearthwi ©very A* + 3% and liees than every A 3 -I- 3f poBis^t 
ihai thej© are two, x and y Cy > ^)* «i be a meaiber of (^li) a^ !«* Oa bo> mmAh^ 
<rf (As) ; and let be tbe integer neit greater than (oa - <h)l{i (y *- *)}■ Take tfce hurt of 

the numbois oi+^(aj-a])t (where mt=0, 1, ... If), whioh belongs to (Aj) aad the first of 
them which belongs to (At ) ; let these two numbers be Ci, cg. Then 

Cj-ei«^(aa-a,)<J (y-x). 

Ohoose Ai, rfj m a nmilar manner from the classes defining ; then 
r2+da-“C|-dj<y-x. 

But + Aod therefore — Cj — we have therefore 

arrived at a «)ntradictioii by suppoaing that two rational uuinbers y exist belonging 
neither to (A^-^B^) nor to (Ai + Ba). 

If every rational number beJoaga either to the class (A,+5i) or to the class {Aa+jBaJ, 
then the classes (Ai + fij) define an in'ational number. If one rational numbers 

exists belonging to neither clasa, then the /.-class formed by .r and (Ai+J9,) and tlw 
^•class (Aj+flj) define the rational-real number x. In either case, the number defined 
is called the sum a+A 

The difierenoc a— ^ of two real numbers is defined by the i~cUss (Aj — and the 
/Z-c!as*s (Aa-^,). 

The product of two positive real numbers a, Q is defined by the /f-claam (Aji?jjl 
and the L class of all other rational nurobern 

The reader will aee witliout difficulty how to definerthe product of negative real nutn* 
faers and the quotient of two real numbers; and further, it may be shewn that real 
aumbem may bo combined in accordance with the atjeouiative, distributive and commuta* 
tive lawe 

The aggregate of rational-real and irrational-real numbers is called the 
of real numbers ; for brevity, rational-real numbers and irrationab 
real numbers are called rational and irrational numbors respectivelv. 

1 ' 3 . Complex nutnhei'e. 

We have seen that ^real number may be visualised as a displacement 
along a definite atraighf^^e If, however, P and Q are any two points in a 
plane, the displacement Py needs two numbers for its specification ; for 
instance, the differences of the coordinates of P and Q referred to fixed 
rectangular axes, ^the cooi-dinates of P be (f, rf) and those of Q (f -|- at, ^ + ^), 
the displacement PQ may be described by the symbol [x, y]. We are thus 
led to consider the association of real numbers in ordered* pairs. The natural 
definition of the sum of two displacements [x, y\ [x\ yT is the displacement 
which is the resalt of the successive applications of the two displacements, 
It is therefore convenient to define the sum of two number-pairs by the 
equation 

[x, y] 4- [uf, /J « [ar -p «r', y -b 

• 5^ order of ||i^ two terms dUUngouhes toe orJered Uiuaher-pfiir [x, «} from toe ordered 

otimber-|>&hr [y, x], ^ 
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Ute pnidnot of a aumber-pair and a real nni&W <m is then natnrally 
dd&ked by the equation 

a'x [r, y3 = [a!'ir, Vy]. 

We are at liberty to define the product of two number-pairs in any 
convenient manner; but the only definition, which does not give rise to 
results that are merely trivial, is that symbolised by the equation 

[<r, y] X [*', y'] = [xx' - yy', xy -t xy\ 

It is then evident that 

[x, 0] X [x‘, y'] =[4a!', iry'] = a; x [x, y'] 
and [0. y] X [r, y ] = [- yy', a/y] = y x [- y'. ^ ]. 

The geometrical interpretation of these results is that the effect of 
multiplying by the displacement [x, 0] is the same as that of multiplying by 
the real number »; but the effect of multiplying a displacement by [f), y] 
is to multiply it by a real number y and turn it through a right angle. 

It is convenient to denote the number-pair [«, y] by the compound 
symbol x+iy, and a number-pair is now conveniently called (after Gauss) 
a complex number ; in the fundamental operations of Arithmetic, the complex 
numlier x + lO may be replaced by the real number x and, defining i to mean 
0 + il, we have i’= fO, 1 j x [0, 1] = [— 1, 0] ; and so i* may be replaced by — 1. 

The reader will easily convince himself that the definitions of addition 
and multiplication of numlter-pairs have been so framed that we may perform 
the ordinary operations of algebra with complex numbers in exactly the same 
way as with real numbers, treating the symbol * as a number and replacing 
the prwluct n by — 1 wherever it occurs 

Thus he will verify that, if a, b, c are complex numbers, we have 
a + b = b + a, 
cA = ba, 

(a + b) + c = a + (b -i- c) 
ab.c = a. be, 
a (b + c) = ai + ac, 

and if ab is zero, then either a or 6 is zero. 

It is found that algebraical operations, direct or inverse, when applied to 
complex numbere, do not suggest numbers of any fresh type ; the complex 
number wilUtherefore for our purposes be taken as the most general type 
of number. 

The introduction of the complex number has led to many important developments iii 
mathematics. Functions which, when real variables only ore considered, appear as 
essentiatty distinct, ore seen to be oonneuted when complex vanablss are introduced : 
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ibue the oirouUr functions are found to be expressible in terms of ezyo 4 )ontial fcu^^^ions 
of ft complex argument, hy the equations 

cos 4^** g ((!“ + <?“••), sift " “)• 

Again, many of tlie most important theorems of modem analysis are not true if the 
imm^TB concerned are restricted to be real; thus, tbh theorem that every algebraic 
eqtiatimi of degree » has n roots is true in genera] only when regarded os a theorem 
concenung complex numbers. 

Hamilton’s quaternions furnish an example of a still further extension of the idea 
of number. A quaternion 

is formed from four real numbers ic, .r, y, s, and four number, units 1, «, j. k, in the same 
way that the ordinary complex number .r+«y might be regarded as being formed from 
two real numbers .r, y, and two numbcr>uuits 1, i. Quaternions however do not obey 
the cominiitati\e law of multiplication. 

1‘4. The modulus of a complex number. 

Let X + iy be a complex number, x and y being real numbers. Then 
the positive .square root of is called the modulus of (x + iy), and is 

written 

\x+iy\. 

Let us consider the complex number which, is the sum of two given 
complex numbers, x + iy and m + i«. We have 

{x + iy) + (« + iv) = (* + u) + i(y + v). 

The modulus (jf the sum of the two numbers is therefore 

j(a' + uY +(y + vY]\ 

or [(a- + y'‘) + (m= + r*) + 2 (xu + yv)',^. 

But 

[ ; X + iy ; + I !( + la [(a-" + + («' + 1;=)- j= 

+ y>) + (d’ + e») + 2 f y>)i («= + 

=■(*“ + y*) + (m= +v‘)+2 {(xu + ysY + {xv - yuf'^, 
and this latter expression is greater than (or at least eijual to) 

+ y“) + (n* +v‘) + 2 {xu + yv). 

We have therefore 

.a: + iy 1 + j« + ii>| >i(a:+ iy)4 (a + in) I, 

i.e. the modulus of the sum of two complex numbers cannot be greater than the 
sum of their moduli ; and it follows by induction that the modulus of the sum 
of any number of complex numbers cannot be ^eater than the sum of their 
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Let ns consider nest the complex nnmber which is the product of two 
given complex numbers, a + iy and a +ti> ; we have 

(« + iy) (it + 1 ®) = (ffiu — yv) + 1 {xv + yu), 

and therefore 

I (® + iy) (i|+ iv) ' = ((*« - yvf + (am + yuf]^ 

' = ;(/r' + y»)(u'4-w’))^ 

= lic + »y| ; u + iw'. 

The modulus of the product of two complex number's (and hence, by in- 
duction, of any number of complex numbers) is therefore equal to the product 
of their moduli. 


16. The Argand diagram. 

We have seen that complex niniiliers may be represented in a geometrical 
diagram by taking rectangular axes Ox, Oy in a plane. Then a point P 
whoso coordinato.s referred to tho.so axes are x, y may be regarded as 
representing the complex number x + iy. In this way, to eveiy point of 
the plane there corresponds some one complex number; and, conversely, to 
every possible complex numlier there corresponds one, and only one, point 
of the plane. 

The complex number x + iy may be denoted by a single letter* e. The 
jHiint P is then called the reprtsentative point of the number r; wc shall 
also sptjak of the number z as bi-ing the afix of the point P. 

If we denote + by r and choose d so that rco»8 = x, rsinfl =y, 
then r and 0 are clearly the nuliiis vector and vectorial angle of the point P, 
referrerl to the origin O and axis Ox. 

The representation of complex numbers thus afforded is often called the 
Argand diagramf. 

By the definition already given, it is evident th ^ r is the modulus of z. 
The angle 8 is called the argument, or amplitude. of^Atise, of z. 

We write 8 = arg z. 

From geometrical considemtions, it apiiears that (although the modulus of a complex 
nuiohcr is unique) the argument is not unique) : if ^ \>o a value of the argument, the 
otlier va'ucs of the argument are coiniiriscd in the exprosaiou 2nir-tfl where » is any 
integer, not tero. The princifal value of argx i» that which aatisBes the inequality 
-ir<argx£ir. 

• It is Qonvenient to call x and y the read and imayinary parts of z xespectively. We fre- 
quently write x^H (i), y = l{x). 

t J. B. Argand published it in 1806; it had however previoosly been used by Qaoss, and 
by Caspar Wesael, who discussed it in a memoir presented to the Banish Academy in 1797 and 
published by that Society in 1796-9. 

t Bee (he Appendix, § A'S21. 
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'ff P, and P, iu« fhe representative poibts coimporduig to inAwW *i 
‘and ?, respectively of z, then the point which re{MeaentB the valne % + ^ i| 
clearly the t^mmus of a line drawn from Pj, equal and pmallel to that 
which joins the origin to P, 

To find the point which represents the CQinj ^a t pmnber where Sj and 
2j are two given complex numbers, we notieo thi|^ 
z, = r, (cos di + » sin $,), 

= Vj (cos d, + 1 sin d,) 

then, by multiplication, 

z,z, = r,rj [cos (d, + d,) + 1 sin (d, + d,)). 

The point which represents the number s,*, has therefore a radius vector 
measured by tbe product of the radu vectores of Pi and P,, and a vectorial 
angle equal to the sum of the vectorial angles of P, and P,. 
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tJMiscELLiNKOus Examples 

re^lB^C^tive pomU of the comjtiex ixutatien} 1 -f 4t, 3 + ](H, 


3 Shew that a parsbrija can be drawn to pass through the representative points of 
the comjilex numbers 

a+i, 4+4i, e+9», 8+l6>, 10+251 


* 3 Determine the nth roots tmity bjr aid of tbe Argand diagram , and shew that the 
number of primitive roots (roots tbe poweita of each of which give all tbe roots) le the 
number of integers (mcludmg unity) less ^lan R and prime to it 

Provo that if 0,, dj, dg, he the argUBents of the primitive roota, X oo8jiid«>0 when 
p 18 a positive integer less than where a, b,c, .t are the different oonstitneiit 

primes of a, and that, when '2-» *^^**'^ f* ** ^ nnmUer of 

the constituent prunes (Math. Tap, 188&^ 



CHAPTER II 


THE. y ipRY OP CONVEROENCE 
8'1. Tht definition* of tfee limit of a sequence. 

laet * 1 , z„ it, be an ^unending eequence of numbers, real or complex. 
Then, if a number I ejcistfe such that, corresponding to every positivef 

number c, no matter JmV small, a number can be found, such that 

/■<- 

|r„-f|< e 

for all valueS 4 >f^ greater than «», the sequence (r„) is said to tend to the limit I 
as n tends to infinity. 

Symbolic forms of the statement^ ‘ the limit of the sequence (r»), as n 
tends to infinity, is ( ’ are • 

lini *„ = 1, 1j in «» = 2, — » 1 o« n — > =c . 

If the sequence be such that, given an arbitrary number N (no matter 
how large), we can find ji„ such that ' ( > A' for all values of n greater than 

It,, we say that ‘ | r,, ' tends to infinity os ii tends to infinity,’ and we write 

I 2„ I — ♦ 00 

In the corresponding case when ~x„>N when n> n, we say that 
oc . 


If a .sequence of real niimliers does not tend to a limit or to oc or to — ao , 
the sequence is said to oscillate. 

2'11. Definition of the phrase ' of the order of.' 

If ({■») and (r„) are two sequences such that a nunjoer n, exists such that 
' (?«/r„) ! < K whenever n > n,, where K is independ^ of n, we say that is 
‘ of the order of z,„ and we write§ 


thus 


1 + »• \»v 


If lim(f,/r„) = 0, we write fn^oC-^n)- 


* A dsfiniUoa eqninlaat to thu wa* fint given by John WslUa in IffiSt. [O^o, i. (169&], 
p.m.] 

t I'he aamber zero is exolnded from the eUu of positive numbers. 

'i * t Xhe amnr notation is dns to liesthem, Camb, Hath. TraeU, No. 1. 

f This noMfhln is doe to Bsobmann, ZaUentbearie (ISH), p. 401, uid Landau, JMmieiUm,, 
I. (lOW), p. «l. 
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4c«a*’. jl 


S'®. The limit of an increasing aequmoe. 

Let iscn) be a sequence of real numbers such that for all values 

of n ; then the sequence tends to a limit or else tends to infiniig (and so it does 
not oscillate). 

Let X be any rational-real number; then e!^|?ir : 

(i) a„ > iT for all values of n greater than s^e number Ji„ depentiing on 
the value of*. 

Or (ii) *„ < * for every value of n 

If (ii) is not the case for any value of x (no matter how large), then 

> 00 . 

But if values of x exist for which (ii) holds, we can divide the ratitinal 
numbers into two classes, the Z-class consisting of those rational numbers * 
for which (i) holds and the iJ-class of those rational numbers a* for which (ii) 
holds. This section defines a reel number a, rational or irrational. 

And if £ be an arbitrarj' positive number, a - |e belongs to the L-class 
which defines a, and so we can find n, such that *,i > a — Je whenever ii > n, ; 
and a + ^e is a member of the R-cIass and so ®„<a-l-|6. Therefore, 
whenever n > n,, 

a-a„ <e. 

Therefore ar„-*a. 


Corollary. A d^reasing sequence teiidii to a limit or to - oo . 

Example 1. If linij„«>i, limz„ , then lim (r„+J„,')=I+I'. 

For, given », we cim find a and «' such that 

(i)when(«>«, fii) when «> n', ' t,„ - f' ! < A» 

Ijet Uj be the greater of a and u . then, when m >-a], 

^ (*,n + tm')-(f + 0 I + I i 


and this is the condition^' 
Example 2 Provo so 


<»: 

ptlim(j„ + 0'=f+^'- 

^Arly that lim = h id (5, 


and, if f'+O, 


Example 3. If 0 < * < 1, 0 

For if i = (l+a)"', a> 0 and 


0< 


1^ 1 


by the binomial theorem for a positive integral index. And it is obvious that, given » 
positive number c, we can choose n„ such that (l^na)-' < • when tt> ng ; and so '^0. 


2‘ffl.. Limit-points and the BoUano- Weierstrass* theorem.. 

L6t (*,) be a sequence of real numbers. If any number G exists such 

“ This dworfiD, frequently ascribed to Weierstraiu. was proved by Bolsano, Abh, der k, 
bblmieehm Gee. der Wist, v (1817). [Beprinted in Klaeeiker der Sxakten Wiee., So. ISS.J It 
seems to have been known to Cauchy. 
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' that, for every positive value of e, no matter how small, ah unlimited number 
of terms of the sequence can be found sudi that 

0—e<x^<0+e, 

then G is called a limit-point, or elueter-point, of the sequence. 

Bolzano’s theorem is thti^i/ Xsx„-^p, where \, p are independent of n, 
then the sequence («„) has ai least one limit-point. 

To prove the theorem, choose a section in which (i) the JS-class consists 
of all the rational numbers which are such that, if A bo any one of them, 
there are only a limited number of terms x,, satisfying >.A; and (ii) the 
L-clnss is such that there are an unliraite'l number of terms x„ such that x„^a 
for all members a of the i-claas 

This section defines a real number O', and, if e be an arbitrary positive 
number, & — Je and G+ are members of the L and 11 classes respectively, 
and so there are an unlimited number of terms of the sequence satisfying 
(?-€<(?-i€<x„$(j + ^e<Cr + e, 
and so 0 satisfies the condition that it should bo a limit-point. 


2'211. Definition of ‘the greatest of the limits,' 

The ninnber G obtained in § 2'21 is called ‘ the gieatest of the limits of 
the sequence The sequence (jt,,! cannot have a limit-point greater 

than 0, for if <f were such a limit-point, and e = i ((?'.- fr), G' — e is a 
member cif the fi-ela.ss defining G, so that there aie only a limited number of 
terms of tho seiiuencc which satisfy x„ > G' — e, This condition is incon- 
sistent with <?' being a limit-point. We write 

6 = lim r„. 

The ‘ least of the limits,’ L, of the sequence (written lim x„') is defined to be 

- hm (- a-„). 


2-22. Cauchy’s* theorem on the necessary and sufficient con- 
dition FOR THE existence OF A LIMIT. 

We .shall now shew that the necessary and sufficient condition for the 
existence of a limiting value of a sequence of numbers a,, rj, ... is that. 
corresponding to ang given positive number e, however -stHall, it shall he 
possible to find a number n such that 

/or all positive integral values of p. This result is one of the most important 
a]|d fundamental theorems of analysis. It is sometimes called the Principle 
Convergence, 


Aualjiie Algibrigur (1631), p. 13S. 
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First, m luive to dJew that Miis condition is uecmo^y, i« tiwft it ~»^ 
satisfied whenever a liorit ejasta Suppose then *at a limit I e*toi »«* 

(§ 21) oonesponding to any positive number e, however sraall, an aitefer « 
can be chosen such that 

for all positive values of p ; tharefor© 
lr»+p-Sii| “ 

^ I ^ViH-p — 

which shews the necessity of the condition 

I “ a,» 1 < e, 

and thus establishes the first half of the theorein. 

Secondly, we have to prove* that this condition is sufficient, Le. that if 
it is satisfied, then a limit exists. 

(I) Suppose that the sequence of real numbers (*«) satisfies Cauchy’s 
condition ; that is to say that, corresponding to any positive number t, an 
integer n can be chosen such that 

|fl:n+.p-®»f<E 

for all positive mtegral values of p. 

Let the value of n, corresponding to the value 1 of «, be m. 

Let A,, p, be the least and gieatest of®,, x ,, ... ®„, then 
X, - 1 < ®, < p, + 1, 

for all values of n ; write X, — I * X, p, + 1 = p. 

Then, for all values of «, \ < < p. Therefore by tie theorem of § 2-21, 

Ae sequence (®») has at least one hmtt-point 0. 

Further, there cam't be more than one limit-point ; for if there were 
two, 0 &ad H (H< (?)^ke e<i{G-H). Then, by hypothesis, a number 
n exisU such that | x^p-x^ 1 < « for every poMtive value of p. But since 0 
and U are limit-points, positive numbers q and r exist such that 

Then I G — ««-,( 1 -»■ | ««+^ “*«!+■!*• — +! — 1 < be. 

But, by 1 1-4, the sum on the left is greater than or equal to | G ~ if 1- 
Therefore G-H<^, which is contrary to hypothesis ; so there is ouljr 
one limit- point. Hence there are only a finite number of terms of the sequetwHt 
outside the interval (G - 8, G -f S), where 8 is an uxbitraiy positive anmber; 

* Thw proof 18 sivm ty Stola and Orooinor, Theotetitfke ^Hthwetik, n. (lS0*)rP* 
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'1^, if i^h«Da tm unlimited samber of sucb terms, these would have a 
Uu^-jxnnt wliicfa would be a limit-point of the given sequence end which 
ifould not coincide with G ; and therefore Q is the Umit of (x^). 

(II) Now let the sequence (s») of real or complex numbers satisfy 
Oaiteby’s omidition ; and let iy„. Where <rn and are real ; thmi for 

all Values of n and p 

j Wn+S ~®» I ^ I *n+p — |, I Pn+p ~ 2/n ! < i Xp+p — Xn |- 

Therrfore the eequencee of real numbers (ir„) and (y») eaiiefy Cauchy’s 
condition ; and so, by (I), the limits of (a-„) and (y^ exist. Therefore, by 
§ 2‘2 example 1, the limit of (z^) exists. The result is therefore established. 

, 2‘3. Gonoeryence qf an infinite series. 

•liCt 111 , t<„ u,, ... u„, ... be a sequence of numbers, real or complex. Let 
tbe sum 

«1 ... +u„ 

be denoted by S». 

Then, if tends to a limit S as n tends to inBnity, the infinite series 

til -t-U, + Ki + tlj-t- ... 

is said to be converyent, or to cotiverye to the sum 8. In other cases, the 
infinite series is said to be diceryent. When the scries converges, the 
expression S—8p, which is the sum of the senes 

tln+, + ll„+3 + ..., 

is called the remmuder after n terms, and is frequently denoted by the 
symbol R„. 

The sum + k,+, -t . . . + u,+y 

will be denoted by Sn,p. 

It follows at once, by combining the above definition with the results 
of the last paragraph, that the necessary and suffii^nt condition for the 
conveigenue of an infinite series is that, given an arlj^ry positive number e, 
we can find « such that | Sn.p | < e for every positive vtilue of p. 

Since «„+i ■= it follows as a particular case that liin «„+i = 0 — in other 
words, the nth term of a convei^nt series must tend to zero as n tends to 
infinity. But this last condition, though necessary, is not sufficient in itself 
to ensufe the convergence of the series, as appears finm a study of the series 


2^ s 4^8^ " 


Inthisseries, + + 

* The expression on the right is diminished by writii^ (2»)”' in place of 
each term, and so 
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Th«?efore Si«+> =» 1 + Si, 1 + S,, a + S4,, + Sg,* + + • • • + 

> 5 (» + 3) — ♦ * i 

so the series is divergent ; this result was noticed by Leibniz in 1673. 

There are two general classes of problems which we are csdjed npon to 
investigate in connexion with the convergence of series ; 

(i) We may arrive at a series by some formal process, e.g. that of 
solving a linear differential equation by a series, and then to justify the 
process it will usually have to be proved that the series thus formally ob- 
tained is convergent. Simple corulitions for establishing convergence in 
such circumstances are obtained in ^ 2'31-2'61. 

(ii) Given an expression S, it may be possible to obtain a development 

ft 

<S= 2 «« + -Rji, valid for all values of n , and, from the definition of a limit, 

m«l 

s> 

it follows that, if we can prove that 12„— > 0, then the series S converges 

«=.l 

and its sum is S. An example of this problem occurs in § 5’4. 

In&uite series were used* by Lord iJrouncker m Phil. Trans, ii. (1068), pp 045-649, 
aod the expemswris ooarergmt and dn argent were iiitnoJutoil by James (Ireyory, Prufeesor 
of Mathematics at Kdinburgh, in the same year, liibiiite senes were u-sed systematically 
by Newton in 1669, Dt analyn per aegmit. n«m term mf., and he investigated the con- 
vergence of hypergeometno senes (§ 14 1) in 1704. But the great mathematicians iif the 
eighteenth century used infinite scrus* fively without, for the most part, cousideniig the 
question of their convergence. Tlius Euler gave the sum of the series 


.. -t- \ 4- \ + i-t-1 -l- 24 -r^-)- 2 “ + la) 

as zero, on the ground that 

t+z‘+z^+. - “j - . (5; 


and 


+vu...= 


2-1 


.(0). 


The error of course arisea»4*0m the fact that the scries (6) converges only when 1 2 1 < 1, 
and the series («) converges only when ri 1 > 1, so the series (a) never converges. 

For the history of researches on convergence, see Priiigsheim and Molk, Bncyelopidie 
des Sei. Math.^ 1 (I ) and Reiff, Qesckickte drr unendliclten lieihen (Tubingen, 1889) 


2-301. Abel’s inequality^. 

Letfn >/*+! > 0 for all integer values of n. Then 2 a,f„ | « A/, , where 

I n*l I 

A is the gn^teet of the avm* ' 

|«ii. |a, + a,f, jaj-i-a,-)- a,l, ..., -t-a„4|. 

1 A. 

* See also the note to S 9^," . i 

+ Journal /Sr Math, i, pp. 811-889. A partieular ease of the theorem of i; 9'81, 

CoroUaiy (ij, also appears to «»t memoir. s 
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I’or, 'wntiag Oi+ <*, + ... + we have 

S %/« *• *1^1 + (^ ~ ^dj> (*1 — + • • • + {*!» ■" 

“ *1 C/i ~^») (/• + • ■ • + *i»-J {fm-t ~fn^ + Sra/w 

Siooe /i —fti/» —ft, •■• a™ negative, we have, when n a: 2, 3, . . , m, 
1 e-rt-i i (,^n— 1 ^ (^n— 1 » also ] 1 ^ ^fmt 

and so, summing and using § 1*4, we get 

‘ li*l i 

Corollary, It Oi, Oj, ... Wi, vj, ... arc any numbers, real or complex, 

I *" I /•»-! 3 

S a.w. ^4 1 S lw.ti-»r,' + ,Wmi i . 

t|l»l ' (.Hal ) 


where A is the greatest of the suiqs 2 ^ 

«3l ! 


(Hard^.) 


231. Dirichlet'i* test for convergence. 

Let 1 < 1 ^ I < K, where K is independent of p. Then, if /„ >/«+, > 0 

«.=i ' 

« 

and lim/,i=*0t, 2 a„/n converges. 

ne=l 

For, since lim/n'oO, given an arbitrary positive number «, we can find m 
such that /,„ 4 .i < €/2ftr. 

Then I 2 a„ §1 2an + 2 < 2.K', for all positive values of so 

' nwm+l «*l I **»l I 

that, by Abel’s inequality, we have, for all positive values of p. 


where A < 2K. 


I 

j ^ I ^ ^frh-r \ » 

i *i = m + l 


Therefore , 2 a„/„ i < 2A7„+i < e , and so, byv^ 2‘3, 2 a«/n converges. 

' »«Ill+l ' // «=■! 


Corollary (i). Abel's tat for convergence. If Z a, colleges and the sequence {n,,) is 
mouotouic (Le. always or sbe always) and where r ia 

indapendent of then 2 o^nVn oonverges. 

*»«i 

For, by §3'2, «» tends to a limit «; let Then /,.*-0 steadily; and 

therefore Z «,^A dbuTergas. But, if («,) is an increasing sequence, /, = b - a,, and so 

»»l 

Z (u-ujo, converges; therefore since Z uo, converges, Z u,a, converges. If (uj is 
A decreasing 8equetioet/f(«w»--ii, and r aimilar proof holda 

* de Math. {3), txx. (ISdS), pp, S&8-3^. Before the pabheatioii of the Sod edltioa 

if OottT? d'.iiuilp»e SiriQhbt'B test and test ynta heqtiieattij joiiitlj teoiibed 

«» the HhnobUrt-Ahol teet. Me ^.g* PriiigshMm, ifocA. Ann, xxv. p. 438. 

t la tfawe <flWametenwHs we«a7/.~*>0<uadi^. 


2 
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[oHAH. II 

CorMary (ii). Taking «,“(-)■"* in Diriohlet’a test, it foUnws that, if /ii>/» + i 
sndlim /,=0,/,-/i+/s oonvergea. 

I P I 

S sinNS <oost!ciS; and deduce that, if 
Mai I 

/.-•-O steadiljr, S /, sin converges for all real values of 9, and that S /* cos converges 

Mai MaJ 

if 5 ia not an even multiple of tr. 

Eaximt^e 2. Shew that, if steadily, S converges if ^ is real and 

M=l 

not an odd multiple of «■ and J ( — )*/, ainn^ converges for all real values of B, [Write 

n=! 

7r+^ for B ui example 1 ] 

2 ' 32 . Absolute and conditional convergence. 

ao 

In order that a series 2 u„ of real or complex terms may converge, it is 

n=l 

» 

sufficient (but not necessary) that the senes of moduli S | u„ j should 

or 

converge. For, if <r„,j, = J !(„+, + | u„4.3 ] + . . . + j ««+j, ' and if 2 | ti„ | converges, 

n-1 

■we can find ji, corresponding to a given number e, such that < e for all 
values of p. But ^ I 5 <r„ „ < «, and so 2 t/„ converges 

ii-i 

The condition is not necessary ; for, writing /„ = l/« in § 2’31, corollary ( 11 ), 
we see that j — .^ + 8 “ 4 + - • converges, though (§ 2'3) the senes of moduli 

j + .^ + j + J + ... is known to diverge. 

In this case, therefore, the divergence of the series of moduli does not 
entail the divergence of the series itself 

•Series, which are sij^i that the series formed by the moduli of their terms 
are convergent, possess f ^•'cial properties of great importance, and are called 
absolutely convergent series Series which though convergent are not abso- 
lutely convergent (i.e the series themselves converge, but the series of moduli 
diverge) are said to be conditionally convergent. 

2 ' 83 . The geometric series, and the series 2 

11=1 H ‘ 

The convergence of a jjartictllar series is in most cases investigated, not 
by the direc| consideration of tlie sum but (as will appear from the 
following articles) by a comparison of the given series with some other series 
which is known to be convergent or divergent. We shall now investigate 
the convergemce of two of the series which are most frequently used as 
standards for comparison; 
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{!) The geometric series. 

The geometric series is defined to be the series 
l+s + s’‘+e‘ + s*+ .... 

Consider the series of moduli 

1 +\z\ + \g\> + \el‘+ ... ; 

for this series ®n,p = | e | + 1 « ("+•+ ... + \g 1 ’*+’’ 

' ' 1 -l^i 

Hence, if j r j < 1, then Sn.p < = , for all values of p, and, by § 2 2, 

1 — I r I 

example 3, given any positive number e, we can find n such that 

! X I "+• jl — I e I j“* < e. 

Thns, given e, we can find n such that, for all values of p, S„_p<6. Hence, 
by § 2 ' 22 , the series 

1 + |x| + ,xj= + ... 

i.s convergent so long as 2 1 < 1 , and therefore the geometric series is absolutely 
convergent if z'< 1 . 

When ' 2 >1, the terms of the geometric series do not tend to zero as n 
tends to infinity, and the series is therefore divergent, 

ill 1 The series ^ gi + 4 . + ^ 

" 1 

Consider now the series S„ = 2 , where s is greater than 1 . 


We have 


11 2 ^ 

2 « 3« 2' ~ 2'-‘ ’ 

4* 5' 6* ■*’ 7* 4* 4*-^’ 

and so on. Thus the sum of 2r — 1 terms ot the aeries is less than 


J- + JL + JL \ ^ 

^*-1 ''' 2»-i 4«-i '1' §•— I + • • • + <*"0 ^ 1 — 2*“' ' 


and so the sum of any number of terms is less than (1 — 2'“‘)~'. Therefore 

n 

the increasing sequence 2 cannot tend to infinity ; therefore, by § 2-2, 
" 1 

the serifs 2 — is convergent if s>l; and since its terms are all real and 

' positive, they are equal to their own moduli, ‘and so the series of moduli of 
the terms is convergent ; that is, the convergence is absolute. 


8—2 
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1, the eenee heoemes 




wbioh we have already shewn to be divergent ; and -when «< 1, it is 0 fitrtioii 
diveigentj since the effect of diminishing s is to increase the terns of the 


senes. 


The series 2 — is therefore divergent i/" » S 1 

ii«l M 


' 2'34 The Comparison Theorem. 

We shall now shew that a series tti + «s + l«,+ ... is absolutely aem- 
vergeni, provided that } ii* | M always less than 0 ! «» |, where C is some nimber 
xndependent of n, and i\ is the nth term of anothifr senes which is known to 
be absolutely convergent. 

For, under these conditions, we have 

1 “n+i 1 + 1 “n+s ! + ••• + 1 Un+j> !<<?(! v»+i I + ; -I- I 1), 

■where n and p are any integers. But since th^ senes 2s„ la absolutely 
convergent, the senes 2 it'„i is convergent, and Sq, given e, we can find n 
such that 

I v„„ + 1 1'»4« I + . . + ; K €/c, 

tor all' values ot |). l1 lollbws tlieretbre tfiat vie cai, g,irf n such that 

Un+l 1 + I + ... + ^ 

for all values of p, j.e. the senes 2 ] «„ 1 is convei.g£,iit; senes 2ii„ is 

therefore absolutely convergent 


Corollary. A senes is almohitely convergent if the rat,„ ,tg t„ the sth 

term of a eenes which is known to be alisolutcly convei^e,Qj, y, th^U gome number 
independent of 9 k 

£xample 1 . Shew that the aeries 

ifi abeolutdy convergent for 1^31 eal valuee of t 

When z is rcal» we have cosna'^l, and therefore I moduli of 

the terms of the given senee arc therefore leas than, or at m.^t equal to, tlie corresjxmding 
terms of the series 

i+l+!+i+ 


which, by § B -83 18 absolutely convergent The given ^ne, therefore absolutely 
convergent. 


JSsimple 2 . Shew that the seneiei^ '* • 
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gvometrio r^awsentatlon of complex nambera is bdip&il ip'disouasing a questioo of 
kiod. IM vilitue^ ot the complex Dumber i be represented on a plane-; then the 
ptUDbers ttt*» K‘^e a sequenoe of points which lie chi the droum&rence of the 

^mle iriiom oentre is the origin and whose radius is unity ; and it ean be shewn that 
every point on the circle is a limit- point (§ 3-21) of the points 

For these ^racial values e, of t, the given series does not exist, since the denomi- 
nator of the term vauishee when «=*,. For simplicity we do not discuss the series 
for any point a situated on the ciroumfjsrence of the circle of radius unity. 

Suppose now that [al + l. Then for all values of n, la- 2 «iSi({l- |*l}!>c'', for 
some value of c ; so the moduli of the terms of the given series are less than the corre- 
sjiondiug terms of the series 

" +£+r +5 + 

which is known to be absolutely convergent. The given series is therefore absolutely 
convergent for all values of e, except those which are on the circle j a I == 1- 

It i.s interesting to notice that the area in the a-planc over which the eeries converges 
is divided into two parts, bets-eeu which there is no intercommunication, by the circle 
|af=l. 

ExdmpU 3. Show that the senes 

Ssinf^-i-taiii |-t-8 8m^-h...-h2*sin • 

converges absolutely for all values of a. 

Since* Utu 3"aia(«/3")«s2, we can find a number indtpcndeni of n (but depending 
on such that ) 3" sin < j/3*) *<<1* ; and tberofor© 

« /3\" 

Since 2 -fe { r oonvei^s, the given scries converges absolutely. 

W 


235. (kiuckys for absolute convergence-^. 

__ « 

If lim 1, 2 tin comerpes aJbsolutdy. 

n^i 

For we can find »t such that, when n^m, | ‘*“$^<1, where p is 
independent of n. Then, when n > m, i «« j < p" i and since 2 p“ converges, 

»«=»+l 

<B f ae \ 

it follows from § 2‘34 that 2 «» (and therefore 2 it») converges ab- 
soiutely. 

[Note. It lim does not tend to sere, and, by | a‘3, s «, does not 

»sl 

* 3!&k is evident from resolte proved ia the AgjtpidtM. 
t dnetyte Alff4briqne, pp. 189-185. 



THE PROCESSES OF ANALYSIS 


£e«Ar. « 


S’36. D’Akmhert’s%raiio test for absolute oonverffence. 

We shall now shew that a senes 

a, + It, + «3 + Wj + . . . 

ts aisolwtely convergent, provided that for ail valties of n greater ^um some 

fined value r, the ratio i — [ is less than />, where p is a positive number 

I a* I 

independent of n and less than unity. 

For the terms of the series 

j Ur+, I + t Mr+l I + I JVm I + . 

are respectirely less than the corresponding terras of the senes 

|ur+i'(l+p + p’'+p’+.. ), 

a 

which IS absolutely convergent when p< 1 ; therefore S «„ (and hence 

»=r+i 

the given senes) is absolutely convergent. 

A particular case of this theorem is that if lira (a„+,/u„) i = 1 < 1, the 

n-^ * 

senes is absolutely convergent. 

For, by the definition of a limit, we can find r such that 

I '‘“i' 1 _ j < t (1 _ when n> r, 

.and then <i(l + l!)<l, 

when n>r 

• [Note. If lim h„ >1, «„ does not tend to uero, and, by ^ 2 3, y k,, does not 

converge) "" 

^ £xa>nple 1 If ' c <1, ' that the senes 

S c^e“ 

nsl 

converges absolutely for all values of z. 

{For = -•-0, as n-»-<jo, if c!<l] 

Example 2. Shew that the seneS 

, (a-{.)(o-2i)_, , (o-6)(a-24)f«-36) , 

3l *”+ 4i ^ + - 

comerges absolutely if , 2 ,<i 6 ,-i, 

condition for absolute convorgouije la 

FSr|<l,i.a |z|<|Jri.] 


♦. r, Xl7«a), pp. 171-182. 
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Sxamfile 3. Shew that the series 2 :r — tt- — r,Ti. comtfctges absolutely if 

[For, when '*|<1, |*“— > l + l+^|^+...-l>l, so the 
modal! of the terms of the aeries are less than the corresponding terms of the series 
2 M j s“-> I ; but this latter series is absolutely cfmvergent, and so the given series oon- 

»=i 

verges absolutely.] 


V 2 ' 87 . A general theorem on series for which lim = 

R -fN w Un 

It is obvious that if, for all values of n greater than some fixed value r, 
I u„+) I is greater than | u„ then the terms of the series do not tend to zero as 

Ji— > X , and the scries is therefore divergent. On the other hand, if 

is less than some number which is itself leas than unity and independent 
of n (when n > r), we have shomi in § 2'36 that the .series is absolutely con- 
vergent. The critical case is that in which, as n increases, — — tends to 

‘^n 

the value unity. In this case a further investigation is necessary. 

We shall now shew that* a series u, u, + m . + . . ., in which lim I = 1 

«-x Un I 

will be ahsuhitely convergent if a positive number c exists such that 
lim n j = - I — c. 

P’or, compare the series !E , »„ ■ with the convergent series Sv„, where 

f„ = .4» ' ^ ~ 


and is a constant ; 

®ii+i 


we have 

,1 + Jc 


On VH+1/ V H/ _ n Knv 


As n — » « , 



and hence we can find m such that, when n > m, 


«» 1 " ■ 

By a suitable choice of the constant A, we can therefore secure that for 
all values of n we shall have 

As Sb„ is convergent, 2 | «» ! is also convergent, and so 2«n is absolutely 

conveigent. 

s 

* Thia is the second (D’Alembert's theorem given in § 2-36 being die dnt) of s hierorohy of 
theorems doe to De Horgan. Bee Chrystol, Aitwbra, Ch. xxvi. for on historical aesonnt of 
the^ tbeoesms. 



mfi raocBsm m 'JipSAwm 




u 


iOwoUary, If j^l » 1 + ^ + 0 where .ili is indepewSeats of V, 

ibeti the series is absolutely convergent if rij< — 1. 

Emmvh, Investigate the convergence of 3 n' eip f-ig when r>4 and when 

»"» \ I W 

••< 4 , 

2'38. Convergence of the hypergeometric series. 

The theorems which have been given may be illustrated by a discussion 
of the convergence of the hypergeometric series 

a.h o(«+ 1)4(6+ 1) ,, a(a + lKa + 2)6(6 + l)(6 + 2)^ , 

^■*■1 . 1 . 2 . e(e + lj ^ 1.2.3.c(c + l)(e + 2) 

which ‘is generally denoted (see Chapter XIV) by JP(a, 5 , c; s). 

If c is a negative integer, all the terras after the (1 — c)th have zero 
denominators, and if either a or 6 is a negative integer the series will 
terminate at the (1 - o)th or (1 — 5)th term as the case may be. We shall 
suppose these cases set aside, so that a, b, and c are assumed not to be 
negative integers 
In this series 

, + + «-l ) , ' I , , 

I u„ I ' «(c + «-l) 

as n— » 00 . 

We see therefore, by § 2'36, that the series is absolutely convergent when 
} a j < 1, and divergent when ' r | > 1 . 

When I z 1 = 1, we have* 


“n+l 
l -Mn 


» I « I 




— 1 -f 


a + 6 — c— 1 




a, 5, c be complex nf^mbers, and let them be given ib terms of their real 
Itrid imaginary parts by 'll - equations 

a=ca' + ia",- 6 = 6' + t6" cvajs' + ie". 

Then we have 


Un 


•±ij=,| 1 ^ g' + 6' - e' - 1 +j^a‘’ + b " - c") ^ ^ ^ l^y 

fiy 1 2'37, Corollary, a oon<^^^ J»r absolute convergence is 


* ja»e sgtoM 0 <]/«•) dOM not jU U p i rt t'tln uou fimatUm of « throogfioat. Sw | *>U, 
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!tten«sB when J«| • 1, a mjffioknt condition* for the abtf^ute convergence of 
Hhe hgpergeometno ^xries is that the real part ofa + b — c shall be negative. 

S'A. BffeiA (f charnging the order of the terrns in a series. 
la an ordinaiy sum the order of the terms is of no importance, for it 
can be varied without affecting the result of the addition. In an infinite 
series, however, this is no longer the casef, as will appear from the following 
example. 

111, 

-4 + 8-6+ 

and let 2n and denote the sums of their first ti terroe These infinite 
series are formed of the same terms, but the order of the terms is different, 
and so 2„ and 8n are quite distinct functions of n 


lict 


and 


■1+5-^ 


S-l-^ + g- 


Let 

Then 


<r,i = i + 0 + . 


+ ,, , so that )S„ = <r„ - o-„. 

« a. 


T _ 1 , 1 1 

1 + 3 + ... + 4„_i ‘ 


i. 

*2u 


* <^4n ■ 


1 

' 2 “ 


= (o’* -am) + \ (<r„ - (r„) 

“ iSlln + 5 'S»n 

Makmg n —» x , we see that 

2 = S + 25. 

and so the derangement of the terms of S has altered its sum. 

Examplii. If m tbe senes 

, 1 1 1 
^ -2+8-4+ 

tbe order of the terms be altered, so that the ratio of the nuio^r of positive terms to the 
nuraticr of negative terms m the farst « terms is ultimate!; jr , shew that the sum of the 
series mil heoome log (Sa) (Manning.) 

2"41. The fundamental projteriy of absolutely convergent series. 

We shall shew that the sum of an absolutely convergent senes is ntrf 
affected by changing the order in which the terms occur. 

Let + tt, + ti,+ ... 


^ ’Eba soodltioo is also necesaarv. See Bramwiob, Infinttf Stria, pp. 202-304. ^ 

“ «, % 

t We sa; Uiat the Mriss Z v, conalste of the tarma of 2 «„ m a diSaaeat older W a law 

*•1 .•! 

is Mvaa tor WhMl ooinlspaDdiiig to «aoh positive intager p we oas OUd ono (and only one) 
iaSger 3 Mtd via vtrta, and v, ts taken equal to up. The raaoli of Miia aaetlan was ntaoed by 
Db^et, SfrBiWr AM. (1637), p. 48, Aimmal it Math. iv. (166^, p. 867. Bee also fWaithr. 
iMaamdtmialytlfiiaaCCluda, 1888), p. 87. 
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he an absolutely ooavei^nt series, and let S' be a senes formed by the same 
terms in a different ord^. 

Let e be an arbitrary positive number, and let » be chosen so that 

(«n+il + l«n+iil + - +!M»+rl<Je 

for all values of p. 

Suppose that in order to obtain the ftrst n terms of S we have to take 
m terms of S' , then if k>m, 

St = + terms of S with suffices greater than «, 

so that 

St — S^Sn — S + terms of S with suffices greater than n. 

Now the modulus of the sum of any number of terms of N with suffices 
greater than n does not exceed the sum of their moduli, and therefore is less 

than ^e. 

Therefore j Nt' — N | < i{f„ — N I + ^ e. 

But |iS„-N|^liro [ + «„+,,+ .+ ii„+^ j 

p^ec 

1 

«2e. 

Therefore given e we can diid in such that 

' \St'-S <e 

'ivtfo k> m , therefore S,„'—* 8, which is the required result 
' If a series of real terms converges, but not absolutely, and if 8^ be the 
sum of the first p positive terms, and if <rn be the sum of the first n negative 
teims, then Sp—*x, — ao, and lim(Ny+cr„) does not exist unless we 
are given some relation between p and n. It has, in fiwt, been shewn by 
Riemann that it is possible, by choosing a suitable relation, to make 
brn (Sp + <r„) equal to given real number*. 

JS'b. Double series'll 

Let be a number determinate for all jiositive integral values of w 
and n , consider the array 




Wi.ji 

1 s 





^9r 


6^. Wef^Ct p 

t A eonipleite theory of doable Mfiet. on which Ulis eccouot is hosed, is ^iven by PnAgsheim, 
MfbicHener SiCswijjrbcrteHte, (1897), pp lOi-152. Bee farther memoirs by that wntei, 

MatA. Amt. Lifj. (1900)» pp. ^9-321 end by London, tbid. pp. 322-370, and also Bromwieh, 
Znjiniie SerUit which, m od^KBon W oa account of Prioesheitt’s theory, contains many develop* 
mente of the ehbjeot Otbor hsportoBt theorems are given by Bromwicbj, JProe, London MtOh. 
Soc (2), X. (lOOi), p|k. I76e>«>l. 
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liet the sum of the terms inside the rectangle, formed by the first 
« rows of the first n columns of this array of terms, be denoted by 

If a number 8 exists such that, given any arbitrary positive number «, it 
is possible to find integers m and n such that 

whenever both ft>ni and v > n, we say* that the double series of which the 
general element is converges to the sum 8, and we write 

lira iS,._„=S. 

If the double scries, of which the general element is is convergent, 

we say that the given double series is absolutely convergent. 

Since = — — — it is easily seen that, if 

the double series is convergent, then 

lim „ = 0. 

Stole' necessary and sufficient \ condihon for convergence. A condition for 
convergence which 'is obviously necessary (see § 2‘22) is that, given e, we can 
find m and n such that iiS^+s,»+, — S,..,. <e whenever ^>m and v>n and 
p, a may take any of the values 0, 1, 2, .. . The condition is also sufficient; 
for, suppose it satisfied ; then, when ^ > >h + n, i b',H-p,M+p - >8^,,. i < e. 

Therefore, by §2’22, has a limit <S'; and then making p and <r tend to 
infinity in such a way that /t + p = v + o-, we see that 8 - <8^,, ' < e when- 
ever p >m and v > n ; that is to say, the double series converges. 

, CvroUury. An alwolutely convergent doulile senes is oonvergcot. For if the double 
serie.9 conveigee absolutely and if n be the sura of m rows of n columns of the series of 
nioduli, then, given f, wc can find ^ such that, when p>7rt>^ and y>a>/i, — 

But and so '>Vs when p»n>p, q>n>p\ and this 

IS the condition that the double series should converge. 


2‘51. Meihods\ of summing double series. > 

f 

Let us suppose that 2 converges to the sum S^. Then £ 8^. is 
called the sum by rows of the double series ; that is to say', the sum by rows 
is 2 I 2 Similarly, the sum by columns is defined os 2 ( 2 

That these two sums are not necessarily the same is shewn by the example 
8,, . ^ > in which the sum by rows is — 1. the sum by columns is + 1 ; 

and 8 does not exist. 


* Thu deflnitiaQ ie pniL^e&ll; doe to C&ooby, p. S40. 

^ t This ooodition, atated hy Stole, JUatk. Ann. rxiv. (1884), pp. 157-171, eppears to hote 
been dret i^tived PriBgflbeim. 

t Tb^ method! vte doe to Ceaohy, 



■§1 WK'BSKOCJBSSBS OP 

]PBM«3SB*tM’st TBlEOBSiM* : If S mists andSs svms % r»Wt l»m 
emet, tAs»eae&v/tAsss s»ms v sgml to 8, 

For smeo 8 exists, then we can find m such that 
— 'S')<e, if /s>m, v>m. 

And therefore, since hm Sjt,, exists, }( Im S*,,)~jS'| €e; that is to SA^, 

I Ss,-sj ^ e when ^ > m, and so (| 2 22) the sum by rows converges to S. 
tj>=l I 

In like manner the sum by columns converges to S. 

2 62 Absolutely convergent double senes. 

We can prove the analogue of § 2 41 for double senes, namely that if tAe 
terms of an ahsoluiely convergent double series are token in any order as a 
simple senes, their sum tends to the same limit, provided that every term occurs 
in the summation. 

Let be the sum of the rectangle of p rows and v columns of the 
double series whose general element is i , and let the sum of this double 
senes be <r Then given e we can find m and n such that o- — <r^, < e 
whenever both p> m and v>n. 

Now suppose that it is necessary to take N terms of the deranged senes 
(m the order in which the terms are taken) in order to include all the terms 
of Sjf+.i,jif+i, and let the sum of these terms be fy. 

Then <iv — ^w+i.jr+i consists of a sum of terms of the type m which 
p>m,q>n whenever if>m and M>n , and therefore 

1 — ^Jf+i.lf+i I 5 <r — (Tjf+i, jf+i < 2 *. 

Also, S— Sjr+i.ir+i consists of terms m,,, m which p>m, q>n , therefore 
I <<r — o-jfn,j£+i< js, therefore I S—%|< e, and, corresponding 
to any givem number t>^e can find JV, and therefore tg—sS. 

’X 

00 

Example 1. Prove that m on absolutely Cttavsigeut double senes, 2 exists, and 

B«1 

thence that the sums by rowe and oolumos ifespectively converge to 

[Let the snm of ^ rows of v columns p{ the senes of moduli be 1^ n and let t be the sum 
of the senes of moduli. 

SO «e 

Then X |<1, and so 2 converges ; let its sum be ; then 

Pa»l Vml 

I^WAjI+- •+|As 1< bm 

P-«S4B 

and so 2 A,, converges ittnohitely. Therefore the sum by rows of the double setfoe 

exists, and mmilarly colamns exists ; and the required result than fiAnvs from 

Pnngabeim’s tbeorenr| ' 


Loe. s((. p 117. 
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Siiew tan fiiM prinoiples Ui&t it the terma of oo ahaolutely ooofoirgent 
be nmmged in the order 

“i, I I + “)< s) + (“). 1 + ®s, * ^■®i. 3 ) + (®4, 1 + ' • • + “J. <) ■*■ ■ • •> 
thi» eeries oonvorgeB to S. 


S’fiS. Oattchg't theorem* on the multiplication of ahtolviely convergent 
leriee. 

We shall now shew that if two senes 

|3= «!+«, + «,+ ... 

and T = tf, + + Ws + ... 

are absolutely convergent, then the series 

P = u,v, + «J», + «iKa + ..., 

formed by the products of their terms, written in any order, u absolutely con- 
vergent, and has for sum ST 

Let jSf„ = u, + «, 4 

T« « I'l 4 ’’j 4 . . . 4 Vn- 

Then lim Sn lim Jn = l»n {SnT„) 

by example 2 of § 2'2. Now 

S„fn =. «,«, 4 4 . . + u„t)j 


4 «,t!s4 «,r, + ... + i(„Pa 
4 

+ Ml + »«»«+•■■+ “lit'n • 

But this double series is absolutely convergent , for if these terms are 
replaced by their moduli, the result is o„rn, where 
<rn = ! Ml' + I Mji 4 .. 4i II„1, 

T„=.l«. 14 r, ,4...4 !m„|, 

and <T„Tn is known to hove a limit. Therefore, by § 2 62, if the elements of 
the double series, of w’hich the general term is u,„v„. lie taken in any qrder, 
their sum converges to ST. 


EjiampU. Show that the eenog obtained by maltiplying the two seri^ 


a ^ j. - ** 




Slid rearranging oocording to powers of t, converges so long as the representative point of * 
lies in the nng-shapod region bounded by the circles 1 r | =1 and U | »=2. 


2'6. PowerSeriesf 
A series of the type 

o, 4 o,r 4 a»** + a»** + •.•. 

in which the coefficients a^, a,, a,, ••• are independent of *, is called a mies 

proceeding according to ascending powers briefly a powgr-series. 

* Anaivts AtsSbriJut, SoU vu. 

t Tbs mmti of this Motion ara due to Canohy, dnoljfte Algaetyue, (%. ix. 
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fcgaAP. ® 

We shall now shew that if a pmoer-serim converge for Wg r, af i 
it will he ahaolvtdg convergent for all valves of z whose repraerttotiiie poittb 
are within a circle which passes through z„ and has its centre at the ori;^**. 

aB 

For, if ^ be such a point, we have | i | < | *„ I • Now, since 2 a„c»* converges, 

i »»0 

a»ri,“ must tend to zero as n— » oo , and so we can find Jlf (independent of n) 
such that 

I o„ V 1 < M.~ 

Thus i OnZ" . 

1*0 

CO 

Therefore every term in the series 2 | a„r’‘ | is less than the oorresponding 
term in the convergent geometric series 



the series is therefore convergent; and so the power-series is absolutely 
convergent, as the series of moduli of its terms is a convergent senes; 
the result stated is therefore established. 

oc 

Let lim la„l~‘''' = r; then, from §2'35, S OnZ" converges absolutely when 

»=D 

«e 

( r I < r ; if \z\>r, a^z" does not tend to zero and so S a„z” diverges (§ 2'3). 

n=0 

The circle | * I = r, which includes all the values of z for which the 
power-senes • 

ac + a,z + aaz‘‘-ha,z’+ ... 

converges, is called the circle of convergence of the series. The radius of 
the circle is called the radius of convergence. 

In practice there is usually a simpler way of finding /-, derived from d’Alemberts 
test (§ 2-36) j r is lim (cr,/a„ ,) if this limit exists. 

A power-series ivw^y converge for all values of the variable, as happens, for 
instance, in the case c\,'^lie series* 



which represents the function sin e ; in this case the series converges over the 
whole f-plane. 

On the other hand, the radius of convergence of a power-8erie.s may be 
zero ; thus in the case of the senes 

l+l!*-(-2;**-h3!z>-i-4U‘-|-... 

we have | ] = a 1 z | , 

I 1 

V The netiea (or «*, sIbi, eozt and the tondamental properties of these funotioiis and of 
log! will he aieumed tfaroughont. A brief acconnh of the theory of the funetione is given 
in the AppenAitn. 
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wMob, for *H v^ues of n after some fixed value, is greater .than unity -when 
t has any value different fiom rera The series converges therefore only at 
the point r » 0, and the radius of its circle of convergence vanishes. 

A power^series may or may not converge for points which are actnally on 
the periphery of the circle ; thus the series 


Z 




whose radius of convergence is unity, converges or diverges at the point 1 
according as « is greater or not greater than unity, as was seen in § 2’33. 


Corollary. If (a„) be a sequence of positive terms such that lim (a, + )/a„) exists, this 
limit is equal to lira 


2 ' 61 . Convergence of series derived from a power-series. 

Let o, + UiZ + 0 , 2 ’ + Ojr* + + . . . 

be a power-series, and consider the series 

111 + 2aj2 -f Za,z' 4a,2“ -I- . , 

which IS obtained by differentiating the power-series term by term. We 
shall now shew that the derived aeries has the same circle of convergence as the 
original series. 

For let 2 be a point within the circle of convergence of the power-series , 
and choose a positive number r,, intermediate in value between 1 z \ and r the 

X 

radius of convergence. Then, since the series S Unri” converges absolutely, its 

terms must tend to zero as n — ♦ ai ; and it must therefore be possible to find a 
positive number M, independent of n, such that 1 < Jfr,"’* for all values 

of n. 

Then the terms of the series ^ Hia„ are less than the corre- 

n^l 

spending terms of the series 

M ^ 

r, ,,“i r,'*-' 

But this series converges, by § 2'36, since j r } < r,. Therefore, by § 2'34, the 
series 

5 n («nl ir|"~‘ 

)«=<i 


converges ; that is, the series 2 converges absolutely for all points z 

nsl 

* . * 

situated within the circle of convereeBce of the original series 2 a^z''. When 

l 2 ft»r. Oar" does not tend to zero, and a fortiori nOnr" does not tend to 
zero ; and so the two series have the same circle of convergence. 
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xm !P»OC*S^ Ot ^A*irssi» {HfSffAt- w 

Gmvllary. Xhe seriw^^^*, obtained by fetograting Ae ««ligiB«d powWMSMjlM 

» 

tem by term, bas the same oireie of oonvargeDoe as Z a„<”. 

•oO 

Z?. Infinite Ptoducte. 

We next oonsider a class of limits, known as infinite produtde. 

Let 1 + 0 ,, 1 + Ot, 1 + a>, -■ be a sequence sdch that none of its membeis 
vanish. If, as n-^ oo , the product 

(1 + Oi)(l + Oa)(l + “»)••• (1 + “») 

(which we denote by II„) tends to a definite limit other than zero, this limit 
is called the value of the infinite product 

n = (1 + ai)(l + Oi) (1 + Oi) •••, 

and the product is said to be convergent*. It is almost obvious that a necessary 
condition for convergence is that lim Oa = 0, since Urn n„_, = lim n„ + 0. 

The limit of the product is written 11 (1 + aj). 

n=l 

Now n (l-ha„) = exp] 2 log(l +a«)l, 

a-l V >1=1 ; 

andf exp { lim «„) = Hin (exp u„] 

if the former limit exists; hence a sufficient condition that the product 

should converge is that 2 log(l +<t») should converge when the logarithms 

have their principal values. If this senes of logarithms' converges absolutely, 
the convergence of the product is said to be absolute. 

The condition for absolute convergence is given by the following theorem : 
in-order that the infiniifj^oduct 

^'(l+oO(l+%)0 + «,)- ■ 

may be absolutely convergent, it is necessary and sufficient that tbe series 

a, + a, + a,+ ... 

AoM be absolutely convergent. 

For, by definition, 11 is absolutely convergent or not according as the 
series 

log (1 + o,) + log (1 + a,) + log (1 + 0 ,) + . . . 
is absolutely co^tivergent or Hot 


"lEb» oonvargotiae of the jmidaot in whirfi - !/■• WM( iavMtogatod by Wsaia m »ai4y 

M iee«. ' 

t floe the g A-9. 
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2'?, 2'n} 

Now, since bm o* •= 0, we can find m such that, when n > «»> 1 ®n | < i aad 
then 


[a„-Mog(l + a,.)-ll= + + 


On , On V 

4 

11. 1 


2 ■ 3 4 

^ 23 “ 2 

3 
2 


And thence, when n > m, ^ « j I ^ I > therefore, by comparison 

I I 

theorem, the absolute convergence of 2 log (1 + a*) entails tP®'*' 2a„ and 

conversely, piovided that a„ 4= — 1 for any value of n 
This establishes the result*. 

If, in a product, a finite number of factors vanish, and if, when thes^ '’■re suppressed, 
the resulting product converges, the original product m said to cmiverge t® s®n> But such 

<e 

a product an n (1 - t? ~ *) is said to diverge to zero 

nssi 

Corollary Since, if exp it follows from 2 41 factors 

of an ahsolutel} convergent product can bo deranged without affecting value of the 
product 

y Example 1 Shew that if II (1 +a„) con\erges, so does 2 1(^ (] +ci»), 

«-l H-i 

have their principal values 

E-i ample 2 Shew that the inbnite pT‘Kluct 
sTtij 

“r fz ~J7 JF 

is atisolutol)' convorgout for all valuos of * 

[For(sm0/Q can be written in the form where [ ^ 

(lendent of n anil the senes 2 is absadutely convergent, as is se^ componng 

n 1 

* 1 , * 

it with S The infinite product le therefore absolutely convergent ] 

271 Some examples of infinite products 
Consider the infinite product 




which, as will be proved later (§ 7 5) represents the function i ‘ sm g 

In order to find whether it is absolutely convergent, we jnust consider the 

senes £ - 2. this senes is absolutely converg^®^- 

product xs absolutely convergent for all values of z 
Now let the product be written in the form 




A diactlBBlon of the eonvergeuoe of iofioite pix»duet«, in which the ohtamad 

without making nae of the logorithimo function, is given by Pringaheitfis 
I), pp. and also by Bromwich, Sertee, Ch \i 

W M A. 


8 
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71i0 «bb6(^^te oonvergenoe of this product depcuda on that of the eexieci 


z X z X 

_ ^ ^ J-— — 

IT ar 2tr air 


But this seriea ia only oonditionaliy convergent, since its series of modnli 


iii . M . I*i , Ifij. 

V ■^2ir'*‘2w ■•■■ 


is divergent. In this form therefore the infinite product is not absolutely 
convergent, and so, if the order of the fiictors ± is deranged, there is 
a risk of altering the value of the product. * 

Lststly, let the same product be written in the form 

{(^ - 9 *'} {(^ iy^} {(* - 2 ^) !(' + ir) -- 


in which each of the expressions 


, , ^ N »- 

1 + 1 e 

mrrj 


is counted as a single factor of the infinite product. The absolute convergence 
of this product depends on that of the series of which the (2m — l)th and 
(2m)th tenns au'e 




I e*i»» — 1. 


But it is easy to verify that 


(it— )< 

V fllTT/ 


" 1 "t" 0 


/ 1_\ 
Imv 


and so the absolute convergence of the series in question follows Ijy comparison 
with the series 

1 + ^ + ji + ^t + yi+p+---- 

The infinite product in this last form is therefore again absolutely 

'aWMivergent, the adjunction of the fiswjtors «*•" having changed the con- 
vergence from conditional to absolute. This result is a particular case of 
the first part of f3ie factm theorem of Weierstrass (§ 7’6). 

JSxample 1. Pl^ve thin H |(l | “ absolutely convergent for all values of 

r, if c is a ooostwit other than a negative integer. 

For the infinite prodiiet converges absolutely with the aeties 
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Nmr tbe general ibenn of tins series is 

But 2 \ converges, aud ao, by S 234, X |fl — converges absolutely, 

»-i « Hal l\ o+n/ ) 

and therefore the product converges absolutely 

SxampU 2 Shew that n J""! convemes for all pomts z situated 

outside a circle ^hoae centre is the origin and radius uraty 

For the infinite product is absolutely convergent provided that the iien^ 


IS absolutely convergent. But litu (1— *= 0 , so the bmit of the ratio of the (n+l)th 

U-^ao \ **/ 

term of the senes to the nth term is ^ , there i« therefore absolute convergence wbed 


BiwnpU 3 Shew that 


<1, IS. when ) « ) > 1 


1 2 


{z+l)(z+St) (e+m-l) 

beiidfi to a finite iimit as in-»ic , unless a is a negative iiit^r 

For the expreseiou can be written as a product of which the nth factor is 

This product is therefore absolutely oonvergeut, provided the senes 




IS absolutely convergent , and a commnson with the’'* onvergent senes X shews that 

t iV •«ol ™ 

this is the oaae When « is a negative in*togor the ey'^F^asion does not exist because one of 
the factors in the denominator vaiushes. 


Example 4 Prove that 




=e ' smr. 


For the given product 

(i+^) (* "(arriT^) (^■^) (‘■’■fi) 

(‘*s)’'= 
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siDoe the product whose factors are 

is ahtoliitely oouvcrgent, and so the order of its factors can be altered. 

Since log2=l— i+J— i+i-—, 

this shews that the given pi-oduct is equal to 


2'8. Infinite Determinants. 

Infinite series and infinite products are not by any mctina the only 
known cases of limiting processes which can lead to intelligible results. The 
researches of G. W. Hill in the Lunar Theory* brought into notice the 
possibilities of infinite determinants. 

The actual investigatiou of the convergence is due not to Hill but to Poincar^, Butt, de 
la Soc. Math, de /Vance, XIV. (1886), p. 87. We shall follow the cxiKMition given by 
H. von Koch, Acta Math. xvr. (1882), p. 217. 

Let Auc be defined for all integer values (positive and negative) of i, k, 
and denote by 

= [.d 

the determinant formed of the numbers Aik{i,k^ — vi, ... +to), then if, 
as m -*■ » , the expression D„, tends to a determinate limit D, we shall say 
that the infinite detenninant 

is convergent and has the value D. If the limit D does not exist, the deter- 
minant in question will be said to be divergent. 

The elements A„, (where i takes all values), are said to form the principal 
diagonal of the determinant.!;' the elements Aa, (where i is fixed and k 
takes all values), are said to ( 0*^0 the row'i ; and the elements A^, (where k 
is fixed and i takes all values) said to form the column k. Any element 
Att is called a diagonal or a non-at^gonal element, according as ( = A or i J L 
The element is called the origit^d the determinant. 

2'81. Convergence of an infinite detemMuant. 

Wo sball now fih«w that an infinite determinant converge*^ 'provided the produot of the 
diagonal elements converges absolutely^ and the tam of the won-diagonal elements converges 
absolutely. 

For let the diagonal elementa of an infinite detenninant D be denoted hy 
and let the nou-diagonal eleuiont« be denoted by {i^k\ no that tbe detenmnant i» 

* Beprinted ht Acta MatkemaUca, Tin. (1886), pp. 1-36. Infinite deterixtiuante had previonsly 
oconrred in the researches of Ftirstenau on tbe algebraic eqaation of the nth degree, Darstellung 
der reeUen Wurzelit algebraUclier OUickungeu durch DeterndnanUn der Coeffieienten (Marburg, 
1860), Special types of is^mte determinant (known as colUimMmts) oconr in tbe thetny of 
infinite continued fraotiong; see SylreBter, Hath. Payers^ i, p. 504 and m, p. 249 
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sr 


... l+Ot-l-l 

10 

®-u • 

... Oq-I 

1 +000 

^*01 • 

... Ui-l 

O-XQ 

1+0,, . 


Then, since the senes S 


] I IS convergent, the product 

n (l+ 2 la«l') 

<=*-» \ *—-<») / 


1 4- 


2 I tf,t 

k=-m 


')• 


is convergent. 

Now form the products 

fa / ot \ ._ "* / 

n 1 + s Oit), /'»= n (1 

then in the expansion of Pm^ certain terms are replaced by zero and certain CFther 
terms have their signs changed, wo shall obtain thus, t*) each term in the expEinsioij 
of there corresponds, m the expansion of /*„» a term of equal or greater modulus. 
Now Pm+p - Pm represents the sum of those terms in the determinant which vanish 

when the numbers an{i, k— ±(w + l)... + {m'k-p)\ are replaced by zero; and to each of 
these terms there corres|>onds a term of equal or greater modulus in 


- 00 , SO also 


tends to a limit This 


Henc« ^«tp-A» 

Therefore, since tends to a limit as 
establishes the prop<^sition. 

2*82 Th^ rearrang<*mmt Theorem for convergent xnfinxit determinanU. 

We shall now show that a detemnnautt of the convergent form already contidored, 
remains convergent when the elements of any roio are replaced hy any set of elements whose 
modtdt are all less than some fixed positive wwwi^er. 

Replace, fur example, the elements 

...do, do ... do,„i ... 

of the row thnmgh the origin b\ the elements 

fSf) .. Pin . . 

which satisfy the inequality 

! p,. 1 < 

where ^ is a [lositive number , and let the new values of />„ and D bo denoted by 
f>„,' and P' Moreover, denote by fV and F' t^^.jjmxlucta obtained by suppressing m 
F^ and F the factor corresponding to the mdeA'.jfo , wo see that no terms of cmi 

have a gi-eatov modulus than tVte c^>rre6iK>ndijCt t<‘rm in the expansion of p^F^ \ and 
wnsequontly, itwisoning as in the last article, ^ have 
1 Z/„*p-ZZm’ I 

which IS sufficient to establish the result stated 

Example. Shew that the uecesaaiy and eofficient condition for the absolute ooDver> 
genoe of the infinite determinant 

lim 1 ai 0 0 ... 0 


I (3, 1 

0 dt 


that the series 

ah^l be absolutely convergent. 


Oj 0 

1 03 


... 0 . 

...oi 


0 ... 0 A,. 1 


(von Koch.) 
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Miscellaneous Examples. 


1 . 

3. 


Evaluate lim lim (»** logn) when a>0, 5>0. 

Investigate the oooTorgeuce of 


2 

nel 




(Trinity, 1904.) 


3. 


Investigate the convergence of 


I fl-3.-2»-_l 4a-f3 )« 
,*i 1 2. 4. ..2 m ■ 2n + 2j 


(Peterbouse, 1906.) 


4. Find the range of values of z for which the series 


is convergent. 


2 sin®z — 4 sin*r+8sm*z — ... + ( — )*** * 2" eio®** z+,.. 


5. Shew that the series 




«+3 


+ ... 


is conditioDttliy oonvei^ent, except fot^f rtain exceptional values of ; ; but that the .wies 
1 

in which negative terms alwaj^s p positive terms, is divergent. (Simona) 


2 ”* "^2+p — 1 


Xu . 


l +,- 1 - +. 

2+2jP + y-l t + &p + q ’ 


6. Shew that 

+ (Trinity, 1908.) 


7. Shew that the series 

I 1 1 1 

(l<o<^) 


— + •— +— . 

is convergent, althiMigh 


(Ceshro.) 

S. Shew that the series 



is convergent although 

a + ^+a® 4* . .a 

(0<o<^<l) 



(Cs)^.} 
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9. Shew tbat the aeries 

<)013T«3^68 absolutely for all values of «, except the values 

(o«0, 1 ; A'«0, 1, ... W“l ; m= 1, 2, .3, 


10. Shew tbat» when « > I , 

L. _ J 

[(n+l)*"* 11*“' 

and shew that the series on the right converges when 0 < 1. 

(de la Valine Poussin, de VAcetd. de Belgique^ LiH (1896), no. 6 ) 

11. In the senes whose general tenn is 

(0<:5r<l<x) 

where v denotes the numlier of digits m the evprossion of n m the ordinary decimal scale 
of notation, nhew that 

litn 


I i= 


i-i 





aud that the senoa is convergent, although Ina « . 

«-^aD 

12. Shew that the senes 
where yn™*?*'*'**'^* 

IS convergent, although the ratio of the (a+l)th term te the ath is greater than unity 
when n is not a triangular nunilior (Cos^o ) 

13 Shew that the senes 

i 

where w is real, and where («?+?»)* understood to mean th© logarithm being 

taken in its antlimotic sense, is convergent for all values of <, when 2 (x) is positive, and 
18 convergent for values of # whose real part is positive, when x is real and not an integer. 
14. If K*>0, shew that if converge, Um and that^ if m addition 

»|-»W 

then liO* (»!*«)“ 0. 

#a — « + 

2»*+i» wt* »' * 

:-2-- aoo=0, 


15, If 


shew that 


s 

WtsO 


• 1 . 2 
II bV 


( S «m,.) = 

\«»a=0 / 


Om.. 

Oo,, 

19. B; oouvertiug the eenea 

to 16,^ gy 

1 + 1_3 + H.j« + 1_5»+ 

(i^ which { ^ I < 1), into a double seriee, shew that it is equal to 
1), BjL + + 


(m, 7» > 0) 


1 . 


(Trinity, 1904.) 


(Jacobi ) 
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17. Aasumingthat sinjvz n ^1— 

shew that if aad in suoh a w&^ that 11m (m/n) where i ia finite, then 

lim S' 

r*-ii \ rir/ * ’ 

the ^rime indioatktg tiiat the factor for which r<BO te omitted. (Math. Trip., 1904.) 

18. If and if, when n> 1, 

I 111 

then n (l+tt») eonvorgea, though 2 «s,and S k*,® are divergent. 

s°:0 nsO fiseO 


{Math. Trip., 1906.) 

19. Prove that 

where I is any iMjaitive integer, converges absolutely for all values of z. 

«e <e 

20. If S be a conditionally convergent senes of real t^enna, then n {l+a») con- 

« = » H^l 

* 

verges (but not abeolutely) or diverges to zero according aa 2 conveigea or diverges. 

nwl 

(CaucViy.) 

21. Let 2 fl, be an absolutely convergent senes. Shew that the infinite deferminant 

Rsl 


(c-4)*-d. 

-d, 

-ds 

— d-} 

-«4 

4* -do 

4* -do 

4^,, 

iF-d„ 

4*-d„ 


{f-2)*-d„ 

-d, 

-dj 

-do 

2*-d„ 

2>-d, 

2* -do 

2* -do 

2'- do 

-fl* 

-d, 

r*-d„ 

-d. 

-do 

(?-A, 

o*-d„ 

0»-do 

^d„ 

0*-d„ 


-dj ' 

-d. 

(c + 2)*- 

do — d] 

#-do 

2*-8o ^ 


2* -do 

2* -do 

-'»4 

-d, 1 

hi 4- do 


(-' + 4)* -do 

4*-d„ 

4*-d, 

%^d„ 

4*-d„ 

4* -do 


converges ; and shew that the equation 


is equivalent to the equation 


A(o)-.0 

sin* jee = A (0) sin* in-ffj . 


(Hill ; see ^ 18'42.) 



CHAPTER III 


CONTINUOUS FUNCTIONS AND UNIFORM CONVERGENCE 

3‘1. The dependence of one complex number on another. 

The problems with which Analysis is mainly occupied relate to the 
dependence of one complex number on another. If z and f are two complex 
numbers, so connected that, if z is given any one of a certain set of values, 
corresponding values of f can be determined, e.g. if ^ is the square of z, or if 
f = 1 when z is real and f == 0 flir all other values ol z, then f is said to be a 
function of z. 

This dependence must not be confused with the most important case of 
it, which will be explained later under the title of analytic functionality. 

If f i« a real function of a real variable t, then the relation between { and i, which 
may be written 

can be visuahscil by a curve m a i>lane, namely the locus of a point whose coordinates 
rcffiTcd to rectangular axes in the plane are f) No such simple and convenient 
geometncnl method can be found for i isualising an equation 

t=f(4 

considered a.s detining the dependence of one complei number on another 

complex number A representation strictly analogous to the one already given 

tor real iMTiables would require four-diiuensional space, siKCe the number of variables 
I, ij, . 11 , y Is now tour. 

One suggestion (made by Lie and Weierstrass; is to use a doubly-manifold system of 
lilies in the qiiadru]ily-raanifold totality of lines m t'-reeulimensiouiil space. 

Another suggestion is to represent { and y sepifttely by means of surfaces 

A thini HUggestion, due t*) HetR-er* ih to write 

then draw the surface y) — which may be called the modular-turface of the 

function — and on it to e^^press the \aluca of $ by surf&ce'inarkii^. It might be 
possible to modify this suggestion in various ways by representing 0 by curves drawn 
on the surface r«rr (jr, y). 

3’1I. Gi/ntinuity of functions of real variables, 

Tbc reader will have a general idea (derived from the graphical represen- 
tatidar of fiinctiona of a real variable) as to what is meant by continuity. 

* ZeiUclirift ftU' Malh, und Fhy$. zui. (I609b p* S35. 
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'Wi? now haVo to give a precise definition which shall embody this w^(ue 
idea. 

lietf(g;) be a function of ai defined when a 

Let Xi be such that ^b. If there exists a number I such that, 
corresponding to an arbitrary positive number e, we can find a positive 
number 17 such that 

l/(«) - 1 1 < e, 

whenever ( «; — ®i | < n, a: + if,, and a ^x^b, then I is called the limit of /(*) 
as » -*• a:,. 

It may happen that we can find a number 1+ (even when I does not exist) 
such that (/(«) — 1+ I < e when x,<x<x, + 7/. We call 1+ the limit of y(®) 
when X approaches x, from the right and denote it by /(x, + 0) ; in a similar 
mamier we define / (x, — 0) if it exists. 

If /(«, + 0), /(xi), /(«! — 0) all exist and ore equal, we say that / (.it) is 
eontinuoua at «, ; so that if /(a:) is continuous at x,, then, given e, we can find 
^ such that 

-/(«i) I < e. 

whenever | a: — aii j < tj and a < a < 6. 

If 1 + and I- exist hut are unequal, /(x) is said to have an ordinary 
discontinuity* ai Xi) and if l+ = L^f(xj),f(x) is said to have a removable 
discontinuity at at,. 

If/(«!) is a complex function of a real variable, and if f{x) = g(x) +ih (x) 
where g (®) and h (x) are real, the contmuity of /(at) at at, implies the con- 
tinuity of (ail and o{h(x). For when l/(a;)— /(»,)!< e,then \g(x) —g{xi)^ < t 
and 1 ^ (*) — fc (it,) I < € ; and the result stated is obvious. 

Example. From ^ 22 eiampleJ(^ and 2 deduce that if f(v) and ifi{x) are oon- 
turaons at a:,, so are/(*)±^(x),/(a')lU <j(x) and, if (^(a:i)+0,/(j:)/^(s) 

The popular idea of continuity, so f(i| jaa it relates to a real variable / (x) depending 
on another real variable x, is somewhat different from that just considered, and may 
perhaps beet be expressed by the statement “The funotaon /(x) is said to depend con- 
tinuously on X if, as X passes through the set of all values intennodiate between any 
two adjacent values x, and xj, /(x) passes through the sot of all values intermediate 
between the oorsespiniding values /(x,) and /(xj)” 

The question thus ansos, bow far this popular definition is equivalent to the precis^ 
definition given above. 

Calicby shewed that if a real function /(X), of a real variable x, satisfies the precise 
definition, then it slso satisfies what we have called the popular definition ; this result 

* If a fUnetion is said to have ordinary dtsacotmaitias st oertoin points of an interval it 
is implied that it Is ccmtinuone at ^ other p^sia of the interral. 
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«iB be {leeved in $ 3'63. But tiie ooav^^se is not true, 'as was shewn h; Darbonx. This 
fact may be iUiistrated by the following example*. 

Between - 1 and a— + 1 (eioept at x—O), lot /(*) •• sin ^ ; and let /(0)=0. 

It can i^en be proved that f(x) depends continuously on x near a'»0, in the sense of 
^e popular definition, but is not ooutinuous at s:>aO in the sense of the precise definition. 

Example. If f(x) be defined and bo an increasing function in the range (a, b), the 
dmiin f{x±0) exist at all points in the interior of the range. 

[If f{x) be an increasing function, a section of rational numbers can be found such 
that, if a, A be any members of its £.^lass and its A^ilass, a < f{x + li) for every positive 
value of A and A'^f(x-ir h) for some positive value of k. The number defined by this 
section is /(si+O).] 

, / 3'21. Simple curves. Continua. 

Let X and y be two real functions of a real variable t which are continuous 
for every value of t such that a^t%h. We denote the dependence of z and y 
on t by writing 

x = z{t), y = y(t). (a'^t^b) 

The functions «■ (<), y(t) are supposed to be such that they do not assume the 
same pair of values for any two different values of t in the range a<t<b. 

Then the set of points with coordinates (x, y) corresponding to these values 
of f is called a simple curve. If 

x{a) = x (b), y(a) = y (i). 
the simple curve is said to be closed. 

Example. The circle 1 is a simple closed curve ; for we may writet 

.v»cosr, y=sin 1. (0$i^2v) 

A two-dimensional continuum is a set of points in a plane possessing the 
following two properties ; 

(i) If (a. 1 /) be the Ca,rtesian coordinates of any point of it, a positive 
number S (depending on x and y) can be found such that every point whose 
distance from (x, y) is less than S belongs t«Jfche set. 

(ii) Any two points of the set can be- "ineil by a simple curve consisting 

entirely of points of the set. ■> 

Example. The points for which jr*+y*< 1 form a oontiouuro. For if F be any 
point inside the unit circle such that OE^r<l, wo may take d = l - r ; and any two 
iwints inside the circle may be joined by a straight line lying wholly inside the circle. 

The following two theorems^ will be assumed in this work ; simple cases 
^of them appear obvious from geometrical intuitions Mid, generally, theorems 
of a similar nature will be taken for granted, as formal proofs are usually 
extremely long and difficult. 

* Dos to Mansion, Matheeit, (S) xix. (1899), pp. 1S9-131. 

a proof that (he sine and oosine are contiououB fiuiotionst eee tiie § A. *41. 

;t ^oroeal prooA» will be found in Watson’s CampUx InUfft'aHim avid Coaehy's Theorem, 
(Oambrkdga Math. Tracts, Ko. Id.) 
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(I) A simple closed curve divides the plane into two continua (the 
' interior ’ and the ‘ exterior ’). 

(II) If he a point on the curve and Q be a point not on the curve, 
the angle between QP and Oai increases by ± 2ir or by zero, as P describes 
the curve, according as Q is an interior point or an exterior point. If the 
increase is + Stt, P is said to describe the curve ‘ counterclockwise.’ 

A continuum formed by the interior of a simple curve is sometimes called 
an open two-dimensional region, or briefly an open region, and the curve is 
called its boundaiy ; such a continuum with its boundary is then called a 
closed two-dimensional region, or briefly a closed region or domain. 

A simple curve is sometimes called a closed mie-dimensional region', a 
simple curve with its end-points omitted is then called an open one-dimensional 
region. 


3‘22. Continuous functions of complev variables. 

Let /(r) be a function of s defined at all points of a closed region (one- or 
two-dimensional) in the Argand diagram, and let z, be a point of the region. 

Then f(s) is said to be continuous at r,, if given any positive number e, 
we can find a corresponding positive number g such that 

l/(«)-/(^i)l< V. 

whenever | r — x, | < ij and z is a point of the region. 


3‘3. Series of variable terms. Unifnrmiig of convergence. 
Consider the series 


^ + 1 -Tii ^ ( 1 + *»)> "^ ■ • • ■^ ( ll- .r> r + • ■ • • 

This series converges absolutely (§ 2'33) for all real values of x. 
If 8n (») be the sum of n terms, then 


and so 


Sr, («) iil -t ar - 


1_ 
(1+3")" 
lim^i, (®) = 1 + ir“ , 

go 


't 


{x f 0) 


but (0) = 0, and therefore lim S„(0) = 0. 

f Consequently, although the series is an absolutely convergent series of 
continuous functions of x, the sum is a discontinuous function of x. We 
naturally enquire the reason of this rather remarkable phenomenon, which 
was investigated in 1841-1848 by Stokes*, Seidelf and WeierstrassJ, who- 
shewed that it cannot occur except in connexion with another phenomenon, 
that of non-wmform convergence, which will now be explained. 


• CaeW. Phil. Tnuw. vnt. (1847), pp. 5t8-SS8, [OoUeeted Pajfen, i. pp. 23C-S1S.] 
■f MUnchener jitAon^uspcn, r. (1848), p. 881. 
t Om. Math. Wfrit, L pp. 67, 75. 
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Let the functions Ui (t), be defined at all points of a closed region 

of the Atgand diagram. Let 

Sn (e) = ih{e)+ih(z) + ...+ u„ (2). 

(A 

The condition that the series S (t) should converge for any particular 

n=l 

value of z is that, ^ven «, a number n should exist such that 
I (z) — S„(z)]<e 

for aU positive values of p, the value of n of course depending on e. 

Let 71 have the smallest integer value for which the condition is satisfied. 
This integer will in general depend on the particular value of z which has 
been selected for consideration. We denote this dependence by writing 
}) {z) in place of n. Now it mag happen that we can find a number N, 
INDEPENDENT OF z, such that 

n{z)<N 

for all values of z in the region under consideration 

If this number N exists, the series is said to converge uniformly 
throughout the region. 

If no such number N exists, the convergence is said to be non-uniform*. 

Uniformity of convergence is thus a property depending on a whole set of 
values of z, whereas previously we have considered the convergence of a series 
for various particular values of z, the convergence for each value being con- 
sidered without reference to the other values. 

' We define the phrase ' ut^prraity of convergence_ 7 iwr a point z ' to mean 
that there is a definite positive number h such that the .soiies converges 
iinifonuly in the domain common to the circle ' ^ - r, I 5 8 and the region in 
which the series converges. 

3'31. Oh the condition for uniformity ofhonveryence\ 

If (r) = Mn+i (-r) -1- w«+ 3 («) -t ••• -t' n+/.(2). we have seen that the 

OD 

necessary and sufficient condition that — a„ (z) should converge uniformly 

»I>=1 

in a region is that, given any positive number e, it should be possible to 
choose N INDEPENDENT OF z (but depending on e) such that 

I * 

for A.LL positive integral values of p. 

* The reader who w uaaoqnamted with the concept of nniformity of ooavcigeiice will find it 
made muoli clearer by cousultinK Bromwich, JnfitUte Sen^t, CU. vn, where an illaminating 
account of Ofgood’ti graphical inveetigatiou )6 given, 

i** ^his eechon shewe that it is indiflerent whether uniformitj of convergeuoe is defined by 
means of the partial remainder or by Writers differ in the definition taJmn 

as faudomental. 
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If tlie cOiadition is satisfied, by § 8'22, Sa{e) tends to a limit, S(«), say fof 
each value of z under consideration; and then, since e is independent ofp, 

|{lim iIy.p(s)}Ue, 

p-^m 

and therefore, when n > Jlf, 

S (z) - S„ (z) - ( lim Rk, p(e)} - (e), 

P“^ 00 4 

and so ' |S(s)-S,(r)|<2€. 

Thus (writing Je for e) a necessary condition for uniformity of convergence 
is that |£!(s) — /S„(s) I < e, whenever n>N and N is independent of z\ the 
condition is also sufficient ■, for if it is satisfied it follows as in § 2‘22 (I) 
that 1 Rir,p(z) I < 2e, which, by definition, is the condition for uniformity. 


Example 1. Shew that, if x be real, the sum of the series 


1 (iVll''"(x+l)(Sii+l)’'‘ ■*'{(n-llx+l){7ii'+l} 




is disoontinuous ot .t= 0 and the series is noo-umfortnly convergent near x=0. 

The sum, of the first n terms is easily seen to be 1 5—:; ; so when x=0 the 

«x+l 

sum is 0 ; when x^iO, the sum is 1. 

The value of ltp{x)==S{v)-Spix) is <f x+0; so when X is small, my* 

xa'Oue-hundred-miUiouth, the remainder after a million terms >a , ' or l-Tsp no 

100 

the firet ifiillion terme of the series do not contribute one per cent, of the sum And in 
general, to make < v, it is necessary to take 


•>1(1-') 


OoiretipoDding to a giv«D do number JV exiaia, independent of :r, euob that n < for 
all values of t in any interval inclu^^ jresQ , for by taking x suibcieiitly amail we 
make n greater than any number ^ ih i« independent of x. There is therefore non- 
nn)form oonvergance near x*0 


£xample 2. Diacuas the aeries 

(l+7i*xi}{l + (a+l)»x*’ 

in which X is real. 

The nth term can be written 

1 + («+!)» X*’ 

(Noth. Id this example the sum of the series is not discontinuous at x-^O.] 

But (taking »«;i, and x+0), Ifl,(x)l<« if *-'(»+!) |x|<l+(ii+l)«*»i j.e. if 
|x j~* or n+1 < J{v'i-.«/e-*-'4} | X 1"*. 
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it in not the Oaae thet the second ineqaelit; is satisfied for «dl values of n greater 
than a certain value and for all values of X ; and the first inequality gives a value of 
n (x) whieh tends to infinity as x^r-O ; so that, corresponding to any interval oontaoning the 
point ir<«0, there is no numher A' mdependenl of x. The series, therefore, is Bon-unifonnly 
convergent near a°>0. 

The reader will observe that «(») is discontinuous at a:«=0; for n («)-*-» as x-*-0, 
hut «(0)«0. 

3'32. Oonnexion of dwcontinwily tmth non-uniform convergence. 

We shall now shew that if a teiies of continuous functions of z is uniformly 
■convergent for all values of z in a given closed domain, the sum is a continuous 
function z at all points of the domain. 

For let the series be f (z) = «, (x) + «, (x) + + ... = 8n (f) + R„ (z), 

where ii»(z) is the remainder after n terms. 

Since the series is uniformly convergent, given any positive number e, we 
can find a corresponding integer n independent of z, such that ( (x) | < | s 

for all values of z within the domain. 

Now n and « being thus fixed, we can, on account of the continuity of 
Sn («)> find a positive number t) such that 

<4 

1/S„(t)-S„ft')i<3e, 

whenever | x — x' I < ij. 

We have then 

1 /(^) -/(«') I = I ('^'n («) - Sn (*')! I + I (z) - Bn (s') I 

< 1 -S. (z) - Sn(z') I + ' if,. (^) I + j if, (s') j 

< e, 

which is the condition for continuity at s i*" 

Bxarnple 1. Show that near x»=0 the senes ' 

»i (*)+Mj(j-) + a3(J')+ 

I 1 

whore «,{x)>=x, k,(x)— x*""'- 

and real values of x are concerned, is disconUnuous and non-uiiiformly convergent. 

In this example it is convenient to take a slightly different form of the test ; we shall 
shew that, given an arbitranly small number r, it is possible to choose values of x, as 
small as we plesse, depending on n in snob a way tliat | A. (x) | is not less than t for any 
value of a, DO matter how large. The reader will easily see that the existence of such 
values of X is inconsistent with the condition for uniformity of convergence. 

* * 

llie value ofaS,(x) is x**"* ; as » tends to infinity, A, (x) tends to 1, 0, or - 1, aeootd- 
ingas X is positive, sero, or negative. The series » therefiire absrdutely oonvergolt for all 
values of X, and baa a diaoontinnity at xap; 
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Ih this sanest (je)'=l -a?*""*, (*>0) ; however grest » may be, by taking* 
we can cause this remainder to take the value 1 which is not arbitrarily small. The 
aeries is therefore non-unifonnly convergent near jr=0. 


Example 2. Shew that near x«>0 the series 


S 


-2ia+x)*~* 


{l+(l“+x)— >}{1+(14.,)») 
is non-uuiformly convergent and its sum is diaoontiuuous. 

The nth term can be written 

(J +^)* _ l-(H-r)*~* 

80 the Bom of the first n terms la ^ -f £)« ‘ Thws, considering real valnes of a greater 

than — 1, it i« seen that tl\6 Bum to infiuity is 1, 0, or — 1, according an z is negative, zero, 
or positive. There is thus a discontinuity at z—0. This discontinuity is explained by tlie 
fact that the senes is uon-uuiformly convergent near z=0 ; for the remainder after n terms 
in the a^es vrhen z is positive is 

— 2 

and, however great n may be, by taking r*-, this can be made numerically greater 


2 

than which is not arbitrarily small. The senes is therefore non-unifomly con- 

vergent near zwO, 


3*33. Th 0 distinction between absolute and uniform convergence. 

The uniform convergence of a series jn a domam does not necessitate 
its absolute convei^nce at any points of the domain, nor conversely. Thus 


the senes ^ 
while in the case of the series 


converges absolutely, but (near r = 0) not uniformly. 


the series of moduli is 


V (-Zl‘ 

,“i x’ + II ' 



«=i 


1 

(■n + c’ 1 ’ 


which is divergent, so the series is only conditionally convergent ', but for all 
real values of z, the terms of the series are alternately positive and negative 
and numerically decreasing, so the sum of the series lies between the sum of 
its first n terms and of its first (n + 1) terms, and so the remainder after 
n terms is namenoally less than the nth term. Thus we only need take a 
finite number (independent of z) of terms in order to ensure that for all real 
values of z the remainder is less than any assigned number e, and so the 
series is uniformly convergent. 

Absolutely convergent series behave like series with a finite number of 
terms in that we can multiply them together and transpose their terms. 

- Tliia Vidae of x nta&e» tbs cotiditioa jzj'vS wbenevsi 2a - l3.1eg t~'. 
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UnifoTfni^ Bonver^mt se ries behave like series wth a 
terms m that Jhej^ Sire ewtinuous if each term in the series is continuous 
anii (as we shall see) the series can then be inte^ted term by terra. 

3*34. A condition, dm to^Wei£ratrass*j for uniform convergence. 

A sufilcient, though not necessary, condition for the uniform convergence 
of a series may be enunciated as follows ; — 

If, for all values of z within a domain, the moduli of the terms of a series 

,<?= u, («) + «, (i) + ttj (a) + ., . 

are respectively less than the corresponding terms in a convergent series 
of positive terms 

T ~ M, + + jif^ + . . ., 

where Af„ is INDEPENDENT of z, then the s»‘ries 8 is uniformly convergent in 
this rejpon. This follows from the (act that, the senes T being convergent, 
it is always possible to choose n so that the remainder after the first n terms 
of T, and therefore the modulus of the remainder after the first n terms 
of S, is less than an assigned positive number e ; and since the value of n 
thus found is independent of z, it follows (§ 3'Sl) that the series 8 is uni- 
formly convergent ; by § 2 34, the series S also converges absolutely. 

Ernmph The senes 

008 2 + (W I + ~ cos’ 2 + . . . 

IS umforuily oouvorpinl for all real values of z, lieca\ise the laotluh of ila terms are not 
greater than the corresjamding teniia of the coniergent senes 

ehose terms are positive eonstaiits. 


3*341, VnifonaUy of cnmeryrnce of rnttnite prorltirttr 

A convergent product 13 + »h aaid t-i.’ **nverge unilormi^ in a domain of values 

of s if, given 4, wo can tind m ^7id€pttn»Unt of l such that 

rn''{i+u,tr)!- n { 1 +«,(»)>]<€ 

1 «‘l w-1 ' 

for aU positive integral values of p. 

The only condition for uiiiformitj of cfMiveigeiice which will be used in this work 
IS that the product converges uniforraly if | (s) [ <: whore is indopendont of z and 

i if- converges. 


* Abkanilungm aiu der Funkiionenlehrt, p. 70, The test giveu by tliie condition is osaally ' 
d^ribed (e,g. by Oag 9 od> AwnaU of m. (1H69), p. 390) aa the 3f -teat, 

t The daOmUon ie, eflet^jvely, that given by Osgood, l>'wiktwnent^inefy. 462. The 
coudition here given for uniformity of oouvergenee ia also estabtiabed in that work. 


W.K.A. 


4 
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Vo i«ove the T«Uidity of the condition we observe that n (1+ifi) oonvetgM (§ S'?), 

I 

and eo we oan ohooee m each that 


«»+■)) K» 

n {i+af,}- o {i + Sf.}<t, 


and then we have 


« I I * r *»+3> *1 1 

n {i+«,(j)}- n {i+«,(r)) - n {!+«.(*)) n 

f 11=1 tf»i { t n«i . La>*m- 1-1 JI 

«i r "i+p n 

<n(i+Jfj n 

»=i L •"tn+i J 


<*» 


and cboioe of fii la mdcpendeut of z 


/ 3‘35. ffardjf^B te$tg for uniform covvergence* 

The reader will eee, from ^ 2 31, that if, in a given domain, £ ow ^ i* whore (z) us 

I n-l I 

real and I ib finite and iDdejiendent of p and z, and if /« + 1 (*) and /«(*)-*■ 0 
unt/orml^ aa n -*■ oo , then Z a„ (z) ^ (^) oonvei^^ uniformly 

Ral 

Also that if 


where k is vndtpendent of t and S a, (r) oouvergos unifomily, then S a,, {z) v, («) con 

« I ttJr I 

veigee uniformly [To prove the latter, observe that m can be found such that 
“mtiWi Om>i (r)+“».taW. . “».ti(«)+o».tsW+ +<tm+s(r) 

are numerically less than tH , and therefore 2 301) 


I a„(4)M.(i) <zu„^i{z)lk<t, 

BaSlM-l 


and the choice of « aud m la independent of z] 
ExampU 1 Shew that, if d >0, the senea 


* co»«d 
Z , 

**i ^ 


Z 

»i-i 


sin n$ 


converge uniformly in the range 

8 V — fi 

Obtain the corresponding result for the senen 

® ( — )" COHTttf * ( — 
i»=:i ^ ^ »«s ^ * 

by wntmg d+fT for 5 ' 

Sxamfle i If, when a^x^h, jM,(x)|<i, and $ I wn+i (*)-»« (jf) | <Ii, where 

■ 91 
w 

tx, ki are independent of » And x, and if S a. is a convergent senes independent cS s, 

*=1 

thea 2 ehnvergea uniformly when a b (Hardy ) 


* IProe Ijfmdon Mati^ 8o€ (2) it (1907), pp 247-265 TJiese rsBulta, whi^ are getnaallia 
iiODs of A.bil*e iheotem fg 6 71v below), though known, do not appear to have been puMishad 
befpre 1907. tBur resemblanee to the tests of ^mohlet mid Abel for QO&vmgeDoe, 

firomwieh prapoeea to call &«ai Pmehlel’s and AbePs teste respectively 
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[IW we can ohoowm, indepetidoat of^, such that I ^ a, {<r, Aid then, bvg 2-301 

I m-H> { 

S <i„ci), («) < (ii -t ij) «.] 

•=*111+1 I 


S’4. Dismission of a particular double series. 


Let ai, and aig be any conatante whose ratio is not purely real; and let 
a be positive. 

The series £ , -r — „ , , in which the 'summation extends over 

i». tt V + "wall + 2»Utt,r 

all positive and negative integral and zero values of ni and n, is of great 
importance in the theory of Elliptic Functions. At each of the points 
z = — 2mei>, — 2na>s the series does not exist. It can be shewn that the series 
converges absolutely for all other values of r if o > 2, and the convergence is 
uniform for those values of z such that z + 2ma), + 27ia>2 j > 6 for all integral 
values of m and n, where S is au arbitrary positive number. 

Let 2' denote a summation for all integral values of m and n, the term for 
which m^n = () being omitted. 

Now, if m and n are not both zero, and if | z + 2)710), + 2«o>v, j > S > 0 for 
all integral values of m and n, then we can find a positive number C, de- 
pen diug on ^ but not on z, such that 

' ^ 

{z -f 27)10), +■ 2)iO)s>'‘ j (2mo), + j ’ 

Consequently, by § 3';!4, the given series is absolutely and umformly* 
convergent in the domain considered if 


converges. 


2 ' 


L 

7710), -h 710), I • 


To discuss the convergence of the latter senes, let 


o), = Oi-(-t(3,, o><*=a,-(-i/3i, 


where 0 ,, «s, ;8i, are real. Since o)Jo>, is not real, o,^, — «,j8, 4= 0- 
the series is 

2 ' ^ 

~ ■(«,77i-(-a,n)*-K/3i77i-)-y3jn)*ji* 

This converges (§ 2'5 corollary) if the series 


S-2'- 


converges ; for the quotient of corresponding terms is 

l+p' I 


Then 


Tbs nador will ewll; define nnifarmitr of oonvergnioe of doable wriea (see $ 3-5). 

4—* 
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wliOTe fi,=-n.jm. This expressiori, qua fanotion of o continuous real v^n«)hlo fi, 
can be proved to have a positive minimum • (not zero) since a, /3, «s/Sj + 0 ; 
and 80 the quotient Is always greater than a poaitive number K (independent 
of p). 

We have therefore only to study the convergence of the series S. Let 


iS- „= 2 . i — , -j- , 

m=-p (»n,“ + n*)9“ 

«ei flo I 

2 S' - - . , . 

m-O »=o(m’ + 

Separating into the terms for which rn = n, m > n, and m < n, re- 
spectively, we have 

PI p 1 9 1 

iS =2 -- - - -f2S---* -(-22--^ 

< 11*1 (204^)^“ »»=i n-»(m* r“) 1“ «=i 

c * 1 ml 

<1=0 (m* -t- «’)!“ {»«*)’“ m“" ' 

Therefore iS§2-T---i-2 — +2 

Mi=i29‘‘m“ lU'-iOT'*”' 


But these last series are Joiowjo to be convergent if o — 1 > 1. So the series S 
is convergent if a >2. The original serias is therefore absolutely and uni- 
formly convergent, when a > 2, for the specified range of values of z. 


Example. Prove that the eerioe 

j 1. 

.-I- TO,*)*’ 

in which the Bummation extends over all positive and negative integral values and zero 
values of mj, nij, ... nv, except the set of simultaneous iiero values, is absolutely convergent 
if p>ir. (Eisnnstein, Joamal fur Math. i.xx.v.) 


3'6. The concept of uniformity. 

There are processes other than that of summing a senes in which the idea 
of uniformity is of importance. 

Let e be an arbitrary positive number ; and let f{z, be a function of 
two variables e and f, which, for each point z of a closed region, satisfies the 
inequality \f{z, f ) i < e when f is given any one of a certain get of values 
which will be denoted by (?j); the particular set of values of course depends 
on the partierdar value of z under consideration. If a set ({)„ can be found 
such that every member of the set (fX, is a member of all the sets (f,), the 
function f{z, f) is said to satisfy the inequality uniformly for all points z of 

* Ths reader will find so difficulty in verifying this statement; the qiiflimum vslne in 
question is given hy 
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the region. And if a function /ft (#) poseessee some property, for every positive 
value of e, in virtue of the inequality ]/(z, ^ j < e, if> (r) is then said to possess 
the property mi/orTnly. 

In addition to the unifbnnitj of convergence of aeries and products, we shall have 
to consider uniformity of convergence of integrale and also uniformity of continuity ; thus 
a series is uniformly convergent wiien lf2a(r)| <«, assuming integer values in- 

dependent of 2 only. 

Further, a function /(z) is continuous in a closed region if, given r, we can find a 
positive numVjor t/, such that 1/ (j -t f.) — / (r) 1 < • whenever 

and 2 -1- f is a point of the region. 

The function will be unifttrmlj/ continuous if we con find a positive number if inde- 
jiefidCHt of 2 , such that i)< and |/(r-i-{)~/(^) I < ‘ whenever 

0<lf <v 

and 2 +f IB a j»int of the region, (in this case the set (fjo i.s the set of points whoso 
moduli are loss than if). 

Wo shall find later 3*61) that continuit,! involves uniformity of continuity; this is 
in marked contradistiuction to the fact that convergence does not involve uniformity 
of convergence. 

3*6. The vtodified Heine-Borel theorem. 

The following theorem is of great importance in connexion with properties 
of uniformity : we give a proof for a one-dimensional closed region*. 

Given (i) a straiyhi line CD and (ii) a law by which, oorreeponding to 
each points P of CD, we can determine a closed inUrval 1 {P) of CD, P being 
an interior* point of 1 (P). 

Then the line CD can be divided into a finite number of closed intervals 
J,, ... Jft, such that each interval Jr contains at least one point (not an end 

point) Pr, such that no point of Jr lies outsids the interval I (Pr) associated 
(by means of the given law) with that point Pr%. 

A closed interval of the nature just described will be called a smiable 
interval, and will be said to satisfy condition (A). 

If CD satisfies condition (A), what is required is proved. If not, bisect CD ; 
if either or both of the intervals into which CD is divided is not suitable, 
bisect it or themjj. 

* A formal proof of the tbeurem fur a two-dirnsnsional region will be found in Watson's 
Compl&c Integration and Cauchy's Theorem (C&mb. Math. Tracts, l^o. 16). 

f £zAmplcs of sueh laws aesooiatiog intervals with pousts will be foond in §§ B*61> 6*13. 

t Exoapt when P is at C or D, when is an end pomt. 

g ThU atatement of the Heine.Borel theorem (which is sometimoB called the BorehLebesgoe 
theorem) la due to Baker, Proc. London Math. Soc. (2) i. (1904), p. 24. Hobfwn, The Theory of 
FuneUona of a Real Variable (1907), p. 87, points out that the theimm is practically f^Tea in 
Qon^t’s proof of Cauchy's theorem (TVaju. American Math, Soc. i. (1900), p- 14) ; the ordinaiy 
foftn^of Heine-Borel theorem will he found in the ireatiee cited. 

II A suitable interval is not to be biseoted ; for one of the parte into which it is divided 
not be euitabU. 



^4 


THB FaOCBSSBS Or ANAttSBS 


[CfflEAP. lU 

fhis jMTocess of bisecting intervals whidi are not suitable either will 
terminate or it will not. If it does terminate, the theorem is proved; for <7i> 
will have been divided into suitable intervals. 

Suppose that the process does not terminate ; and let on interval, which 
con be divided into suitable intervals by the process of bisection just described, 
be said to satisfy condition (BX 

Then, by hypothesis, CD does not satisfy condition (S ) ; therefore at least 
one of the bisected portions of CD does not satisfy condition (By Take that 
one which does not (if neither satisfies condition (B) take the left-hand one) ; 
bisect it and select that bisected part which does not satisfy condition (D). 
This process of bisection and selection gpves an unending sequence of intervals 
So> < 1 , 9t, ■■■ such that: 

(i) The length of is 2~’‘CD. 

(ii) No point of is outside s„. 

(iii) The interval does not satisfy condition (4). 

Let the distances of the end points of s„ iw>m G be a:„, jf„; then 
*n € ‘^H+i < Vn+i « yn. Therefore, by § 2-2, x„ and have limits ; and, by the 
condition (i) above, these limits are the same, say f ; let Q be the point whose 
distance from C is f. But, by h 5 q)otheaiX there is a number such that 
every point of CD, whose distance from Q is less than 4^,, is a point of the 
associated interval /(Q). Choose n so large that 2~''CD< Sq ; then Q is an 
internal point or end point of s„ and the distance of every point of from 
Q is less than And therefore the interval Sn satisfies condition (A), which 
is contrary to condition (iii) above. The hypothesis that the process of 
bisecting intervals does not terminate therefore involves a contradiction , 
therefore the process does terminate and the theorem is proved. 

In the two-djioensional form of the theorem*, the mten'eJ CD is replaced by a closed 
two-dimeDaional region, the interval I{P) by a circlet witii centre P, and the interval 

hy a square with stdes parallel to the axes. 

3'61. Uniformity of continuity. • 

From the theorem just proved, it follows without difficulty that if a 
function /(*) of a real variable x is continuous when a^x^b, then f(x) 
is uniformly ctmtiuuousj throughout the range a^x^b. 

For let e bo an arbitrary positive number; then, in virtue of the con- 
tinuity of f(x), corresponding to any value of «, we can find a positive 
number S,, depending on ir, such that 

for all values of x' such that \ai — w | < 

* The reader will eee (hat a proof mS; be oonetraoted on ehnilar bnee by drawing a e^sare 
oimaneenbing the regiOa and carrying ant a proeese of dividing eqnaree into bar equal equaiee, 

d Or the portba of the circle which lice iaeide the region. 

t Thi* molt is due to Seine ; cee /oamoi filr Xuth. r-wt. (XSfO), p. Sfil, and pxxry, (ISTii), 
I- 188. 
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'Then by § 3'6 we can divide the range (o, b) into a fimte nninber of closed 
intervals with the property that in each interval there is a number such 

that l/(®') ~/(*i) ! < j «. whenever «' lies in the interval in which Oh lies. 

Let So be the length of the smatlest of these intervals ; and let J, f' be 
any two numbers in the closed range (a, b) such that | f — f' | < S*. Then 
^ lie in the same or in adjacent intervals ; if they lie in adjacent intervals 
let fo be the common end point. Then we can find numbers x,, one in 
each interval, such that 

I /(f )-/(*.) I < ^. 1 /(f.) 1 < ^. 

I /<f ) -/(^) I < 1 c, I /(f.) -/(^») 1 < 

so that 

l/(f) -/(f) ! = 1 [/(?) -/(^.)! - \m) -/(^)) 

-i/(r)-/(^-.)j + {/(?«)-/(-*»)! I 

< e. 

If f. f' lie in the same interval, we can prove similarly that 

In either case we have shewn that, for any number f in the range, 
we have 

whenever f + fis in the range and — ^o< ?< where 5o is independent of f. 
The uniformity of the continuity is therefore established. 

CoToUa/ry (i). From the two-diraenBional form of the theorem of § 3‘6 we can prove 
that a functioD of a complex variable, continuoue at all poiotH of a closed region of tbe 
Argand diagram, is uniformly continuous throughout that region. 

Corollary (ii). A function f{x) which i» oontiuuona throughout the range a is 

bounded in the range ; that is to say we can find a number k independent of x such that 
1 /(®) 1 < * for all points x in the range, 

[Let n be tbe number of parts into which the range is divided. 

Let a, iif ... b be their end points ; then if x he any point of the rth interval 
we can hod niimbeRi Xi, xj, ... such that 

!/(«)-/(*.) Ki*. l/«.) -/(■*.) I<i., l/(*«)-/(fdl<i«,... 

Therefore i /’(«)—/(*) | < Jr«, and so 

l/WI<l.f(»)l+4«, 

which is the required result, since the right-hand side is independent of j:.] 

^ Tbe corresponding theorem for functions of complex variables is left to the reader. 

' ' j 3 * 62 . A real functioti, of a real variable, continuous in a closed interval, 
afUsins iis upper botmd. 

/{*) be a real continuous function of a when a^x^b. Form a 
section in which the JR-class consists of those numbers r such that r>/(x) 
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for aii values of a? in the range (a, k), and the Z-elass of all othef uauobera 
This section defines a number a such that but, if fi be any positive 

number, values of x in the range exist such that /(a:)>a — 8. Then a is 
called the upper bound of /(x) ; and the theorem states that a number x' 
in the range can be found such that/(ar') = a. 

For, no matter how small 8 may be, we can find values of x for which 
|/(a:)-ai“’>S~>; therefore ] [/(a?) - o) t“' is not bounded in the range; 
therefore (§ S'fil cor. (ii)) it is not continuous at some point or points of the 
range; but since (/(«)-a| is continuous at all points of the range, its re- 
ciprocal is continuous at all points of the range (§ 3'2 example) except 
th<j8e points at which f(x) = a ; therefore /(x) = a at some point of the 
range ; the theorem is therefore proved. 

CoroUary fi). The lower bound of a continuous function may be defined 
in a similar manner ; and a continuous function attains its lower bound. 

Corollary (ii). If f (r) be a function of a comple.x variable continuous in 
a closed region, | /(^) | attains its upper bound. 

3'83. A real function , of <i. real variable, continuous in a closed interval, 
attains all values between its upper and lower bounds. 

Let fif, m be the upper and lower bounds of / («) ; then we can find numbers 

Si by § 3'62, such thaty(,%) = M,f(x)^m; let u be any number such that 
m< M. Given any positive number*, we can (by §3’61) divide the range 
(as, ») into a finite number, r, of closed intervals such that 

,/(x,'«)-/(ir,«)|<e. 

where ®,w, x^'^ are an}' points of the rth interval ; take * 1 ''’, to be 
the end points of the interval ; then there is at least one of the intervals 
for which/ (rjVi) — p,j (,%''■*) — y, hove opposite signs ; and since 

I -/<■)- \fixfi) - ;i) I < e, 

it follows that 1 ^ | < e. 

Since we can find a number to satisfy this inequality for all values 
of e, no matter how small, the lower bound of the function | / (a) - ^ | is 
zero; since this is a continuous function of x, it follows from § 3’62 cor. (i) 
that/(®) — ^ vanishes for some value of x. 

3'64. Tfte fiuctuatim of a function of a real variable*. 

Let f(x) be a real bounded function, defined when a^x^b. Let 

Then \f(o-)-f(xt)\ + \f(x,)-f(x,)\ + ... + \f(xn)-f(jb)\ is called the 
fluctuation of/(«) in the range (a, b) for the set of subdivisions x,, x^, ... 

• The termuiolsgy erf this seotiem i« psrlly «ut of B^biaa, Iht Theory of PiauUme of a Beal 
Vaneble (1907) sad jmUj that of Toang, The Theory of Seu «/ Pointa (1909). 
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If the Bactoation have an upper bound F/, independent of fi, for all choices of 
fl!„ em , ... then /(®) is said to have Kmierf_tp^l the range 

(a, h). FJ‘ is called the tota l fluctua tion in the range. 

Ssample 1. If / (a?) be oiouotonic* in the range (a, 6), its total fluctuation in the range 

Example 2, A. function with limited totel fluctuation can bo expressed as the differ- 
enoe of two positive increasing inonotonic functions. 

[These functions may be taken to he | h 

Example 3, If f{x) have limited total fluctuation m the rauge {a, h)^ then the limits 
/(^±0) exist at all points in the interior of the range. [See § »3*2 example.] 

, Example 4. If f{x\ have Hnuted total fluctuation in the range (a, 6) so has 

/WyW- 

[For g (j/) -/ (*) g(x)\^\f{.r’)\.\g{i!)-g(x)\ + \g{T)\.\f{iii) -/ (.r) 1, 

ivnd BO tbe total fluctuation of f {x) g (j:) cannot exceed g . +/. where /, g are the 

upper buuuda of |/(jr) I , \g {x) | .] 

3'7. Uniformity of convergence of power aeries. 

Let the power aeries 

aa + aiZ + ... + u„i*+ ... 

converge absolutely when 2 = 2 ,. 

Then, if | | [, | u„«“ | « | a„ 2 ,” f. 

as CD 

But since S I a„So" i con\'erges, it follows, by § 3’34, that S a»«*‘ converges 

S *0 f »*0 

uniformly with regard to the variable 2 when 

Hence, by § 3 32. a power series is a continuous function of the variable 
throughout the closed region formed by the interior and boundary of any 
circle concentric with the circle of convergence and of smaller radius (| 2'6). 

3'71. AheJ's theoremf on continuity up to the circle of convergence. 

Lot S o„z” be a power series, whose radius of convergence is unity, and 

nsO 

* 

let It be such that 2 a„ converges; and let 0^a;s:l. then Abel’s theorem 

«^0 

C ae \ « 

S UniT" = 2 «». 

'=0 / M = 0 

For, with the notation of § 3'35, the function j" satisfies the conditions 

«b 

laid on u„(a;), when consequently /(*)= 2 conveiges mhi- 

n *»0 

* The fnnetion is munotonio if is one-BigB«d or aero for all pairs of 

different values of x and x'. 

ffir i. (ISSOJ, pp. 311-339, Theorem iv. Abel's proof employs directly tbe 
a^umeots by which the theorem of g 3-83 and g 3 35 are proved. I& the ease wh«i S | Ca { 
converges^ the tbeoroxi is obvioos from g 3‘7. 



TBS. F^OOBSSSS OS' 


[eaiAP- Ml 

^iflrmti) throughout the rauge 0 < * < 1 ; it is therefore, hy § 8'82, a con^tioaiB 
function of a throughout the range, and so lim /(») “ fO-). whiob is die 

theorem stated. 


372 Alfd’s theorem* on muttiplioation of senes. 

This IS a modification of the theorem of § 2 53 for absolutely conveigent 
series 

Z/st Cf. « . -i" 


Then the convergence of % a„, S i>„ and S Cn is o sufficient condition that 

MsO usd 


2 a„) ( I k) 

«=(> / \||»0 



nsO 


For, let 

A(x)=. 2 Una", jB(a)=» £ bniV‘y C{x)=‘ 2 c„«". 

»l“0 l»«0 WO'O 

Then the series for A (a), B (a), C (a) are absolutely convergent ■when 
I a I < 1, (§ 2‘6) ; and consequently, by § 2 53, 

^(a)£(a) = 0{a) 

when 0 < a < 1 , therefore, by § 2'2 example 2, 

j lim j4,(a)jj lim Zf(a)l=sj hm ^(a)) 

*-►1-0 *-»i-o *-*i-o 


provided that these three limits exist, but, by § 3 71, these three limits are 

«p OB 09 

2 a«, 2 6 b, 2 Cb, and the theorem is proved. 

nsO kbsO 


3 ' 73 . Power series which vanish ideniically 

If a convergent power senes vanishes for all values of z such that I « | < r, , 
where r, > 0, then all the coefficients in the power series vanish. 

For, if not. let a,^ be the first coefficient which does not vanish. 

Then aB,-Ha,n+i2^ + <WH(^’ + -" vanishes for all values of a (zero excepted) 
and converges absolutely when 1 2 1 < r, , hence, if « = + a „^)^2 -t . we 

have 

Isis 2 lam+fllr"-’, 

«=-l 

and so we can findf a positive number S < r such that, whenever ( 2 1 $ S, 
i Obm-i* + 0iB4«»’ + ... ! « 1 1 a„ j , 

and then — and so | o*. + « j + 0 when i 2 1 < 3. 


* Journal idath. i (1821^, pp. Sll-W* Theoreoi vx Tbig fg A.bel'8 ongizMU proof. In 
Bomu lett-boobs a ixxora ^aborate proof, ^ Hu age of Oea&ro's stum (§ 8 48), Uf giyen. 

+ It i« sofSoiaOt to take 8 to be tiie nnaUer of the ntulaben r and ^ j j-i- £ j Ominl 
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We ^ve therefore arrived at a contradiction hy supposing that eome 
coefficient does not vanish. Therefore all the coefficients vamsb. 

CorMuy 1. We ma^ *eqtiate oorrespo&ding coefficienta’ m two power series whose 
sums ave eq.ual throughout the region { 2 1 < d, where d > 0. 

Corollary 2. We msy aLso equate ooeffictents in two power senes which are proved 
equal only when z is real. 
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Miscellaneous Examples. 


1. Shew that the senes 

IS equal to when lrl<l and le equal to when lzj> 1. 

Is this fact connected with the theory of uniform convergence 7 
2 Shew that the senes 

2am i + 4sm i+...+2" am “ + 

OZ vZ «}*« 

converges absolutely for all values of ; excepted), but does not converge uniformly 
uear zoO. 


/ 3. If 

shew that S «„ dooa not converge umformly near jr=0. (Math. Tnp^ 1907.) 


y 4 Shew that the senes 
hy Abel’s mle) 

1 

i ■ 

18 divergent. 


J _ _L i 


... IS convergent, but that its square (formed 



y jS* If the convergent senes + ^+•••(•'>0) be multiplied by itsel 

the terms of the product being arranged aa in Abel’a result, shew that tiie lesaltmg aeries 
diverges if but oonverges to the sum if r> (Cauehy and Ctyori.) 
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If the two oouditioually convergent series 

; ? (-r* 


and X 


where r and « lie between 0 and 1, be moltiplied together^ and the preduot arranged ae in 
Abel’s result, shew that the necessary and sufficient condition for the ccmvergenoe of the 
resulting series is /+«>!. (CajorL) 

7. Shew that tf the series 1 

be multiplied by itself any number of times, the terms of the product being ai'ranged as 
in Abel’s result, the resultiog series oonrerges. (C^orl) 


8. Shew tliat the ^h |x)wer of the series 

<Zi sin ^+098)0 2d+. . sin 

is conrergent whenever ^ (1 ^ r)< 1, r being the greatest number satisfying the relation 

« 

for all values of a. 


^ d Shew that if 6 is not equal to 0 or a multiple of Svr, and if tio, uj, ... be a 
i^uence such that u^’^0 steadily, then the senes 2n„ cos (nS-^a) is convergent. 

Shew also that, if tho limit of ti. is not zero, but la still monotonic, the sum of the 
6 $ 

aeries is osoiUatoTy if ^ is rational, but that, if - is irrational, the anrn may have any value 
between certain bounds whose difference is a cosec where lim w„. 

(Math Trip., 1896.) 



CHAPTEE IV 


THE THEOEY OF RlEMAllN INTEORATIOV 

4'1, The concept of integration. 

The reader is doubtless familiar with the idea of integration as the 
operation inverse to that of differentiation ; and he is equally well aware that 
the integral (in this sense) of a given elementary function is not always 
expressible in terms of elementary functions. In order therefore to give 
a definition of the integral of a function which shall be always available, 
even though it is not practicable to obtain a function of which the given 
function is the differential coefficient, we have recourse to the result that the 
integral* of f{x) between the limits n and b js the area bounded by the 
curve y —f(x\ the axis of x and the ordinates x — a,x = b. We proceed to 
frame a formal definition of integration with this idea as the starting-point. 

411. Upper and lower integrals^. 

I.*et/(<r) be a bounded function of x in the range (a, b). Divide the 
interval at the points xi,x„ ... x„_,(a^xt-^x,%... %Xn-i^b). Let U, L he 
the bounds of /(x) in the range (o, b), and let Ur, L, be the»bounds o{ f{x) 
in the range (xr-i, Xr), where = a, x„ = b. 

Consider the sumsj: 

'')'»= U,(x^-a)+ U,(x,-x,) + ...+ U„(b-x„^,), 
s„= Z, (iT, -a) + L.. (x,-x,)+ ... +Z„ 

Then U(b — a):^S„:^s„^ L(b-a). 

For a given n, tS„ and s„ are bounded functions of x,, Xq, ... x„_,. Let 
their lower and upper bound3§ respectively be S„, so that S„. s„ depend 
only on n and on the form of / (a-), and not on the particular way of dividing 
the interval into n parts. 

. * Tiffined as the (elementary') funotum whoee diflereutial coefficient ib/ (*). 

t The following pi-ooodure fur eetabUehing existence theorems concenimg integrals is basad 
on that given by Ooursat, Court tVAnaU/tt, i, Ob. iv. The ooncepte of upper and lower integrals 
are due to Darboui, Ann. df VP.coU norm. iwp. (2) iv. (1876), p. 64. 

t The reader will find a figure of grneA assiRtanoe in following the argument of this section. 

and re^esent the sums of the areas of a number of rectangles which are respectively 
greater and lew than the area hounded by x = and ysO, if this area he 

asandked to e^et. 

er § The bounds of a fonotion of n variables are defined in just the same manner as the bounds 
of a function of a single variable (§ &'63). 
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Let the lower and upper bounds of these functions of n be jS, « Then 

^ S, 8n & 

We proceed to shew that s is at moat equal to S , i e S^s 

Let the intervals (a, * 1 ), (a,, *,), be divided into smaller intervals by 
new points of subdivision, and let 

a, Vi, Vi, •• Vk-i, yt (= xt), yi_„ y, (= t^), y,+,, ym-i, b 

be the end points of the smaller intervals , let Ur, L, be the bounds of / {x) 
in the interval (yr-n l/rl 

Let ?’„= 2 (y,-y,_i) tv, = 2 (y, - tV 

r=l r*l 

Since tv. Ctj', t7t' do not exceed tt,, it follows without difficulty that 
Sn ^ ^ fm ^ 

Now consider the subdiiision of (a b) into intervals by the points 
jCi la ^»-i and also tht subdivision by a different set of points 

Xj, X,', X , 1 Let S Sn be the sums for the second kind of sub- 
division which forrespond to the sums s„ for the first kind of subdivision 
Take aii the points iC], a,', x„ , as the points y,, y^, y„ i 

Then &'„ > 7'„ > t... ^ s„. 


and 


^ n ^ TV ^ ^ a n 


Hence every expression of the type S„ exceeds (or .it least equals) every 
expression of the type , and theiefore S cannot be less than s 

[For if S<a and s — S = %ti we could find an S„ and an »„ such that 
Sn — S<ri, 3~s„<ri and so 4',, > S„, which is impossible ] 

The bound S is called the upper integral of f (x), and is wntten f fix) dx , 

a 

s IS called the lower integral, aijd written f fix) dx 


If S = s, their common value is called the integral of fix) taken between 
the limits* of integration a and h 


The integral is written 
We define f fix)dx, when 

J b 



a < 6, to mean — 



dx 


Sxample 1 J {/(x') + <fi(x)}<ix~ J f(x)dx+j tp{x)dx 

Example 2 By means of example 1, define the integral of a contmuous oomplex 
function of a real variable 


* ‘Extreme values* would be a more appropriate term but ‘limits* has the eanetion of 
eostom ‘ Termmi ‘Aas been suggested by Lamb, Infimtaimal Cateulue (1897), p 207. 
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4 * 12 . RiemomCs condition of integrability*. 

A funcfcion is said to be ‘ integrable in the sense of Riemann ' if (with ,the 
notation of §411) Sn and ,9ft have a common limit (called the Riernann 
integral of the function) when the number of intervals Xr) tends to 

infinity in such a way that the length of the longest of them tends to zero. 

The necessary and sufficient condition that a bounded function should be 
integrable is that should tend to zero when the number of intervals 

^r) tends to infinity in such a way that the length of the longest tends 
to zero 

The condition is obviously neceswiry, for if and have a common limit 

— .9ft 0 as « — ♦ oo . And it ts sufficient ; for, since > jS > s ^ it follows 

that if lim (iSft — Sji) = 0, then 

lim jS'ft = hm Sn~ s. 

Note. A c<jnUnu()US function f i^x) i« *intcgraW\e’ For, givpn f, we («in find b Much 
that whenever |<d Take al} the intervals x,) 

leaa than 8, and then T,- /.,<■ (j{h^a) and so .■?* — *„<€ ; therefore under the 

circurnetanoes specified in the condition of lutegrabihty. 

Corollary. If /S'^ and have the same limit S for one mode of subdivision of (a, b) 
into intervals of the specifiod kind, the limits of and of for any other such mode of 
sLilMhviaiuD are lK>th A 

^ Example 1. The j)roduct of two integrable functions is an integrable function. 

Example 2 A function which is continuous except at a finite number of ordinary 
discontiuuitiea ih iut<*gralile. 

[If f{x) have an ordmaiy discontinuity at e, enclose c id an mton^al of length dj ; 
given c, we can find 8 so that (x) ' < « when J y - ar j <8 and Xy x' are not in this 

interval. 

Then (8 - a - 8i) + I:8i, where k is the grcwitest value of \f{xi)—f[x) when 

Xy x' lie m the interval. 

When A-^;/(c + 0)-y (c — 0) I, and hence liui } 

W-^CO 

Example .j. A function with huiitod total Quctuation and a finite number of ordinary 
discoiitmuitiee ia integrable. (See § 3 64 example 2.) 

/ 4'13. A general theorem on integration. 

Let f{x) be integnible, and let e be any positive number. Then it is 
possible to choose i so that 

1 2 -ir,-i)/(a:'j>->)- f 

I P=1 , •' O I 

provided that ^ 5, a:p_, ^ a- ^ Xf. 

* Riemann (G<r«. Math. Werke, p. 239) bases bis definition of an integral on the limit of tfie 
sum ocourring in § 4T3 ; but it is then dififouit to prove the uniqueness of the limit. A more 
general definition of integration (which is of very great importance in the modern theory of 
Funotiona ot Beal Variables) has been given by Lebesgue, Annelt di Jfat. (3) vn. (1902), 
pp. 231-359. See also his Lc^ns iw VifUegratwn (Paru, 1904). 
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To prove the theorem we observe that, given e, we can choose the length 
of the longest interval, &, so small that — s„ < t. 


Also 


Therefore 


*Sn ^ S (iVp ^ Sn, 

f>=i 

iS„ ^ [ /(x) <ix > *•„. 

a 

; i {Xp-.Tp^,)/(x'p_,)- f f(T)d: 

<p=l Ja 


'■or\ <Sn — i 


As art cxatnjile* of fchc evaluxtion ot a definite integral directly from the thetirem 


of this section conaider 


dx 


where X<}. 


Take arc sin X and let r. = sin (0<*S < iwh that 

;> • V - ^ 

>,='2 8JI) cfw (#4 I) ^ < 5 , 


also let 
Then 


j’/ -ftn' f’ + J) 

£ x,~- ■T ,-! p Sin sf i — 1 ^ 

■-1 (1 K^l COs(jt-i)5 
w2/>sin 

vourcBiiiA' {sin 

By taking p suflicioritly large we can make 


f t __^r_ 






arbitrarily small. 

We can also make arc sm X . 

arDitranly small 

That IB, given an arbitrary number f, we can make 


|fem ^ d 
\ i« 


-') 


d 

/« a- 


dx ^ 

— . -arc sin a <f 


by taking p sufficiently large. But the eapreasion now under consideration does not 
depend on p ; and therefore it must be zero ; for if not we could take c to be less than it, 
and we should have a contradiction. 

iix 


[ That 18 to say 


/: 


Example 1. Shew that 


— =£=arc sin X. 

(l-x*)4 


1 +c 


X 2ar (n — l)a; 

5-4- COB + . . . 4- cos 


Urn • 

ft-frOD 


Example 2. If f \x) has ordinary discontinuities at the points «i, 02 , ... a,, then 
where the limit is taken by making d], ... ci, r^) ••• «« *b0 independently. 


Netto, ZeiUchrifi fUr Math, vnd Phyi. xl, ( 1895). 
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// EiampleZ If/W is integrable when a,^x^b, and if, when a,^o<i<ii, we write 
j y(r)di;=(t, (a, b). 


and if f(b -1-0) exists, then 


8 


^-►+0 

Deiiuce that, if f(x) is continu<ma at a and 6, 

^ I % (X) ria = -/(«), |y (X, dx =/(6) 

Ertimple 4 Prove by differentiation that, if ^(x) is a cinitinumis function of x and 


a oontiriuoua function of i, then 


j%(x)/ir= 4)(x)^d( 


ExnmpH 5 \i j and tft (x) are eontinuous when « shew from example 3 


that 


j / U\<j)(i)dx + j (j) (x)fsx) dx^f (b) (p (b, -/(u) <t> (a) 


I 0 

Ecu?/ip/e6 U f\r i •, integrable in the range («, c) and u ^6 shew that f fix)dx 
is 1 eootiimous fumtion ot h 

414 Mtav \ulut Thfoinns 

1 iu two following g4 riorul theorems are frequently useful 

1) Let U and L 1h the upt>er and lower bounds of the integtabk* function J\X) in tl.* 
t.LlUM u h\ 

t) (Ml from th*- delinition of an integral it is ob\ious tint 

J {C'-t(x)!</a, j i/<x da 

an not negative . ntd so 

I h\H IS known as the Eirtit Mean Value TAeoreni 

It f yt ) is continuous \c can hnd a numlKJr $ such that n and such that/(£) has 

any guen \alue lying between U and L 3 63) Therefore we can hnd | such that 

j y(x)dx=(b-a)/((). 

If F(t) has a continuous differential coefficient F (j:'i in the range \a, b), we have, on 
wr ting F (x) foi /(x), 

Fib)~F{a)^(b-a)F'{e) 

for some value of ^ such that a ^ f < 6. 

Example lif{x) is continuous and shew that ^ can be found such that 




W. M A. 
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/ (11) Let f{x) and 0(x) be integrable in the range (a, b) and let ^(x) be a positive 
decreasing function of x Then Bonnet’s* form of the Second Mean Value Theorem is 
that a number ^ exists such that and 

jy(x)<f,(x) dx= <p (a) fix) dx 

For, with the natation of 4 1-4 13, consider the sum 

p 

S= 1 ix,-x^i)fix^i)<i>ix,^i) 

•a*l 

Wnting (x 4 -x^i)/(Xs_j) = a,_i, = <1 o+<*i+ = we have 

r 1 

iSs = 2 1 (^*-1 

«=i 

Each term in the summation is increased by writing 6 for 6,_| and decreased by 
wnting 6 for vf 6, ft be the greatest and least of ft^, ft,, ftp_j , and so 

m 

Therefore S lies beta'cen the greatest and least of the sums 0(xo) 2 
where »n = 1, 2, 3, p But, given ♦, we can find b such that, when x, - x,_ i < 


2 (x, - x,^i)/(x,.i) <f> - I /(x) (f> (x) dx I < f, 

I F«J J I 

I * I 

I «*l / Zt ' 

and so, writing a, 6 for Sq, Xp, we find that j /(x)«^(x)dj lies between the ujiper and 
lower bounds oft J^‘/(x)(£r4;2«, where may take all values between a and ft 
Let U and Z be the upper and lower bounds of 0 (a) /{x) dx 

fb 

Then f7+2€^ f /(x) ^ (x)<Zr^Z — 2c for off positive values of « , therefoie 

/(x)^(j.)dr^Z 

Since <ft (a) J^' / (^) ^ function of t^es all values between its upper and lower 

bounds, there is some value f, say, of ^ for which it is equal to J f(x)(f>(x) dx This 
proves the Second Mean Value Theorem 


/ Example By writing | <^ (x) - ^ (6) { in place of (x) in Bonnet’s form of the mean 
value theorem, shew that if ^(x) is a monotonic function, then a number ^ exists 
such that a ^ < ft and 

(*)“<•»='#>(“) JV(»)<i*+'#>W j 

(Du Bois Beymond ) 


* Jcfwmal ie Math. xrr. (1849), p. 249. The proof given u a modified form of an mvaatogation 
doe to Hdldtf, antt. Naeh. (1889), pp. 88-i7. 

f By I 4 18 example 6, since /(x) is bounded, f /(x) dx is a oontlnnous function of (i. 
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4 2 Differentiahon of integralt containing a parameter 
d f* f* df 

The equation* /(«, a) tin: = j ^dx la tnie if fix, a) possesses a 

Jiiemann integral witli respect to x and f, gQ u a continiwus /unction of 
bothf the variables m and a 

i !/<*■ “ 1™. dx 

if this limit exists But, by the first mean value theorem, since /. is a 
continuous function of a. the second integrand is /.(a;, a+6h), where 
0 S ^ ^ 1 

But, for any given e, a number S independent of x exists (since the con- 
tinuity of /. IS uniform^ with respect to the variable <r) such that 
1/. {s:, a ) -/. (a:, a) I < f/(6 - al, 

whenever j a' — a | < S 

Taking ( A I < S we see that ( | < S, and so whenever I A | < A, 

I /(g, “ ^ j /. (x, a) lir j « J I/, (ic, a + dh) - /. (a:, a) | da 

< e 

Therefore by the definition of a limit of a function (§ 3 2), 

J a 

exists and is equal to j /,<£« 

J a 

Example 1 If a, 6 be not constaots but functionfi of a Tpith coutiDUous differential 
coefficients, shew that 

Example S If ffx^ a) le a continuous fuootion of both variables, / /(x, a) dir is a 

/ ® 

continuous function of a 


* This formula was given by Lafbois, without specifying the restnotions laid on /(x, a) 
f ^(Xf y) w defined tO be a oontinuoue function of both vanabies if, given e, we can find 
3 such that I ^ (*', i/') y) f < < whenever {(x' - x)*+ (y - y)*}^ <3 It can be shewn by § 8 6 

that if 0 (x, y) IB a oontinooos function of both vanabies at all points of a closed region in 
a Cartesian diagram, it is unt/ormly continuous tbrougbout the region (the proof is almost 
identical with that of § 8 6l) It sbocld be ootioed that, if ^(x, y) is a eontuiuoas funetaon 
of eaeh variable, it is not neoessanly a eonUnuous fanetion of both , as an example take 

*( 0 . 0 ) = 1 . 

this is a oontinuouB function of x and of y at (0, 0), bnt not of both x and y 

$ It IS obvious that it would have been sufficient to assume that had a Bdemanu integral 
ind was a oontlnnous function of e (the oontinui^ being Uniform with reepeet to x), instead 
tf assuming Uiat ivas a oontinuous function of both vanabies. This is actually done by 
iobaon, .Puneneiu o/ a Eeal VartabU, p. 699 


5—2 
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4 ' 3 . Double integrals and repeated integrals. 

Let f (w, y) be a function which is continuous with regard to both of the 
variables ® and y, when 

By § 4'2 example 2 it is clear that 

/« /. I ‘^1 

both exist. These are called repeated integrals. 

Also, as in § 3'62, y(i, y), being a continuous function of both variables, 
attains its upper and lower bounds. 

Consider the range of values of x and y to be the points inside and on a 
rectangle in a Cartesian diagram ; divide it into nv rectangles by lines parallel 
to the axes. 

Let Un,!,., be the upper and lower bounds of f (x. y) in one of the 
smaller rectangles whose area is, say, , and let 

H y n y 

m=l /*“1 "» -1 M = 1 

Then >4'n,», and, as in § All, we can find numbers „ which 

are the lower and upper bounds of s„ „ respectively, the values of 

§n,,, e„.^ depending only on the number of the rectangles and not on their 
shapes, and »■ We then find the lower and upper bounds (S and s) 

respectively of gua functions of n and i-, and > 5>ii > s„ ,, as in 

§411, 

Also, from the uiliformity of the coiitmuity of f (x y). given e, we can find 
S such that 

Ln, It 

(for all values of m and fi) whenever the sides of all the small rectangles are 
less than the number S which depends oidy on the form of the function /(x, y) 
and on e. 

And then /S',,,,. — Sn., < e {b — a) (ff — a), 

and so S — s < e (b — a) ~ a). 

But S and s are independent of c, and so S >= s. 

The common value of S and « is called the double integral of f{x, y) and 
is written 

It is easy to shew that the repeated ihtcgrals and the double integral are all equal 
when f{x^ y) is a continuous Unction of both variaUea. 
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For let Ym, A„ be the upper and lower bounda of 


] X vanea between ^m-i and 


Then S 

fl»sl 




But* 


I Pm,e(ye-ye-i)>Y„>A_> 2 

e-I e“i 


Multiplying these last mequAlities by usmg the preceding inequalitiea and 

BUEuming, we get 

X 1 f(j:, »)<%l X 

M=1 K-l y a U <* J m 1 M 1 

and ‘w, proceeding to the limit, 

S'^j ^(ar, y)rfy| 

But ,?=a=y /(x, tf)(dxj^), 

and 80 one of the repeated integrale is equal to the double integral Similarly the other 
refloated integral i8 equal to the double integral 

Corollary If / (^, y) be a continuous function <>f both variables, 

/u {/o “ /o {/» ’ ■ 


44 InfinUe integrals 

If Inn fj /(x)dx'j exists, we denote it by j f{x)dx, and the limit m 
f]iu-itiori IS called an infinite integral f 
hxavipfes 


(1) 

J a ^ \® 

y. 


(2; 

/’* xdi . / 

' 1 1 \ 

1 



2a* 

(3) 

By integrating by parts, shew that t”e ' 



(Euler ) 


Similarly we define / /(;r)tir to mean lim j /(s)dT, if this limit exists , and 
J _« B-»._oo J a 

j f{x)djc 18 defined as j /(a;)dx-t-j /(x)dx In this last defimtion the choice 


of a 18 a matter of indifference. 


* The upper bound of /(x, y) m the reoUn^e is not leas than the upper boand 

of/(x, y) on that portion of the line which lioa m the rectangle 

t Thia phrase, dne to Hardy, Proc London Math Soc xzzxv (1902), p 16, anggeata the 
analogy between an infinite integral and an infinite senes 
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441 Infinite integrals of continuous functions Conditions for con- 
vergence 

A necessary and sufficient condition for the convergence of fia)d(c is 

J a 

that, corresponding to any pcwitive number e, a positive number X should 

I f*" I 

exist such that f{tc)dtv \<.e whenever 

I « 1 

x" > a;' » X 

The condition is obviously necessary, to prove that it is sufficient, suppose 

ra+% 

it IS satisfied, then, if n > X — a and n be a positive integer and S„= I f (x), 

J a 

we have 1 — S, | < t 

Hence, by § 2 22, /S„ tends to a limit S, and then, if f > o + n, 

j'5-f « 1^- I j + |j^^ f{x)dJc^\ 

< 2e, 

and so lim [ f{x) dx = S , so that the condition is sufficient 

f a 


442 Uniformity of convergence of an infinite integral 

The integral | f(x, a)dx is said to converge uniformly with regard to a 

in a given domain of values of a if, corresponding to an arbitrary positive 
number e, there exists a number X independent of a such that 


j fix, a)dx 


< e 


for all values of a in the domain and all values of > X 

The reader will see without difficulty on comparing ^ 2 22 and 3 31 with 

§ 4 41 that a necessary and sufficient condition that [ f (x, a) dx should 

J a 

converge uniformly in a given domain is that, corresponding to any positive 
number c, there exists a number X independent of a such that 




< e 


for all values of a in the domain whenever z" ^ ir' > X. 


443 Tests for the convergence of an infinite integral. 

There are conditions for the convergence of an infinite integral analogous 
to those given in Chapter II for the convergence of an infinite senes. 

The following tests are of special importance 
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(I) Absolutely convergent integrals It may be shewn that j f{x)dx 

J a 

certainly converges if J \f{tx!)\dx so, and the former integral is then 
said to be absolutely convergent The proof is similar to that of § 2 32. 

EvampU The companion text If l/(-r) j ^gr(a:) and j q{x)dx converges, then 
j /(a:) c(^ converges absolutely 

[Note. It was observed by Dinchlet* that it la riot necetiary for the convergence of 
I f{x)ch; that / (x) -•-0 as j-^oo the reader may see this by considering the function 

/(4ir)=0 + I 

/■(r) = (n + l)* (n + 1 - a) {x - (n+ l)+(n4-l)“*} (n + 1 — (n+ 1)“^ ^ j: + 1), 

whore n takes all integral values 

For / /(x)dx increases with ^ and J /(x)c£r===^(n+ 1)~* , whence it follows 
without diflBculty that J /(x)dx converges But when x=n + l-^ (” + !)"* /(^) = i * 
and so f(x) does not tend to zero ] 

(,11) TAe Afaolaunn-OaucApf iest lf/(x)>0 and /(x)-*-0 steadily, 

40 

y(x) dx and S /(n) converge or diverge together 

* 1 f»*l 

for /(»»)> j + 

« f»+1 »»4-l 

and SO J /('^)^/ 2 /(m) 

«*l / t 

The first inequality shews that, if the senes converges, the increasing sequence 
/■»+! 

j /(s)dx converges 2 2) when n-^-oo through int^ral values, and hence it follows 
' /**' 

without difi^culty that f /(x)<ix oonverges when r'-*-® , also if the integral diverges, 
so does the senes 

The second shews that if the senes diverges so does the integral, and if the integral 
converges so does the senes (§ 2 2) 

^ (III) Bertrand’ sX test If /(x) = 0{x^~^), j f{x)dx converges when 
X < 0 , and if f(x) — 0 (x-' [logjr)*'*), j f{x) dx converges when X < 0 
These resolte are particular oaiiee of the oompanson test given in (I) 


* Dinohlet’s example was /(c) sbid x* ; Journal fiir Math. xvn. (1687), p. 60. 
t Uaelaana (J>1wxioiif, i. pp. 290) makes a verbal statement pnehcallj eqaivalent to this 
result. Oan^yU veenlt is given m his Oeuvrt* (2), vii. p. 269. 
t Journal d* Math. vn. (1843), pp. 88. 89. 
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(IV) Chariier's test* for integrals involving periodic functions. 

I f* 

li' f(x) 0 steadily as a: oc and if j j (®) ^ ’8 bounded as a- oo , 

then [ /(a:) ^ (a;) dx is convergent. 

J a 

For if the upper bound | [ be d, we can choose A' such that /(x)<«/2,4 

when X , and then by the second mean value theorem, when x" > A', we have 

jj /(a:j<#i(x)cla: j = j/(x')y%(.ir)<ia- j=/^a•’^ j <),(x)dx~j 0 (j) cir | :$ 2/l/(a') <f. 


which la the condition for convergence. 


Example 1. I 

J 0 

Example i. j 

J 0 


am X , 

ax converges 

X 

r ■ ‘ sm {x^ - ax) dx converges 


4‘431. Tests for uniformity of convei'gence of an inieyral^ 

(I) De la Vallie Poussins test^- The reader w'lll (viMly see by nsmg 

the reasoning of § 3'34 that | f{x, a)dx converges uniformly with j- g.ird 
to o in a domain of valut-s of a if '/(x, a) < fi(x) whi-ro ^(a) is indojifiid' r\t 

/ « . J*jr 

p(x)dx converges. [For, choosing A’ so that J ) 4 {i)Ji 
when x"'S:x' if X, we liave ' j /(x, a}dx \< e, and the (hoico of X is nidi 

' x' \ 

pendent of a ] 

ExampU x'-'f'dr converges uniformly m any mtonal (/I, IS] aiul. tiiat 
1 <- .1 $ /! 


' (II) The method of change of variable. 

This may Ijg illuatraled by an example. 

Consider / ^ lix where a is real, 

J 0 X 


We have 


j y T I ax- y ^ 


Since 


/: 


- dy converges we can find Fsuch that 


I r 

\J y 


<€ when y"^y' ^ }' 


-I/: 


- ifj: I < e whenever I or' | ^ F, if j a J > ft > 0, we therefore get 


I/: 


-dx\<Lf 


* Journal de Math, xmi (1658), pp. 201-212. It Is remarkable that this test for conditionally 
convergent integrals should have been given so^ie years before formal definitions of absolutely 
convergent integrals. 

f The reanlts of this section and of § 4'44 are due to do la Valine Poassin, Ann. de la Soc. 
ScieTittfigve de Bruxelles, xvi. (1892), pp. 150-180. 
t This name is due tu Osgood. 
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when 3^' Yjh ; and this choice of X ib mdepondeiit of a. So the convergence is 

uniform when a ^ d > 0 and when a < - A <0 

Etample. /:i/; dx IS uniformly convergent in any range of real 


values of a 


(do la Valine Poussin ) 


I /'**■■** 1 

[Write and observe that j j does not exceed a constant inde- 
pendent uf u and 3. since / converges} 

f 0 

(III) Tlie metiujd of mtepratton by parts. 

If J /'(j, a) dx-~ ^ fx, a)+J X a}dx 


• X 


and if 0 u, a)~*-0 unilorru]} a« x-^az and 
to a, th(*n obvunialy / f( r, a)d.L converges uniformly with regard to a 

' 'i 

(1 V" \ The method of decomposition 


)dx tonverges uniformly with r^rd 


t a mpli’ j 


cos r sin 03 


dx 


-if 

/ « 


HID (a + 1 ) r 


dx-t\ 


^ f*’ am (a 1 ' 

®io -a 


dr f 


i otl of the lattei uiu^rals umverge uniforml> m any closed diimain of real values of 
a (lorn vimii the ^loinls a - ±1 ar*‘ excluded 


4 44 Theorf'ms ctmcerning fini/onnly corvergent mfimte integrals. 

) Let f til , a)dx converge umfomily when a lies in a domain S. 

^ rt 

Then if f\T, a) is o coritniiioiis function oj both variables ahen x'^a and 
** 

a lit' 111 ^1, I fit a)dx lb a continuous funition’ of a. 

II 

Fni (Tuon t '.M . Ill fiiiij .Y indejmident of a, such that j f{x, a)dx <t 
’a!ii /icvcr f > A' 

AKo \vp can hud u independent of x and a, such that 
1(0 a}-f(x,a') <'el(X-a) 

whcni \ er a - a' < h 

Tliat IS to sai sjncii t we can find b independent of a, such that 
I f{x, d)di ~ I fix, a)dx < j I ' {f(,x, a)— fix, d i' dx 

cl rt I • a ^ 

i /** I '** I 

+ I / f{x,a.')di\ + ^\ f(x, a) dx 

' X \ ' X ! 

< 3 e, 

whenever | a' - a ; < 6 , and this is the condition for continuity 

* This result ir due to Stokoii His stAtoment is that the integral la a oonlinuous funobon 
of a it it doc® not ‘convar^e infinitely fllowlj.’ 
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(II) If f{x, a) satisfies the same conditions as in (I), and if a lies in S 
when A ^a^B, then 


For, by § 4 3, 


Therefore 


/(a, o)(ir| (ia = J* o)da| (fa. 

1 , 

J |J /(a, o) (ia| do = J 1 /(a, o)(io|da 
/(a, o)da|da-J | /(a, o) do| da 


= I j" IJ /(a, o)da|do 

eda<e{B—A), 

for all Bufficiently large values of f 

But, from §§21 and 441, this is the condition that 

lim J /(a, e)do|da 
should exist, and be equal to 

/'{/y(a.o)da}do 
d /** 

Corollafy The equation ^ j 0(ar, o)efcc=t J ^ la true if the integral on the 

right oonyeiges uniformly and the integrand is a continuous function of both variables, 
when x^a and a lies in a domain 6f and if the int^ral on the left is convergent 

n < 

Let be a point of S, and let ^==/(®» ®)j ^ that, by § 4 13 example 3, 

/j o) - (x, J) 

Then /(x, a) (ia| dx converges, that is j (x, a)-^ (x, it)} dx converges, 

and therefore, since j ^ (x, a) dx converges, so does j fp(Xj A) dx 


Then 


da 


<ia 

d 

da 


[/. {/>(•••■>■*■)■'’■] 
/:{/: /(a, o)(ia| da 
/{*. a) cte = J ^ dx. 


which 18 the required result , the change of the order of the lutegrations has been justified 
ahove, and the differentiation of j* with regard to a is justified by § 4 44 (1) and ^ 4 13 


example 3 
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4 6 . Improper %ntegrah Principal values. 

If I f{iv) |— >00 as®— »a + 0, then hm ( f{x) dx may exist, and is 
written simply f f{x) dx , this limit is called an improper integral. 


If |/(a:) I — > 00 OB x—tc, where a<c <b, then 

/ e-S rb 

/(x)dx+ lim I f(x)dx 

a t-^+oJ c+t' 

may exist, this is also written j f(x)dx, and is also called an impropei 

integral , it might however happen that neither of these limits exists when 
S, S'—*0 independently, but 


lim If f (*) dx+ f /(x) (irl 

exists , this 18 called ' Cauchy’s principal value of [ f(x)dx’ and is written 

J a 

for brevity P j f(x)dx 

J a 


Results similar to those of §§ 4 4-4 44 may be obtained for improper 
integrals. But all that is required m practice is (i) the idea of absolute 
convergence, (ii) the analogue of Bertrand’s test for convergence, (ui) the 
analogue of de la Vall6e Poussm’s test for uniformity of convergence The 
construction of these is left to the reader, as is also the consideration 
of integrals in which the integrand has an infinite limit at more than one 
point of the range of integration* 


EiampUt (1) 


/: 



X ^ cos X <ir ifi aa improper mtegraL 

(1 dx IB an improper mtegral if 0<X < 1, 0<^< 1. 


It doea not cooverge for oegatiye valaes of X and fi. 

— dx IS the principal value of an improper integral when 

p 1 -A 

0<a<l 


4*51. The inverawn of the order of wtegratum of a certain repeated integral 

Qeneral conditions for the legitimacy of inverting the order of migration when the 
integrand is not ooutmuous are difficult to obtain 

The following is a good example of the difficulties to be overcome m inverting the 
order of integration in a repeated improper integral. 


* For a detailed duoassion of improper integrals, the reader is referred either to Hobeon’i or 
to Pierpont’s FWietums of a Real yariabU. The eonnesioB between infinite integrals and 
improper integrals is exhibited oj Brunwioh, Injimte Sene$t f lfi4 
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/ Let f{x^y) ^ o, co^itinuoua function of both vanabUdy and let 0<X^1, 

0 < V < 1 then 

{/o V(*.y)'^| 

This mtegral, which was first employed by Dinchlet, la of importaDoe in the theory of 
integral equations , the investigation which wo shall give is duo to W A Hurwitz*. 

Let y'* ^''1 T y)‘’”*y(x,y) = ^('x,y) , and let 1)6 the upper bound of t 

Let be any pcjsitive number leas than ^ 

Draw tlie triangle whose eidtis are r = y=^, x+y-J -8 at all points on and inside 

this triangle (.*■, y'* is uintinuous, and hence, by ^ 4 3 corollarj, 

/ i— as I fx x-t \ A-rf r A-y t \ 

blow 

{/I " { f7‘~‘ +/i 


I,dx, 


where 

But 


fi- [ 4 i<r,y)iiv h-^f ^\xy)dy 

Jo J 1~* i 

-h" ‘ ^ ‘ '>'y> 


s:jFx’' 


since ll X y" 'f^{\-T t/ 

Therefore, writing I fl 8 )j,, wt baiet 


I / *x'‘ '(1 X S)- 'rfx 

) J 0 

’1-0) / -*^1 vl 


u- 


dx 


» X' ‘ ’y?(X Jis 8-^0 

The reader wiD provf^ amular’j thit / -*»Oas 

/•t 

Hence 


* /ii‘^{/o i 3*^ ‘^3'} 

/1-aJ [ f\~z—t 1 

'^\l> ■^(*’3') '^3'} 

* J»na/j o/ MathemaUcs, n (1908), p i83 

+ ^ -*i)''~* dii = B (X, r) oiwU if X>U, (-.>0 {§ 4 5 example 2) 

X The repeated integral exists, and is, in fact, absolutely convergent , for 

», andj^ Mx'‘-'(l-i)s+>-id, eiiato And .m« the 

1 VltltlA wtliAtl IB lim * m»-wr Vta eM^AAow, Kevi 

J t 


writing j/sa(l - x) 

lOtegraJ exists, its value which la lim 
9 , B-wO 


ri-w 

f may be written hm 
>J 9 «-M)J 
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by what has been already proved , but, by a precisely similar piece of work, the last 
iDtegral is 

We have consequently proved the theorem in question 

Corollary Writing ^ = 0 + (6 — a)i^, i 7 =fe-(i-a)y, we see that, if is con 

tinuous, 

fa ^ if - f)' ' ■<> ‘=^4 

This 18 called Dinchlet’s fortrnila 

[Not® What are now called infinite and improjier intcgralM were^efiued }>y Cauch>, 
eur le calc mf 1823, though the idea of inhnite integral acoms u* date from 
Maclaunn (1742) The teat for convergence was»empu)yeo h} < bartier i^lSOd) Stokes 
1^1847) diatiuguishod between ‘eaaentially ’ laltaohitely) and non ( ssentialU convergent 
iiitcgrajs though he did not give a formal dehnjtion Such t definition was given by 
Piricblet in 1854 and 1858 (hoo his Vorleaungen^ 1904, p 39) In the early part of the 
nineteenth century improper integrals received more attention than infanite integrals, 
probably because it was not fully realised that an infinite integral is really the Utnxt 
of an integral ] 


4 6 Complex integraUm * 

Integration with regArd to a real variAble x niAy bt Ti!gArde<\ ns integration 
along a jurticular path (namely part of the real axis) m the Argarul diagram 
Lfc t /(*), (= + i^), be a function of acotnplex vanabk z, nhich is continuous 

dong a simple curve AB in the Argand diagram 
Lei tlu e\]u«At}ons of tlu curve be 

x = x{i) y=iy{t) {1} <h) 

Ixit a'(a) + *y Ca) =■ ^ 0 , x(6) + ty (/>) ~ / 

Then itf z{t} y(0 have continuous differeutiai coefficients J we define 

I f{z)dz taken along th*. simple curve AB to mean 
^ £• 


dx du\ 


dt 


Thb ‘length’ of the curve AB will be definfd as [ 


It obviously exists if ure continuous, we luui thus reduced the 

dt dt 


discussion ot a complex integral to the discussion oi four renl mttgrals, viv 


\» /: 




\y> 


1: 




* A treatment of oompUx integration based on a diflereut eet of ideas and not making; 
BO many assamptious oonoeming the ourve AB will be found in Watson s Complex Intcffration 
and Cauchy ’9 Theorem 

t This aasumptioQ will be made throughout the subsequent work 
4- Cp § 4 13 example 4. 
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By § 4*13 example 4, this definition is consistent with the definition of an 
integral when AB happens to be part of the real axis. 

£^jvamples. j f (z) dz= -j * /(«) cis, the paths of integration being the same (but in 
opposite directions) in each integral 

+ + 4 *)} 

= - iy*+ “i (Z’ - 'o')- 


4'61. The fundamental theorem of complex %ntegratton. 

From § 4 13, the reader will easily deduce the following theorem : 

Let a sequence of points be taken on a simple curve , and let the first 
n of them, rearranged in order of magnitude of their parameters, be called 
... (^o'"’ = •'o. ^n+d"’ = Z'i, let their parameters he t,'"', ... 

and let the sequence be such that, given any number S, w e can find N such 

that, when n > N, ~ 4'"’ < i, for r = 0, 1, 2 n, let f,.™ be any point 

whose parameter lies between fr-n*"’ , then we can make 

1 2 f f(z)dz\ 

I r-O J t, \ 

arbitrarily small by taking n sufficiently large. 


4'62 An upper limit to the value of a complex integral. 

Let M be the upper bound of the continuous function \f{z) |. 


Then 


‘/>{(S)' 


dt 

dt 


\Ml, 


where I is the ‘ length ' of the curve z^. 

1 

That 18 to say, I f{z) d. 


cannot exceed Ml. 


4'7. Integration of infinite senes. 

We shall now shew that if jS (x) =• w, (r) + u, (z) + . . . is a umformly con- 
vergent senes of continuous functions of e, for values of z contained within 
some region, then the series 

I Ui(z)dx+f u,(z)dz + ..., 

Jo J c 

(where all the integrals are taken along some path C in the region) is con- 
vergent, and has for sum | 8 (z) dz. 

J a 



THE THEORY OF RIBMANN INTEGRATION 


79 


4-61-4-7] 

For, writing 


we have 


S (it) = U, (^) + 21, (i) + . . - + (z) + Rn (z), 

I S(z)dz’= U,(z)dz + ...+ l Un(z)dz+j R„(z)dz. 
J c J c J c J c 


Now since the series is uniformly convergent, to every positive number e 
there corresponds a number r independent of z, such that when n S r we have 
1 7J„ (z) I < €, for all values of z in the region considered. 

Therefore if I be the length of the path of integration, we have (§ 4 62) 


j j R„ {z) dz j < ei. 

Therefore the modulus of the difference between / S (z) dz and 

J 0 

2 I Urn (z)dz can be made less than any positive number, by giving n any 

Bl = l J C 

sufficiently large value. This proves both that the series S j VL^{z)dz \& 
convergent, and that its sum is j 8{z)dz. 

Corollary. As in § 4*44 corollary, \t may be shewn that* 

Mso at 

if the eenefl oo the right converges uniformly and the senes on the left is coDvergent. 
Exainjilt 1. Consider the senes 


2x l?i(n4'l)ein*a:*— Ijcosi'^ 


m which X 18 real. 
The nth term is 




2x71 coe 2x(n+l) cos x* 

1 +n*3iii*;^ l+(n + l)^fiin*x^’ 


and the sum of n terms is therefore 

2xco8x^ 2x(n + l)oosx* 
l + siD*x* 1 + (n + 1 )* sin* X* ’ 

Henoe the series is absolutely convergent for all real values of r except ±V(myr) 
where 7»i=l, 2, but 

^ . 2 x(»+l)co«x* 

and if n be any integer, by taking + ibis has the limit 2 as n-^oo. The series is 
therefore non-uniformly ooovergent near x»0. 

* iQeaDB lim .Zif} where h^O along a definite aimjfle curve; this definition 

" fc-»o ' 

is modified sightly in fi fi‘12 in the oase when /(s) is an analytic foncUon. 
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^ .y cod 

Now the ‘^xim to infinity of the aoriea is j integral from 0 to v of 

the Bum of the senea is arc tan (am a:*) On the other hand^ the sum of the integrals from 
0 to X of the fi,r8t n terms of the senes is 


arc tan {sin jr*}-an- tan {(« + !) sm 
and aa 71-^ oc this tends to arc tan {sm 4!®} — Jw 

Therefore the integral of the sum of the t»en«i differs from the sum of the integrals of 
the terms by 

Sxampie 2. Discuss, in a similar manner, the Beries 
* r { 1 — ft (i^ — 1 ) + 

for real values of x 


Example 3 Discuss the soncs 
where 

u ^ = me "** — (71 — 1)4^ (" >)*’, 

for real values of z 


The sum of the fimt « terms is fue so the sum to infiintv is 0 for all real valiiftH 
of X Since the terms v» are real and ultimately al) of the s-ime sign, tlie coineigcnce 
I'l absolute. 


fn the senes 

j Uid. + I^ Uidzhj W3i/-+ , 

the auiu of n terms is ^ (1 - and this Unids to tht limit ^ a.s n lend** to infmity , this 
IS not equal to the integral irom 0 to i of the sum of tht serus % u 

The explanation of this dncrepaocy is to lie found in the nc n unitoimity of the 
ton\ergence near for the remainder ifter n h'rni'< in the series /, i‘K^+ is , 

and by taking we can make this equal to v.hKh is not arhiLranly miuhII , tht 

senes is therefore non uniformly convergent near x 


Example 4 


where 


f’ompare tht values of 



and 



2«*£ 2(n + l/r 

(1 log{n + l; {l + (7i + l/ 2 *}log n + i 


(Trinity, 1903 ) 
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Miscellaneous Examples 

1 Shew that the integrals 

I I coa(x^)</j:, | cexp(— 

Jo Jo > 0 


(Dirjchlet and Du Boi«> Reymond ) 


i! If n Ije rcn), the integral 


IS a oontinuoua function of n 


A ihHciisfl tiio uiuforuiiU of the oomergence of f t sin (r-'* -ar)<'/vi 


I j'sin ( r' - rw dr = 




1 . f Sin 


K 1 rt \ , 1 o /* 8in^:r3-ar , “i 

(,de la Vallde Poiissm 

1 ^iH\\ that y exjf i-iaivf rgo*t uiitf 'nul\ m the range ( — iff, ^JT/ 

• 1 values of a (Stokes 

> ihs<uss tiu' (.uuMrgEnt-c of ( , * when ^ * i> are positive 

J u J + / »' Kin r P ^ r t 

{Wards , xsxi /1902j, p 177 

! irxuinijf ibf u>n\<rgenrf of the niUgrals 

f'/l i __ \ .dr i^^niu+j*)j 


7 Shew that j — - exists 

* siij n5 


(Math Trip 1914 


^ blirw that I t " ^siu 2 r«fr converges if a > 0 n><i Math Tup li+08 
If a senes r/ . 2 ' f ^ j' wn .'2v+ 1 ff,, vm which c„ = 0\ tonvorgeai \uiifonnly 

111 111 interval, she w that </ z) is the derivative of tlie senes /(c) = 2 ^*'biD2t'ffC 

Min WZ i.=l V 

(Lerch, dwrt dt f J^Jc norm vip (3; XU (1895), p 351 
10 Shew that r /’ r , ""'V, and C f 

J J J {Jr,‘+U-+ +r.''“ I J I r,“ + ;c/+ +r,* 

Eoncirge when a>^n and a''*+^~'+ +X~* < 1 rcapectivel) (Math Inp 1904) 

1 ! If /(Xjy) l>e a continuous function ut both r and yin the ranges (a {a^y^b) 

except that it has ordinary discontmuities at pointa on a finite number of cvuwea, with 
c oiitiinrouMly turning tangents, each of which luecta arij line jiarallel to the coordinate axc^ 

only a finite number ol times, thou j f (r, y) dx is a continuous function of y 

[Consider / ' ** + ...+ / y + y)}^j where the numbers 

jo / a»+<i J 

^s> »i, fa, ••• are so chosen as to exclude the discontinuities of /(x, y + A) from the 

range of mtegration , Oi, oj, . being the discoiitmuities of f(Xy y) ] (Bdcher ■) 


W. M. A 
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THE FUNDAMENTAL PROPERTIES OF ANALYTIC FUNCTIONS , 
TAYLOR’S, LAURENT’S AND LIOUVILLE'S THEOREMS 


6 1 Property of the elementary functtone 

The reader will be already familiar with the term elementary function at, 
used (in text-books on Algebra, Tngonometry, and the Differential Calculus) 
to denote certain analytical expressions* depending on a variable z, the 
symbols involved therein being those of elementary algebra together with 
exponentials, logarithms and the trigonometrical functions, examples of suth 
expressions are 

2’, e^, log 2 arc sin 2- 

Such combinations of the elementary functions of analysis haie in common 
a remarkable property which will now be investigated 

Take as an example the function e’ 

Write e‘=f(z) 

Then, if 2 be a fixed point and if 2' be am other point, we hu\e 

f (£_) -/(£) ’ 

2—2 2—2 z' — Z 


2 ' + 3 ' 


and since the last series in brackets is uniformly convergent lor all values ot 
2', it follows (§ 3 7) that, as 2 —>2, the quotient 

f(^')-/(z) 
z’ —z 


tends to tin limit e‘, uniformly for all values of arg (2 — 2) 


This shews that the limit of 


f(^') -JS^ 

z — z 


xs Ml this case independent of tfte path by which the point z' tends towards 
coincidence with z 


Jt Will be found that this property is shared by many of the well-known 
elementary luuctions , namely, that if f(z) be one of these functions and h be 


* The reader wiU observe that this ts not the seose m which the term function u defined 
(f 8 1) ic this work Thus eg x-ty and 1 1 1 are /umriton* of r ( = £ + in the sense of S ^ 1, 
but are not elementary funetions of the type ander consideration. 
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any complex number, the limiting value of 

\{fiz+h)-f(z)\ 

exists and is independent of the mode in which h tends to zero 

The reader will, however, easily prove that, if f(z)=a; —ly, where z = x + iy, 
then lim"^^^ - is not independent of the mode in which A— >0 

6 11 Occasional failure of the property 

For each Iif the elementary functions, however, there will be certain points 
* at which this property will cease to hold good Thus it does not hold for 
tht function l/(a — a) at the piint z = a, since 

hm ! ^ - - — f 

A .0 ft (a — a + A z~ a] 

does not exist when i = a Similaily it does nol hold lor the functions logr 
ind at the point 2 = 0 

These exctpiional points are called nnyidai point ■> or singidanties of the 
function f{z} undir consideration, at othei ^loiiits f {z) is said to be analytic 

Till piopert) docs not hold good at any point foi the function z 

512 Cauchy i* definition of an analytic fimcUon of a complex vanahle 

The piopertj considered in § til will be taken as the basis of the 
lit finiiuin of an analytic Junction which may bo staled .is follows 

Let a two-diiof iisional region in ihf r-plaie bo gi\»n and let « be a 
tutu tiori of 2 dcfiiii d uuiqin ly at all points ot the ri gion Lot z c + Sz be 
V iliKs of the lariablt z at two points and u, n + Su the concsponding lahies 

of n Then, if, at any pouit J w ithin the area, ti’inis to a limit when Sx—tO, 

Sy— »0, iiidepiuidently (where 52 = 6j+i6y\ u is said to b< a function of z 
whnh IS monotjenxL or analytic^ at the jKiint If tho luriction is analytic and 
one valued at all jaunts of the region, we say that tho function is analytic 
t/ii oughout the legion^ 

We shall frequently use the won! function’ iloue to denote an analytic 
function, as the functions studied in this woik will be almost exclusnely 
analytic functions 

* Bee tht memoir oiteii in g 5 2 

I The words * regular and * holomorphio are eometunea used A distinction has been made 
by Borel between * monogenic * and ' analytic ' functione in the case of funotiona with an infinite 
number of eingularities See § 5-61 
t See §52 cor 2, footnote 


6—2 
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In the foregoing definition, the function u has been defined only within 
a certain region in the z-plane. As will be seen subsequently, however, the 
function u can generally be defined for other values of z not included in this 
region , and (as in the case of the elementary functions already discussed) 
may have singidantxes, for which the fundamental property no longer holds, 
at certain points outside the limits of the region 

We shall now state the definition of analytic functionality iii a more 
arithmetical fonii 


Let f {z) be analytic at z, and let e be an arbitrary positive number, 
then vve can find numbers I and S, (8 depending on e) such that 

\ Z -2 , 

whenever ^z —z <8 

If f(z) IS analytic at all points z of a. region, I obviously depends on z we 
consequently wnU 1= /'{z) 

Hence /(z )=/(z) + (z —z) f'{z) + v {z' - z), 

where v is a function of z and z' such that 'v <6whcn|ir-z <8 

Example 1 Find the iKiints at which the following fiinitions arc not analj tie. 

(i) (ii) coset z ( 2 »nir, nany integer) (in) „ ~ — % 1 

— Oi T l> 

(n) ez (2 = 0) (V) 1(«-))»1* fi-0, 1) 


Example 2 If r* r + /(;) = w+t/, where 
function, shew that 

t*tt _ fM _ <>V 

iX dp' dy dv 


If are real anti / jh an analytic 
(Hiemann ) 


6*13 An application of the modified Heine-Borel theorem 

Let /(z) be analytic at all points of a c<»Dtinuum, and on any point z of 
the boundary of the continuum let numbers f (z), B (B depending on z) exist 
such that 

f(z)-J(z)-{z'-z)fi(z} <€ 

whenever \ J — z <8 and z' is a point of the continuum or its boiindaiy 

[We write f^h) instead of /'(r) as the differential coefficient might not exist when 
/ approaches z from outside the boundary so that /, (x) is not necessarily a unique denvate ] 

The above inequality is obviously satisfied for all points z of the continuum 
as well as boundary points 

Applying the two-dimensional form of the theorem of § 3 6, we see that 
the region formed by the continuum and its boundary can be divided into 
a finite number of parts (squares with sides parallel to the axes and their 
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ultenors, or portions of such squares) such that inside or on the boundary of 
any part there is one point such that the inequality 
\fW) - f (^i) - (e - z,)f, («i) <e\z'- 
18 satisfied by all points z' inside or on the boundary of that part 

6 2 Cauchy's theorem* on the integral of a function hound a 

CONTOUR 

A simple closed curve C in the plane of the variable z is often called 
a contour-, if A, B, i) be points taken in order in the counter-clockwise sense 
along the arc of the contour, and if f (z) be a one-valued continuousf 
function of z (not necessarily analvfic) nt ail points on the arc, then the 
integral 

[ f{z)dz or f f(z)dz 
J ABDA J iO> 

taken umnd the contour, starting from the point A and returning to A again, 
IS called the integral of f{z) taken along the contour Clearlj the value of the 
integral t,iken along the contour is unaltered if some point iii the contour 
othti than A is taken as the starting point. 

We shall now prove i result due to Cauchy, which may be stated as 
follows If J (z) is a /unction of z, analytic at all points on* and inside a 
conioui V then 

f f(^)<f^ = o 

For divide up the interior of C bv lines parallel to the real and imaginary 
axes in the manner of § ~i 13 , then the interior of C is div ided into a number 
of rtgions whose boundant's are squares C,, C\, Cjg and other regions 
whose boundaries D,, D,, Dg are portions of sides of squares and parts 
of (’ considei 

2 [ f(z)dz+ 1 f f{z)dz, 

n lUCn) 

each of the paths of integration being taken counter-clockwise , in the 
oomplcte sum each side of each square appeare twice as a path of integration, 
and the integrals along it are taken m opposite directions and consequently 
cancel §, the only parts of the sum which survive are the integrals of f{z) 

* M^minre sur Uf tnUgralfS dffimet pntfs entre det Urnttea tmaginatreM (1825) The proof 
here gnen iR that duo to Goursat, Tratu Amertean Math Soc i (1900), p 14 

t It 18 suffaciont for /(z) to b€ ooDlmuoas when Tanations of z along the arc anlg are 
considered 

t It IB not neoessary that / (z) should be analjtic on C (it is sufhcient that it be continuouB 
on and inside C), but if / (z) is not analytic on C the theorem is much harder to prove This 
proof merely assumes that / (z) exittt at all points on and inside C Earlier proofs made more 
extended assumptions, thus Caaeby’e proof assumed the con/tnut<^ of / (z) Aiemann's 
proof made an equivalent assumption Goursat's first proof asaumed that /(z) was um/ormUf 
differentiable tliroughont C 
§ See § 4 6, example 
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taken along a number of arcs which together make up C, each arc being 

taken in the same sense as in I f{z)dz ; these integrals therefore just make 

J (C)' 

up 1 

J (C) 

Now consider ( f{z)dz. With the notation of § 5'12, 

(C,) 

[ f(z)dz=f {/(z,) + (z-z,)/'(z,) + (z-z,)vldz 

= f dz+/'{z,)( zdz+f (z-z,) 

he,) Jw„) 

But f dz = [z]c, = 0, f zdz—\\z' =0, 

hr„} he,) L Je. 

by the examples of § 4-6, since the end points of 6'„ coincide. 

Now let l„ be the side of C„ and A, the area of 

Then, using § 4'62, 

f f^z)dz = f (z-z,)vdzl ^ I (z-z,)rdz, 

(C,l .'(0,1 ' J IC„) 

< e!, v'2 . f 1 I = (I, v/2 . 41„ = 4e/l „ v'2 
- c. 

In like manner 

I /(z)dz'^j ',(z-Zi)i'dz 
- (C,l f (!>,) 

^4<:(.4„' + l„'X„) \'2, 


where A„' is the area of the complete sqiiaie of which 1), is {lart, is the 
side of this square and is the length of the part of C which lies inside thi.s 
square Hence, if \ be the whole length of C, while I is the side of a square 
which encloses all the squares V, and D„, 


If f{z)dz)^'^ [ f{z)dz + S [ f{z)dz\ 

\hC) ! »=i J {C\) 1 n = l J (D,,) I 

{ M A N ' 

<4‘€^2] 1 V An' + l 2 

«=1 Tl=l 


< 4e V2 . + JX). 

Now e is arbitrarily small, and I, \ and I f{z)dz are independent of e. 

Uo) 

It therefore follows from this inequality that the only value which | /(x) dz 

Jc 

can have is zero ; and this is Cauchy's result. 
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Corollary 1 If there are two paths t^AZ and z^BZ from ^ to and if f{z) is a 
function of z analytic at all pointa on theHe curves and throughout the domain enclosed hy 
tz 

the-sc two paths, then I f{ 2 )dz has the same value whether the path of integration is 
J »0 

,^^AZ 01 ZffBZ This follows from the fact that zqAZBz(^ is a contour, and so the integral 
taken round it (which is the difference of the Integrals along z<^Z and Zi^BZ) is zero 

Thu«, if /(«) l>e an analytic function of r, the value of i f{z) dz is to a c*ertain extent 

J AB 

uidejiendeiit of the choice of the arc A /?, and depends only on the terminal points A and B 
]t must be borne in inmd that n ofUy the caee v*hefi f(z) le an ancdytw function in the 
^eiise of § 6 1 2 

Corollary 2 Suppose that two simple closed curves and (7) are given, such that 
K orjipletely eucloses , as e g would be the case if and Cj were confocal ellipses 

‘^upp»sf inoreovci th^it f {z) is a function which is analytic* at all ^Kunts on C(, and Ci 
lud throughout the ring sha^ied region contained l>etween Of, and C^ Then by drawing a 
network of intersecting lines in this ring shaped space, we can shew, exactly as in the 
theimiji just proved, that the xnte^raL 

j fyz dz 

-cro, vhrre the mte^ra/Hui w taken round the uhole houndarif of the ring zhaynl ^pace, 
th‘‘a hf)H7idaiy cotumting of two curvett (\ and C,, the one deetrtl»’d m the roioU>-r doiixiise 
lui'.tion aiai the other deicrxbed in the dodetLue dirertton 


(\ri>llary 3 In goner d, if any connected region be given in the z plane, bounded by 
1 11 number • f siinplt cl<isevl curies Co, C-'i, ( .>, iiid if f\!i h( any function of z which 
IS inalstu and one vaUuKl oseiy where in this region (hen 

j t u' dz 

f> :e/(> uhere the integral w taktn round the uhole houndarg o1 the region y thahoundary 
ms\'<txng of tht (.urue (\, , each deetnhed in ^uch a aeriee that the region w kept 

fither \daaifi on the r\ght or rrfuava on the lift of a ^ter^m valkxng in tht ttenzi in qneetio/i 
toand the h(undivi/ 

\.n extcnwioii of C’auchj s theorem j f{z)dz-^0^ to curves lying on a cone whose \ertex 

IS at the oiigin, bus been made by Ravut Afouv innalei de Math (3) xvi (189T\ 
]){) 365 7) Moroni, Bend del 1st Jjombardo, ixil (1889'(, p 191, and Osgood, Bull 

Ante/ M(*th jSoi 11 (1896), pp 296-302, have shewn that the property j f(z)dz = 0 

mav )je taken as the projwrty defining an analytic function, the other pro|>ertie8 being 
dedutible from it Ciseo p 110, example 16 ) 

Ertimple A nng-shaped region is Ixninded bv the two cin les r]*slsnd *. =2 in the 
planfc Verify that the value of where the integral is taken round the boundary 
of this region, la zero 


* The phrase * analytic throughout a region* impli^ one valnedneas (§ 5 12) , that is to gay 
tliat after z described a closed path aurroending C/q, /(<) has returned to its initial value A 
function such as logr eonsidered in the region I^[s|^2 will be said to be 'analytic at all 
pomts of the region ' 
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Foi the lioundary consists of the circumference |«! = 1, desciibed in the clockwise 
direction, together with the circuniferenco described in the counter-clockwise 

di/ection Thus, if for poinhi on the first circu])ifere»cc wc write and for jxunts on 

the second circumference wi* write then 6 and (/> arc real, and the integral becomes 


' - 3ir * f tfl (iff fi*t df^ 

0 e>^ **" J 0 


— 2tri + 2jri=-0, 


5 21 TJie vahie of a?i analytic function at a point, expressed as an integral 
taken rmnd a contour enclosing the point. 

Let C be a contour withui and on which f(z) is an analytic function of z 
Then, il a be any point within the contour, 

/(f) 

z — a 


IS a function of z, which i.s analytic at all points within the contour C except 
the point z — <t. 

Now, given e, we can find S such that 

'f(^)-f(a)-(z~a)f'(n) i - a> 

whenever \z — a <S, with the point a as centre describe a circle 7 of radius 
r< S, r being so small that 7 lies wholly inside C. 

Then in the space between 7 and 0 /(z)i(z — a) is analytic, and so, b) 

§ 5 2 corollarj' 2, we hav e 

j f{z)dz_ r fizjdz 
'c« — « 'y z - a ' 

where I and I denote integrals taken countci -clockwise along the curves 
J C J y 

C and 7 respectively • 

But, since { ^ — a | < ^ on 7 , we have 

f fSjl'h - f /<“)+(- - <£) r<<0 - a) 

Jy z — a J, z — a 

« here r i < e . and so 

Now, if z be on 7 , wc may wnte 

^ — a = re'*, 


where r is the radius of the circle 7 , and consequently 
dz vr^*dd 


and 


f dz ['‘*ire'*d0 ■ ja n • 

J re'* dfl = 27n, 

J y z a J re j ^ 

( dz ~ f trends « 0 , 

J y JO 

\j^vdz\, 


^ e . 27?r 


also, by § 4 62, 
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Thus 


I («) I = I < 2,rrs 


But the left-hand side is independent of e, and so it must be zero, since t 
IS arbitrary , that is to saj’ 


/(a)= 

Z-TTl J c 2 


This remarkable result expiesses the value of a function (which is 
analytic on and inside C) at any point a mtiun a contour C, in terms of an 
iiit'pral which depends only on the value of /(z) at points irn the contour 
itself 

Curu/lfin/ If f{z) IS ail analytic oiie-v'alued fiini tion of u in a ring shafied region 
lioiiiiilefi b_\ two curves C and 0\ and a is a point in the region, then 

L f ' I 

2^ri jc-z — a 2iri Jq z^a 

( IS the outer of the curves and the mteifrals are taken counU'r clfxjkwise 


5 22. The denvatei uf an analytic function f (z) 

The function /' (r), which is thehniil of 

h 

IS h fends to iiero is called the denvate of f (z) We shall now shew that 
t'fz) IS itself an analytic function of z and consequently itself possesses a 
lerii'ote 


For if (' be a contour surrounding the point a, and situated entirely 
.Mlhin the region m which /(z) is analytic, we have 

nu)= Inn 


= lim 

1 

= hm 


} c c — a — h Je c — a 


f (z) dz 


h— 0 2^ .1 c (2 - a) (e - a — k) 
z-rri J r (z ~i 


f(z)dz 


TTi j c J (^ — aV — a -- /i) 

Now , on C, /(e) is continuous and therefore bounded, and so is (e — a) ’, 
while wo can take | li j less th.an the lower bound of * z~ii j. 
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IS bounded . let its upper bound be K. 


Then, if I be the length of C, 
h 


hni - 
/,»o "tti. 


f fiz\ dz 
Jc{z-ay(z-a- 

and consequently /' („) = ■ 


$ lim h I (27rl 'Kl ^0 
A) »-»o 


a formula which expresses the value of the derivate of a function at a point 
as an integral taken along a contour enclosing thi' point. 

From this foimula we have, if the points a and a + h aie inside C, 


f‘ (a 

h 


__1 ( f{z)dz { 1 1 

~27nJr h \{z-a-hf (z - a)” 

^[z-a-lh) 

(z — (I — hy iz - a y 


- 1 , 


snd it tz enzdy that A^, /* u hounded kiuction «t s a h< u V/ j z-a 

Therefoie, as A tends to reio h~' [/' (a li) —J ' (a) tends to i limit, 
namely 

2 r f(z)d: 

2m U (z-aY 

Since has a unique differential coefficient it is an .inalytic tunetion 

of a, its derivate, which is represented by tlu i vpressioii just giviii is 
denoted bj /"(a) and is called the second deriiate of f («) 

Similarlj it can be shewn that f"(a} is an analytic liinetion of a, pussi ssing 
a denvaic equal to 

2 n f f{z)Jz 

2sn I (• {z — «)* ’ 

this is denoted by /"'(«), and is called the Ifnrd derivate of f [a) And in 
general an nth denvate yt"' (a) of exists, expn ssibh by the integral 


»' f _fU 

2711 jc(z- 

and having itself a derivate of the form 


f(z)dz 


(r-a)"+‘’ 

a)"+’'' 


O' + li'/ /(z)dz 

2iri J c (.z — 


the reader will see that this can be proved by induction without difficulty. 
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A function which possesses a first denvate with respect to the complex 
lanable 2 at all points of a closed two-dimensional region in the 2 -plane 
therefore possesses derivates of all orders at all jioints inside the region 


5 23 Cauchy’s inequality for (o) 

Let f{x) be analytic on and inside a circle C with centre (i anti radius r 
Let M be the upper bound of /(x) on the circle Then, by § 4 hi, 

M n ' 

<• 


fi 

rha< 

riy» 


IS analytic, ,=-a uid 

z) =0 and V* f\z) >U 

\inlen 8 / 1';)=-0 or /■ t/) — 0 


(Trinity, 1910) 


6 3 Analytic functions leptesenfcd by uniformly convergent series 

r 

Let i /,i( 2 ) be a senes such that (i) it conierges unifornil) along a 

ft- 0* 

•ntour C, (ii) Jnix] IS analytic throughout 6' and its interior 
Thin i /ft ( 2 ) converges, and the sum of the senes is an analytic 
unction throughout C and its interior 

ac 

For let r( be any point inside (\ on (', lot i. /„( 2 ( = ‘1>(2) 

71 0 


Then 


iTciJcx-a 2m 1 f („.»•' jc-u 

I 

J a z ~<i ) 


= V n 

ft 0 t'^m J c ' 


§ 47 But this last senes by § 5 21 is i. /„(«) tin senes under 

nsideration therefore convirges at all points inside' (', kt its sum inside 
(AS well .as on C) be called 4>(2> Then the function is analytic if it 
s a unique dirterential coefiicient at all points inside C 

But if a and a + h be inside (7, 


tf> (fi -t- A) — d> (a) _ J f ■J>('2ld; 

h 2-7njc(x — a)(x~a — h)’ 

i hence, as in § 5 22, lira [[d’fa A) - d>(a)j A 'J exists and is equal to 

A-»(l 


* SiQce 1 2 - a 18 bounded when a is fixed and f is on C tbe umlormity of the eonvergenoe 
' L (^)/(r - a) follows from that of 2 /, jx) 

0 W-0 



92 


THE PROCESSES OF ANALYSIS 


[chap. V 

gi-: f ^ dz ; and therefore 4> (z) is analytic inside C. Further, by 
ATTl J C ^ 

transforming the iast integral m the same way as we transformed the first 

OD to 

one, we see that 4>'(a)= 2 f,' {a), so that S /n(a) may be ‘differentiated 

n=0 n-0 

term by terra.’ 

If a series of analytic functions convergoa only at iKiints of i curve which is not closed 
nothing can be inferred as to the convergence of the derived senes* 

Thus S ( - )“ converges uniformly for real \aUieM of r (§ 3‘34). But the derived 

n=:l ' 

* sin nx 

senes J (“)"”* converges non-uinformly near J'a»(2m + 1) ir, (m any integer); and 

11=1 w 

the derived aeries of this, viz. 2 does not coiuerg© at all. 

n = l 

Corollary By 3 7, the aurn of a jKiwer series is analytic inside its circle of con- 
vergence 

631 . Analytic functions represented by integrals. 

Let f{t, r) satisfy the following conditions when t lies on a certain path 
of integration (ti, b) and z is any point of a region i*? • 

(i) f and 1 ^ are continuous functions of i. 

(ii) / is an analytic function of 2 

(iii) The continuity of qua function of z is unifonii with respect ti 
the variable t 

Then j / (t, z)dl is an analytic function of z. For, by § 4'2, it has ihi 

unique denvate f dt. 

J a vz: 

532 Analytic functions represented by infinite integrals 

From 5 4’44 (II) corollary, it follows that j f{t,z)dt is an amilyti 

J a 

function of z at all points of a region iS if (i) the integral converges, (u)f(t,z 
is an analytic function of z when ( is on the path of integration and ^ is on .S 


(lii) 


d/(t, z) . 


dz 


is a continuous function of both variables, (iv) 


converges uniformlv throughout S. 

For if these conditions are satisfied f f{t, z)dt has the unique derivat 


S/(t, z) 
dz 


la- 


dt. 


* This might have been anticipated as the mam theorem of this section deals with uniformit 
of cODvergence over a two^imentional region. 
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5-31-5‘4 ] Taylor’s, Laurent’s and liouville's theorems 

A case of very great importance is afforded by the integral [ dt, 

Jo 

whore /(t) is continuous and |/(<)| where K, r are independent of t \ 

it is obvious from the conditions stated that the integral is an analytic 
function of z when R(z)^ri >r. [Condition (iv) is satisfied, by § A431 (I), 

since I (ft converges ] 

Jn 


6’4. Taylor's Theorem* 


Consider a function f{z), which is analytic in the neighbourhood of a 
loint z — a. Let C be a circle with a as centre in the ^-planc, which does 
lot have any singular point of the function /(z) on or inside it; so that /(z) 
s analytic at all points on and inside O. Let z = a + h be any {Kunt inside 
he circle C. Then, by § 5’21, we have 


- I ~ 

2vn Jr [z — a (z — a 


h" h"*' 

y ■■■ (z - a>’'+‘ '*’(z-u)’'+'(^ 


— a — k) 


= /(a) + hf (a) + /"(a> + ... + J-’!/- + 

But when z is on C, the nnaiulus of ^ is continuous, and so, 

z — a — h 

§ 3 61 cor. (ii), will not e.xceed some finite number M. 


Therefore, hy § 4 62, 

j 1 / /(r)dz./i"+‘ . ^ j»f.27rii /i/( Y‘*' 

1 Ztti’ ic (z - (Tp^(z - a - A) 1 ^ 2(ir [jij ’ 

lere It 1 .S the radius of the circle C, so that 27rK is the length of the path 
integration in the last integral, and if = ' z — a , for points z on the cir- 
mferenoe of C. 


The right-hand side of the last inequality tends to zero as ii — » oc . We 
ve therefore 

f(a + h) = f{a) + hf (a) + (re) + . •+^|/” (“) + ■••. 
ich we can write 

r(z) = /(a) + (z-a)/'(a) + <^~“Vw + - -■ 

is result is known as Taylor's Theorem -, and the proof given is due to 
ichy. It follows that the radius of convergence of a power series i.v alwa-gs 


The formal expansion was first pubHahed bj' Dr Brook Taylor (1715) in his Me^hodva 
tmeniorurn. 
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at least so large as only just to exclude from the interior of the circle of con- 
vergence the nearest singularity of the function represented by the series. And 
by § 5'3 corollary, it follows that the radius of convergence is not larger 
than the number just specified. Hence the radius of convergence is just such 
as to exclude from the interior of the circle that singularity of the function 
which is nearest to a. 

At this stage we may introduce some terms which will be frequently 
used. 

Ify‘(a) = 0, the function /“(i:) is said to have a zero at the point z = a. 
If at such a point /' (u) is different from zero, the zero of f(g) is said to be 
simple, if, however, /" (u),y"(a), ...f<"~‘>{a) are all zero, so that the Taylor’s 
expansion of f{z) at z = <i begins with a term in (z— o)“, then the function 
f (z) is said to have a zero of the nth order at the point z = a. 


Example 1. Find the function f{z\ which i.s analytic throughout the circle 0 and its 
interior, whose centre is at the origin and whose radius is miity, and has the value 
a - cos 6 am 8 

-ha cos 1 — 2a cos d+ 1 

(where o> 1 and 6 is the vectorial angle) at points on the circumference of P 
[Wo have 


i i c 

n\ / 2 »r 

2}ri I 0 


' a^-2acoefl + l ’ (P“‘t.ng .-c-) 


in j 0 ini j cz^[a — z} ff-r 


Therefore hv MacUurui « Theorem* 

-n 

or f{z)'=s{a — s)~'^ for al] points withm the circle. 

This example raises the inU'restinfj (piestion. Will it still Ik* convenient to define f(z, 
as {a -z)~^ at jxmits outside the circle ? This will be discussed in ^ 5*51.] 


Example 2. Pro\e that the anthruetic meran of all values of 2 for points z on 

the circumference of the circle } z la a*, if is analytic throughout the circle aiul 
its interior. 


[Let 2 a^''=f{z)y so that a^, 


_/(.>(<)) 


Then, writing and ealliiig C the circle 


2jr j 0 2'* 2jr# / f 7i ! 


gS 

* The rfiBalt/(r)=/(0)-f-z/' (O)-f {0)4- . , obtained by putting a-sO in Taylor’s Theorem, 

is uauaily called Maclaurin't T/ieorem-, it was discovered by Stirling (1717) end published by 
Maolaur’n (1742) in his Flustotu. 
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5 41] Taylor’s, laueent’s and ltouville’s theorems 

Example 3 Let /(^)*=*’‘, then /(«+A) i» an analytic function of h when j A|<lz 
for all values of r , and so (2 + A)’‘«= 2 *' + r 2 '‘~'A + ^^^— A*+ , this senes oon^ergint 
when h\<\z\ This is the binonual ihooreni 

Example 4 Prove lhat if A is a positive constant, and (1 — SzA + A*)"" ^ is expanded in 
the form 

1 +A/*,(^) + A»/>^(3) + AV*3(2)+ (A), 

(where Pni^) is easily seen to be a jiolynomial of degree n in z), then this senes converges 
80 long as 2 18 m the interior of an ellipse whose foci are the points z~l and z— — 1, and 
whose semi major axis is ^ (A + A"‘) 

Let the senes lie first regarded as a function of A It is a power senes in A, and 
therefore converges so long aa the point A lies within a circle in the A plane The centre 
^f this circle is the point A — 0, and its tircumfcronce will be such as to |5aH8 through that 
singulinty of (1 -2«.A + A*)~^ which is nearest to A=0 

But A- 2 +(z 2 _lJj{A-r -(22 l)}}, 

so the singularities of (1 — 22 A + A^) ^ are the |K*itits A «2 — 1)- and A = ^ + (^‘' — 1)^ 
[These siugulanties ire branch points (^sce § 'i T) ] 

Ihus the senes A) converges s«) long as A is lews than both 
2 - — 1;^ and - + 

Diaw an elliiise in the z plane {tasHing through the point z and having its foci at ±1 
Let a bo its semi major axis, and 6 the oci'entnc angle of z on it 

I bon 2 — ti C4)« $ + i bi* - 1 siu $, 

which gives 1)^ U^,n.O!3 0 + tsin0) 

so -±(2«-1)4 t-«±(a«-L'i 

Ihus tlie scries (A) converges so long aa A is loss than the smaller of the numbois 

(■/ + - i)^ ami « — (o* - 1)^, i < bo long as A is Icbn tlian a — {n^~ 1)^ But h = a — (a^ lyi 

when a -■ A (A 4 - A“* 

Ibereforo the senes Al conviigts bo long as 2 is within an ellipac whoso fo(i are 1 and 
1 , ami whose atnu major avis is ^(h 

5 41 / 'uriii ‘1 uf the Kmatridei tn Taylm 6 srnes 

Let /(r) be a leal funrtion of a teal variable, irid let it have continuous 
differential coefficients ot the brst n orders when + A 

If 0 « t < 1, we have 

d I" * A™ ) /i"0— 

, ] i --(] — t)'" (a + (Ad = — f^’" (a + th) — kf {a + th) 

l^itc^ting this between the limits 0 and 1, we have 

n 1 Lm n hn /| ^ fVn-i 

/(a + A)=y(a) + J_^-./i-(a)+J^ f^>(a + th)dt 

Let R„ = J\l- (a + tA) dt . 

and let /> be a positive integer such that p-^n 
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Then = t- ^ , [\l - 0^* (1 - („ + th) dt 

\n i)'J Q 

Let U, L be the upper and lower bounds of (1 — tY~<‘ /"*' (o + th) 
Then 


C 1(1- t)r-' dt< f\l- t)’^' (1 - (a + th) dt < f tf (1 - t))'"' dt 

Jo Jo Jo 

Since (1 — i )”~^ /*"• (a + th) is a continuous function it passes thiough all 
values between U and L, and hence we can fand d such that 0 $ d < 1 and 


[’ (1 - t )»-’ (a + th) dt=p-'(\- d )—'’ (a + eh) 

Jo 

Therefoie ff„ = — ^ - (1 — d)"“i’ (a + dA) 

(n — l)'p •' 


Writing p = n, we get JJ„ = — ^ (a + 0h), which is Lagrange » form for 

the rematnder , and writing p = 1, we get R„ = ^ ~ d)"”* f'" (u + dli), 

which IS Cauchy’s form, for the remainder 


Taking ii = l iii this result, we get 

J (a+h)- f{a)=hf (a + eh) 

if f (x) 18 oontiimous wVieii a^r^a+/i thiB Tcsnll is u8uall> known as the /'i si 
Mean Value Theorem (see also § 4-14) 

Darboui gate in 1876 {Journal de Math (3) ll p 291) a form for tlie rtiimindir in 
Taylor’s Series, which is applicable to complex variables and rfsctnblcs the ilsiit foini 
given by laigrange for the case of real lanablea 


6 6 The Process of Continuation 

Near every point P, in the neighbourhood of which a function f(t) is 
analytic, we have seen that an expansion exists for the function os a sines 
of ascending positive integral powers of (z — z„), the coefficients in which 
involve the successive denvates of the function at 2 

Now let A be the singularity of f(z) which is nearest to P Thm the 
circle within which this expansion is valid has P for centre and PA for 
radius 

SupfKihe that we are merely given the values of a function at all points of 
the circunifertnce of a circle slightly smaller than the circle of eonvergence 
and concentric with it together with the eondition that the function is to be 
analytic throughout the interior of the larger circle Then the preceding 
theorems enable us to find its value at all points within the smallei eircle 
and to determine the eoefficients in the Taylor series proceeding in powers 
of 2 — 2o The question arises, Is it possible to define the function at points 
outside the circle 111 such a way that the function is analytic throughout 
a larger domain than the interior of the circle i 
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In other wcirde, given a power sene'* which converges and represents d 
function only at points within a ciicle, to define hy means of it the vahjies 
of the function at points outside the circle 

Foi thifi purpose choose any point within the circle, not on the line 
PA We know the value of the function and all its denvates at P^, from 
the scries, and so wc can form the Ta\lor senes (for the same function) 
with as origin, which will dehne a function analytic throughout some 
circle of centre P, Now this ciicle will extend as far as the singularity* 
which js nearest to P,, which may or may not be A , but in cither cast, this 
luw circle will usuallyt he partly outside the old circle of convergence and 
Jo! points in the legwn which is included in the new tiicle hut not in the old 
cirtle, the new senes may be used to difine the talues oj the function although 
the old senes failed to do so 

Siifiilaily wc < an take any other point P^ in the region for which tht 
values of the function aic now known, anil form the Taylor scries with P^ 
as origin, which will in general enable us to dchne the function at other 
point'', <it which Its values were not previously known , and so on 

This process is called continuation* B\ means of it, starting iroin a 
lepioscntation of a function by any on<‘ jsiwci senes w^e can find any number 
ol other powe r s( iu“', which iK'twc t n tlierii dthnt tlu value- of tht fiincrion 
it all points of i domain, any point of which can be reached froni P without 
jiassing thioiigh a sirigulanty of the function, anci the aggregate § of all 
tlu ])owti sene', thus obtained constituteb the analytiud expre^ssion of the 
function 

It is iin|>oiUnt t(» know whether lontinuition hy two different paths PP'V will 

gni tin. Stmt final power senes, it f»e seen that this ih the case, if the function 
have no uiiguliiity irisidt the cU»std curve Py in ilu follow mg way Let lx* ariv 

^siint on P/iV, niside the circle C with centre P , ohLiin the .continuation of the function 
with l\ af. onjTin, and let it converge* lusidi a (ircle Cj, let Pj l>e any point inside Uith 
circles and also inside the <urve PB(f/fP, let lx; the i#ower senes with P^ Pi, 

P, as origins , then|l ^i-=.V|' over a certain domain which will c.<»ntain Pj, if Pj be heken 
Nuthcienth near P, , and hence *51*1 will lie the t ontinuation of iS'j , for if weie the 
loiitinuation of wc have Ti — S^ over h domain containing P^, and sn ''{5 3 73 
corn»jionduig (otflicUMits in and 7’i arc the ''ame. Bv civrrying out such a piocess a 
sufficient number of times, wo deform tlie path PB(^ into the path PB(,f if no singular 
point IS inside VBi^BP The re<uier will convince himself hy drawing a tiguiv that 
the process can be corned out m a finite nuinlier of steps 

* Of the function defined by the new aenes 

' + The word ‘usually’ must be taken as referring to the cases vvhich are likely to come 
under the reader’s notice while studying the less advanced parts of the subject 

J ivanchy prolongement , German. hitrUetzuny 

§ Such an aggregate of power senes has been obtained tor various {unctions by M J M HiU, 
by purely algebraical processes, Proc. London Math Soc xxxv (IftOd), pp 388-416 

II Since each is equal to S 


W M A 
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E vample The senea 
repreaenta the function 


1 2 2^ pi 

a o* a* 


A*)- 


1 


only for pointa 2 within the circle 2 | *| a | 

But any number of other power aenea eiiat, of the type 

— +-lrJ_ I , {^' 6 )’ 

0-6 (a- 6 )‘ (a- 6 )«''‘(a- 6 )»'' 


if 6/a lb not real and poeitive these Converge at points inside a circle which la partly 
inside and partly outaido | 2 | = |al, these aenea represent this same function at points 
outside this circle 


5 501 On funciiOTit to uhich the contxituation procest cannot be applied 

It 18 pot always possible to carry out the process of continuation Take as an example 
the function f{z) defined by the power series 

/(2)=lS-2’ + rt + 2« + 2“+ +2»"+ , 

which clcarlj converges in the mtenor of a circle whose railius is unity and whose centre 
is at the origin 

Jiow It IS obvious that as 2 - 1-0 /(r)— +« , the point +1 is therefore a 
smgulanty of /^r) 

But +/(**). 

and if 1 — and so f{z)~*~cc^ aad hence the points for whicli ’- — I are 

aingularities of/( 2 ) , the point 2 =* — I la thenfore also a singularity Citf{z) 

Similarly since 

/(*)«** 

we see that if z la such that 2 * = !, then i la a aingulanty of f (e) and, m general, anv root 
of any of the equations 

r*=l, = 2>»=1, . 

18 A smgulanty of/( 2 ) But these )K>[nts all lie on the circle jrl = l and in an} arc 
of this circle, however small, there are aa unlimited number of them The attempt to 
carry out the process of continuation will therefore be hmstrated by the existence of this 
unbroken iront of singulanties, beyond which it is impossible to pass. 

In such a case the function /(z) cannot be continvsd at all to points z situated outside 
the circle j r [ = 1 , such a function is called a lacuvary function., and the circle is said to be 
a limiting circle for the function 

6 61 The xd&tlxty of two functimis 
The two senes 

1 + + + 

and - 1 + (g - 2) - - 2)> + (g - 2)* - (g - 2)* + 

do not both convergp for any value of g, and are distinct expansions 
Nevertheless, we generally say that they represent the same function, on the 
strength of the fact that they can both be represented by the same rational 
1 

expression j 
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This raises the question of the identity of two functions When can two 
different expansions be said to represent the same function * 

We mi^ht define a function (after Weierstrass), by means of the last 
article, as consisting of one power senes together with all the other piower 
senes which can be denved from it by the process of continuation Two 
different analytical expressions will then define the same function, if they 
represent power senes denvable from each other by contmuation 

Since if a function is analytic (in the sense of Cauchy, § 5 12) at and near 
a point it can be expanded into a Taylor’s series, and since a convergent 
power senes has a unique differential coefficient (§ 5 3), it follows that the 
definition of Weierstrass is really equivalent to that of Cauchy 

It IS important to observe that the limit uf a combination of analytic 
functions can represent different analytic functions in different parts of the 
plane This can be seen by considering the senes 

The sum of the first n + 1 terms of this series is 

^ ^ V zJ I 


The senes therefore converges for all values of z (zero excepted) not on the 
circle 1 r I = 1 But. asn— »oo,| 2 *|— *0 01 »oo according as ) x 1 is less 
or greater than unity , hence we see that the sum to infimty of the senes is 

z when I X I < 1, and - when | r | > 1 This series therefore represents one 

function at points in the interior of the circle | x | = 1. and an entirely different 
/iinctiOTi. af points outside the same circle The reader will see from § 5 3 
that this result is connected with the non-unifornuty of the convergence of 
the senes near | x | = 1 

It has been shewn by JBorel* that if a region <7 is taken and a set of points S such that 
points of the set S are arbitrarily near every point of 6) it may be possible to define 
a function which has a unique differential coefficient (le. is monogemc) at all points 
of C which do not belong to S, but the function is not analytic m C in the sense of 
Weierstrass 


Such a function is 

t 


/(r)3 I S S 
«««I psfO 


exp ( — exp n*) 


* Proe Math. Gcngreti, Oftmbndge (1918)* i. pp 187-186 Legon* tur U* foneU/om mono- 
g^ne$ (1917) The fuDotioQg are not monogecio stnoUj m the sense of § fi 1 becaose* in the 
example quoted, in working eot (/(c + must be enppoaed^t fi (s + k) and I(s + h) 

are not both rational fractions. 


7—2 
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6 6 Laitkent's Theorem. 


A very important theorem was published in 1843 by Laurent* ; it relates 
to expansions of functions to which Taylor’s Theorem cannot be applied. 

Let C and O' be two concentric circles of centre a, of which C is the innei ; 
and let /(z) be a function w'hich is analyticf at all points on C and O' and 
throughout the annulus between C and C. Ijet o + It be any point in this 
ring-shaped space. Then we have (§ ,5‘2l corollary) 


/(u+/,)=^-.[ 

IfTi J — ft 


J_ ( f{± 

2m J r- 2 — a, — 


dz, 

' h 


where the integrals are supposed taken in the po.sitive or counter-clockwise 
direction round the circles. 


This can be written 


1 /■ . ( 1 h A” h"*' 

f(a + h) 2iri} \z-a {z — ay^ {z-ay‘'>-‘(z — a — h) 


dz 


1 f ■, V (1 

ilf Jo'-^ ^ (A 




(Z ~ (!)’>+■ 

h’'*'(z - a — h) 


dz. 


We find, as in the proof of Taylor’s Theorem, that 

r /(z) dj . . r /i^)_dz(^ ay*‘ 

! c{^ — (')”*' — — ' Jc \z — a — h)h"^' 

tend to zero .as n oo ; and thus we have 

f {ci + h) — dfj t ttj A -t -I- ... -f- 4 y g + • . . , 


wherej 


= ^1 la i-l%‘ = 2 ^, Ir ■ 


ay-'f{z)dz. 


This result is Laurent's Theorem ; changing the notation, it can be 
expressed in the following form ; If f(z) be analytic on the cmirentnc nrclet 
C aiul O' of centre a, and throughout the annulus between them, then at any 
point z of the annulus f(z) can he expanded in the form 

f{z) = a, + afz-a) + afz-ay+ ... X ■■■, 

— a) {z — a) 

where a„ - , and 6„ = . jjt- af-'m dt. 

An important case of Laurent’s Theorem arises when there is only one 
singularity within the inner circle C, namely at the centre a. In this case 
the circle C can be taken as small as we please, and So Ijaurent’s expansion 
is valid for all points in the interior of the circle C, except the centre a. 


* Compte* Bendus, xvii. (1843), pp. 348-349. The theorem is contained in a paper which was 
written by Weierstrass in 1041, but apimrently not published before 1894, JfWke, r. pp. 61-66. 
t See § 5'2 corollary 2, footnote. 

t We cannot write (a)fn ! as in Taylor’s Theorem Binee / {z) is not necessarily analytic 

inside C'. 
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where 


{x) + zJi (x) + (jt) + . . . + iV, {^) 4* . . 

~ ^•^l(x) + •Ai (■*)+• 
in 


1 fi- 

i„ 


cos (;t^ — ,r8in B) d& 


[For the function of z under consideration is ana !3 tic in aii^ domain which does not 
include the point z ~{\ ; and so by Ijaurent’b Theorem, 




« Ih 1^1 

a(y-^a,iZ + a^z^ + . . + - 4“.4 4 '- 


v,hcre 


2fri / , 


dz 


and 


2tri j i/ 


j V. 7.n“ I rt 


dz^ 


and where Tand C are any circles witli the origin as centre Taking C to l>e the circle of 
radias unity, and writing we have 

fitr 


2Tr/j(, 


HdB- 


cos (7i^— I sm 6'd&y 


9= » 

} i} 2ir y I) 

f'ln 

Since I am -a' aui 0 ?^ vanishes, as may be seen by writing Hn — tf} for B. Thus 

(j 1 , and - I** sin'C the fuiutiou expanded is unaltercal if — be written 
for 2 , 80 that ( / ), and the proof is complete ] 

Example 2 yhew that, m the annulus dcliued by U/ ( < , 2 - < b the function 

i 

can bo expanded in the form 

1.3. al~i) 1.3...(2f-f2a -1} 

2“^ f ' (f + n} ' 

I’he function is one- valued and analytic m the annulus (see 5 7;, for the branch-points 
0 , a neutralise each other, and ao, by I^aurent's Tbeoreiii, il C denote the circle | : l = r, 
where ] a | < r < j 6 | , the coefficient of 2 " in the required expansion is 

1 i' dz I hz 1 ^ 

2irt J fi"'*'' \'z-a){b~z^ 


where 




^ 2 

l-K! 


ill 


Putting 2 *»rc'® this becomes 


in Jo ■ 2*.il ■ 4* 2',/' ’ 


the series being absolutely convergent and uniformly convergent with regard to B. 

The only tonua which give mt^raU different from aero are those for which i^l+n. 


So the coefficient of z** is 

JL 1*“®" 

29r 


dB 2 
0 1=0 


1 .3. .. (2^-1) 

g*./r “ 2*+"(f-t-n)! 


Similarly it can be shewn that the coefficient of — is <S«a*. 
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Example 3 


where 

and 


Shew that 

z r* 

"i fi* 

2v J 

, 1 ra» 

In J a 


6 61 The ruUure of ike nngulanties of one^valved fmcit&ns 

Consider first a tunction f(e) which is analytic throughout a closed 
region 8, except at a single point a inside the region 


Let it be possible to define a function 4^(z) such that 
(i) 4>(i) IS analytic throughout S, 


(ii) when i^ta, /(4 = <^(^) + ~^ + ^^^ + 


(z - a)" 


Then f{z) js said to have a ‘pole of order n at a’, and the tenns 

B 8 ' B 

— ■ — h , are called the principal part of / <z) near a 

z-a (z- a)' {z-a)" ^ r f j \ ' 

By the definition of a singularity (§ 5 12) a pole is a singularity If n = 1, 

the aingulanty is called a simple pole. 


Any singularity of a one valued function other than a pole is called an 
essential singularity 

• 

If the essential singularity, a, is isolated (i e if a region, of which a is an 
interior point, can be found containing no singularities other than a), then a 
Laurent expansion can be found, in ascending and descending powers of a 
valid when A > | z — a | > 5, where A depends on the other singularities of the 
function, and S is arbitrarily small Hence the ‘ principal part ' of a function 
near an isolated essential aingulanty consists of an infinite senes 


It should be noted that a pole is, by definition, an isolated singularity, so 
that all singulanties which are not isolated (eg the limiting point of a 
sequence of poles) are essential singulanties 


There does not exist, in general, an expansion of a function valid near a non isolated 
siDgolsnty in the way that Laurent’s expansion is valid near an isolated singularity 


Corollary If f(i) has a pole of order n at o, and <)»(x)-=(r— «)'*/(*) (i^a), 
^(o)= lim (* — o)’‘/(z), then i|r(») is analytic at a 


Example 1 A function is not hounded near an isolated essential singularity 

[Prove that if the function were bounded near t^a, the coefficients of negative powers 
ole- a would all vamsh ] 
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Example 2 Find the singularities of the function — 1} 

At 2=0, the numerator is analytic, and the denominator has a simple zero Hence 
the function has a simple pole at z = 0 

Similarly there is a simple pole at each of the {xnnts ^nma (w •= + 1 , ± 2, ± 3, ) , the 

denominator is analytic and does not vanish for other values of z 

At zs=a, the numerator has an isolated singularity, so Laurent’s Theorem is applicable, 
and the coefficients m the Laurent expanNion may he obtained from the quotient 

z~ a 2 U — a)^ 


, z — a 
1 + + 

a 

which gives an eipansion involving all positive and negative powers of (r — n) So there is 
an essential singularity at z = n 

EjiampU 3 tshew that the function defined hy the scries 

• n2»_'jn +/(-■)"- )} 

(f-l)'? (1 +«->)“! 

has simple ysilea at the iwints 2 J=(l (it==0, 1, 2 n — 1 , n=l, 2, 3, ) 

(Math Trip 1894) 


6 62 The ‘point at infinity ' 

The behaviour of a function f(z) as i ^ — » oo can be treated in a similar 
way to its behaviour as z tends to a finite iimit 

If we write ^ = *>4 •'^^.t large values of z are represented by small 

values of z' in the /-plane, there is a one-one correspondence between 
z and /, provided that neither is 2 ero , and to make the correspondence 
complete it is sometimes convenient to say that when z is the origin, z is 
the ‘ point at infanity ’ But the reader must be careful to observe that this 
IS not a definite point, and any proposition about it is really a proposition 
concerning the point / = 0 

Let /(z) = <f) (z') Then (/) is not defined at 2 :' = 0, but its behaviour 
near / = 0 is determined by its Taylor (or Laurent) expansion in powers 
of z , and we define ^ (0) as lim if> (z') if that limit exists For instance 

c -♦O 

the function ^ (/) may have a zero of order m at the point z' = 0 , in this 
case the Taylor expansion of <}> (z') will be of the form 

» 2lz " -h + C/’“+* -t- . . , 

and so the expansion of f(z) valid for suflSciently large values of ( z t will be 
of the form 

,,, A B C 

J d- ^M+i "f" ^m+3 *!■••• 

Ip this case,/(*) is said to have a zero of order m at ' infinity ’ 
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Again, the function </>(/) may have a pole of order m at the point z' = 0, 
in this case 

/ A B O A 

= + ■ + ^ +M + Nz +Pz-+ 

and so, for sufficiently large values of \ z\, f{z) can be expanded in the form 

N P 

f(z)-^Az”' + Bz"' * + 0^'"““+ ... +Xz + J/h 1- +. 

Z Z" 

In this case,/(z) is said to have a pole of order m at ‘ mjimty ’ 

Similarly J(z) is said to have an essential singularity at infinity, if <f>(s ) 
has an essential singularity at the point z' = 0 Thus the function P has an 

1 

essential singularity at infinity', since the function e* or 

1 ^ 1 _ 

^ z''*' 2'z'^'^ 3’z''^ " 

hriJs an es!?it ntial singulantv at z =0. 

EjBxmple Discusij the functKui rejireaenfced b\ the senes 

, „ « 1 + fl-' £- 

Ihe function represented this sents ha8 singularities at > 

(j< = l 2, d, ), since at each of tlwxe points tlie denominator of one ol tlo terms in the 
senes is 7ero These aiiigahirities ire on the itnaginar} axis, and hi\t z 0 as a Imiiting 
l>oint so no Taylor or Liurcrit expulsion cm be formed for the functum valid throughout 
ari^ region (.»! which the origin is tn interior j>oint 

Foi values of other than these Kingularities, the senes con vergi^^ absolutely, since tlie 
limit of the ratio of the I 'tli term U» the ath is lim ''w-f ll"”* The functum is 

an even function of (i e is unchanged if the sign of z t/e changed , tends b> /eio <is 
•^x. and is analjtic on and outside a circle ( of radius gi eater than iitutj and centix 
it the origin So, for points outside ibis circle, it tan be expanded in the form 

wheic, bv Liiurent’s Theorem, 

7 1 / «1 . ' 1 « ■ , 

^~2^i j, " A « ’ 

<*' rt-Z7l «i*- 

}sow 


2 W — 

n=(i n ' fa 


+ 2*) 


S 2 

n_0 »»-« 




This double senes convoiges absolutely when z |> 1, and if it lie rearranged in powers 
if it t ' *ni ei gea uniformly 

»■ f-Vt-ia-x*" 

Since the coefticieat of 2 “Ms 2 ' ' , and the only term which fuinishes a non 

n-i> n ' 

yero integral is the tonn in z~^, we have 

da 


J c «=i> « ' 


= J 

71-0 n' «**“ 
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Therefore, when ( 2 | > 1, the function can be expanded in the form 


1 

2 “ 


^a* 

Z* 


I 


+ 


2« 


The function has a zero of t)ie second order at infinit), since the tjpansioii liogiiiH with 
a term in 


5 63 liioxTv iLLE’s Theorem • 

Let f{z) be analytic for all valaei of z and let f {z) < K for all values 
of z, uhere K ii a constant (so that f(z) is hounded as z —* x) Then 
f(z) IS a constant 

Ltt z z bt any two jioints and let G lie a contour such that z z are 
fnsidt It Then h\ § > 21 

talvt f to be a ciroli whose centre is z and whost r.idius is p > 2 z -- z , on 
G write f = j + p«‘* , since f — r > *p whtn f is on G it follows from § 4 62 
that 


1 I-" z - z 

2t ip 

= 2 ; - z 1 AV 


A' 


dd 


M ike p — * X , k( eping z and z' fixed tht n it is obiioiis that f{z')—f(z) = 0, 
tint IS to sa\, /(z) is const int 


As will Is seen in the n<xt article, ml igam fiupienth in tin litter half of this 
loluiiio l haptiisxi, XXI and xxii), LiouiiIIes thturern furnishes short ind conieiiient 
pioofs of H.uiie ol the most import tut rf suits in Aimbsis 


6 64 Functions mth no essential singularities 

We shall now shew that the onh/ one-ra/ned functions nliich have no 
singular dies eicejit poles at any point (including x ) are rational functions 
For let f{z) be seth a function let its sirigul irities in the finite part 
ol the plane be at tin pant* t, c. c* and let the piineipal ptrt(§5 61) 
ot its expulsion at the pole r, be 

Or 1 Or .1 

z-t, (z-e,)'"^ +(3_cj.s 

Lei the principal part of its expansion at the pole at infinity be 
o,z + u^z’ d h o„z’' 

if there is not a pole at infinity then all the ooefticients in this expansion 
will be z( ro 


• This iheoiem, which la really duo to Cauchy, Complea Keadua, xix (1S44). pp 1377, 137R 
was given this name by Borchardt, Journal fro Math nxxxiiii (18S0), pp 277-310, who heard it 
in Liouiilk a lectures in 1847 
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Now the function 


f(z)- 2 \ — 

r-lU-C, {Z-Crf (Z-(VH 

has clearly no singularities at the points c,, Cj, . . Ci, or at infinity, it is 
therefore analytic everywhere and is bounded as | r | — » oo , and so, by 
Liouville’s Theorem, is a constant , that is, 

/(r) = Cr+a.r + a,r»+ + a,.» + 2 I ^ ^ ' 

r=l U — Or («-Cr) — Cr) 'J 


where C is constant , f (r) is therefore a rational function, and the theorem is 
established 


It 18 evident from Liouville’s theorem (combined with § 3 61 corollary (ii)) 
that a function which is analytic everywhere (including oc ) is merely a 
constant Functions which are analytic everywhere except at oo are of 
considerable importance, they s re known as integral funchoni* Examples 
of such functions are e^, sin z e'^ From § 5 4 it is apparent that there is no 
finite radius of convergence of a Taylor’s senes which represents an integral 
function , and from the result of this section it is evident that all integral 
functions (except mere polynomials) have essential singulanties at oo 

67 Many-valued functions 

In all the previous work, the functions under consideration have had a 
unique value (or limit) corresponding to each value (other than singularities) 
of e 

But functions jjay be defined which have more than one value for each 
value of r , thus if r = r (cos ^ + 1 sin 9), the function has the two values 

r* ^cos i ^ + 1 sin ^ jeos 27r) + t sin ^ (^ + 27r)| , 

and the function arc tan x (x real) has an unlimited number of values, viz 
Arc tan x + nir, where — j tt < Arc tan a: < | ir and n is any integer , further 
examples of many-valued functions are log z, z~*, sin (z^) 

Either of the two functions which z^ represents is, however, analytic 
except at z = 0, and we can apply to them the theorems of this chapter , and 
the two functions are called ‘ branches of the many-valued function zV 
There will be certain points m general at which two or more branches 
comcide or at which one branch has an mfinite limit, these points are called 
‘ branch-points ’ Thus z^ has a branch-point at 0 , and, if we consider the 
change in z^ as z describes a circle counter-clockwise round 0, we see that 0 


Freaohz /oMCton , Qerman, gawe Funktum 
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increases by Stt, r remains uncjianged, and either branch of tkefwiiciion passes 
over xnto the other branch This will be found to be a general characteristic 
of branch-points It is not the purpose of this book to give a full discussion 
of the properties of many-valued functions, as we shall always have to 
consider particular branches of functions in regions not containing branch- 
points, so that there will be comparatively little difficulty m seeing whither 
or not Cauchy’s Theorem may be applied 

Thus we cannot apply Cauchy s Theorem to such a fuhction as when the path of 
integration is a circle surrounding the origin , but it is permissible to apply it to one of 
the branches of when the path of integration is like that shewn in § 6 24, for through- 
out the contour and its interior the function has a single definite value 


Example Prove that if the difterent values of a*, corresponding to a given value t>f z, 
are represented on an Argand diagram, the representative points will be the vertices of an 
equiangular polygon inscribed in an equiangular spiral, the angle of the spiral being 
independent of a 

(Math Tnp 1899 ) 

The idea of the different hranchez of a function helps us to understand such a paradox 
as the following 


Consider the function 
for which 




When X IS negative and real, 


IS not real 
dr 


But if X IS negative and of the form 


2? + l 
If 


(where p and ^ are positive or n^;ative integers), y is real 
therefore we draw the real curve 


we have for negative values of x a set of conjugate points, one point oorresponding to each 
rational value of x with an odd denominator , and then we might think of proceeding to 
form the tangent as the limit of the chord, just as if the curve were continuous , and 

thus when derived &om the inclination of the tangent to the axis of Xy would appear 

to be reaL The question thus arises, Why does the ordinary process of difierentiation 
dv 

give a non real value for The explanation is, that these conjugate points do not all 
arise from the same branch of the function We have m fhet 




wtibre k IS any integer To each value of k correeponds one branch of the function y 
Now ID order to get a real value of y when x is n^ative, we have to choose a siutable 
value k aud thu voZtea of k eomei azw go from one conjugate po%nt to an. ad^aemt one 
So the coiyugate points do not repreeent valuee of y arming from the same branch of the 

function y»;r*, and oonsequently we cannot expect the value of ^ when evaluated 


for a definite braooh to be given by the tangent of the inchnatiMi to the axis of 4? of the 
line joining two arbitrarily oloee members of the senes of ooiyugate pomts. 
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MlsCFLL4NK)l S KwMPLLS 

1 Obtain the expansion 

ind determine the circ\mist,unes md range of its Nalidity 

2 Obtain, under suitable UK umsUnces the e\]><insion 




1 '' 

* — a 


1 I u 


2m , 

|a + 

2wi 

}+ 


'2m 

iJ 


.-a\ 

K/ { 


— a 1 


f (2m ■ 

-1) (2-a)| 

(a + 

Im ) 

/ + 

, ,* + 

2 m ) 

+ f 


2m I 

(aP 

Ll") 

2ni ) 

1 +/" 1 

1-’ 

2m 1 ^ 



- 1 ' (r-a)' 
2tn 




( ore}, d/tn of (2) l ('1900), p 77) 


3 Sheu thit for the series 




the region of convergence coriMists of t^\o distinct arevc, namely outside and uisjJt a uiclc 
of r<idnis unit) and th it in each of these the st ries represents out fuurtion and ropit sents 

it coini»ieteh 

(Weierstrass, I8rt0 p 7U 6 m (J895), p 227) 

4 Shew that the function 

N 0 

tends to inhnity as r-^txp ) ilong the i tduLs through the point, where m is any 

integer and p takes the x dues 0, I, 2, » — 1 ) 

Deduce that the function cannot lx continued beyond the unit circle 

(Lerch , Bohtn Aead , 1885-0, pp 571 582 ) 

5 Shell that, if 2 - — 1 is not a |>c>8itive real nunalxr, then 

,, , _i . 1 „ 1 3^ 1 3 (27i-l) 

( 1 - 2 ^) 4 = 1 + ^ 22 +^ ' '*** 


'In 


3 5 (2» + l) 

2 4 (2/i 


/ 0 

(Jacobi and Scheibner ) 
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6 Shew that, if « - 1 in not a positi\o real number, then 


(1 = ^ z + 


m w f 7« + 1 ) 


m ('m4- 1) (m+n ~\) 


m («^+J I + f , _ 


■/; 


r(\~tr ^dt 

(Jacohi and Shei)>not ) 


7 Shew that, if 2 and I -2 are not ne^icitivo real rnimliers, then 

Jn »n+l I 7/i + d (m + 3^ j 

( 774 + 1) (»* + 3^ /n + 5i»-I;Jy 

(JacT*bi and Sclinbner) 

8 If, in the expansion of {a+Uiz + a^z^j”* by tlie multinomial thioum, the lernainder 
rifter n teririH he deiKitod b> (r\ so that 

(a + U] V +■ U22'')”‘ » ,>-1- at i2 *+• -l2*“ ^ 


shev, that 


/t„ (.-) = (!I + j 




di 


(SUk ibner 


9 If 


J 0 

)>e expanded in a.s( ending pimers of ; m the form 

li-'f 1.---’+ . , 

shew that thi leniainder aftci k- 1 terms is 


df 


{(Ift^itlZ + UiZh 


+ 2/7t + /i t 


l(,i .Shew that the soites 




rh<t> iz^ 
dz^ 


1?'^ ^df 
fsrljeihiier* 1 


■where 

and whwe 0 (c) IS analjtu neai 2 =-0, la ton\eigent near th<* punt r — o uid shew thitif 
the Huni of the senes \v ^lenotAsi In f\z)j tlien fyz) satisticM tin difti^renti.d equation 

/ (^)=J 

('PimherU, /tend d4,i Ltatu \ ^18%), p 2 " ^ 

11 Shew that the arithmetic mean of the squares of the moduli of all the \alues of 
ftie series on a circle [£[ = r, situated wuthin ita circle of convergence, is ecuial 

n (» 

to the sum ot the squares of the moduli of the sejviratc terms 

(Uut/mer, Alfar/t Ami xxxii (1888), pp 0%-6(X)) 


* The resulta of examples 6, 6 and 7 are Rpecial cases of formulae contained m Jacobi s dis- 
sertation (Berlin, 1826) published in his Gf» Herk-, m (1884), pp. 1-44 Jacobi’s formulae 
were generalised b.v Scheibner, Leipziger fienchtc, XL-f (1893), pp 432-443 
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12 Shew that the senes 


2 

coDverges when j « | c 1 , and that, when a > 0, the function which it represents can also 
be represented when | * | < 1 by the integral 


©*/. 


® d*— i 


and that it has no siiigulantiea except at the point ^==1 

{hetchy Mo7iat8hefi€ fur J^ath und Phyi viil ) 

13 Shew that the aeriea 


-(«+«-*) + - 2 




2v - 2v 21 ) (2k + 2k «)* (1 - 2v - 2k ^ * t) (2k + 2k i 




ID which the summation extends over all integral values of k, v\ except the combination 
(k=0, k'=0), converges absolutely for all values of z except purely imaginary values , and 
that its sum is 4 I or - 1, according as the real part of z is positive or negative 

(Weierstrass, Berln^er Monauhencktey 1880, p 736 ) 


14 Shew that sin |u can be expanded in a senes of the type 

in which the coefficients, both of z** and of z"», are 


15 If 


1 /■*» 

r- sin (2u COB d) cos nB d$ 
zsr J it 


/(z)- i 

n«l 


Z» 

n*i*+o*’ 


shew that/(z) is hnite and coutinuous for all real values of z, but cannot be expanded as 
a Maclaurm’s senes m ascending powers of z , and explain this apparent anomaly 

[For other cases of failure of Maclauno’s theorem, see a posthumous memoir by Oell^rier, 
Bull des Scu Math. (2), xiv (1890), pp 145-5^, Lerch, Journal fier Math cm (1888), 
pp 126-138 , PnngHheitQ, Math Ann XLii (1893), pp 153-184 , and Du Boib Reymond, 
Munchener SUzimgsbertchtey vi (1876), p 236 ] 


16 If /(z) be a eontinuoui one \alued function of z throughout a two<<limenaional 
region, and if 

|^/(r)*=0 

for all closed contours C lying inside the ^lon, then /(z) is an analytic function of z 
throughout the intonor of the region 

[Let a be any point of the region and let 

j /(*) * 

It follows from the data that has the unique denvate /(z) Hence /'(z) is 
analytic (§ 5 1) and so 5 22) its denvate /(z) is also analytic This important converse 
of Cauchy's theorem is due to Morera, ^ndtoorUt del It. 1st. Lombardo (Mtlano), rxri. 
(1889), p 191.] 



CHAPTER VI 


THE THEORY OF RESIDUES , APPLICATION TO THE EVALUATION OF 
DEFINITE INTEGRALS 


6 1. Residues. 

If the function /(z) has a pole of order in. at z = a, then, by the definition 
of a pole, an equation of the form 


f(z\ = X »+i 

(z — a)”* (z — o)**"' 


+ + (z), 

z~a 


where <p (z) is analytic near and at a, is true near a. 

The coefficient a-, in this expansion is called the residue of the function 
f{z) relative to the pole a 

Consider now the value of the integral J f{z)dz, where the path of 

integration is a circle* a, whose centre is the point a and whose radius p is so 
small that <j) (z) is analytic inside and on the circle 

We have j f{z)dz= 

Now I <^(z) dz = 0 by § 5 2, and (putting z — a^ pe^) we have, if r :)t 1, 

I dz p’ p^ue , f** ^ ^ e ^'-^ ”1 *' = 0 

Ja(z-ay J„ p'e^ ^ Jo ^ Ll-r'o 


But, when r = 1, v/e have 

f dz _ f*" 
J,z-a Jo 


tdff — 2m 


Hence finally j f{z)<U = 2ma^i. 

Now let C be any contour, contauung in the region intenor to it a number 
of poles a, b, c, ... of a function f(z), with residues a_,, 6_,, c_i, ... respec- 
tively and suppose that the function /(z) is analytic throughout G and its 
interior, except at these poles 

» Surround the points a.b,c,... by circles a, R, y, ... so small that cheir 
respective centres are the only smguiarities inside or on each circle , then the 
function /(z) is analytic in the closed region bounded by C, a, R,y 

* The exiBtenoe of snoh a oirole u usphed in the definition of ft pole ftt ftn iftolnted 
aiogolftiity. 
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Henco, by § .t’ 2 corollary 3, 

f f(z) dz = I f{z) dz+ I f(z)dz+ ... 

J C Jo. j 

= + 27ri6_, + — 

Thus we have the theorem of residues, namely that if f{s) be analytic 
throughout a contour C and its interior except at a nuniher of poles inside the 
contour, then 

f _/ (r) ds = 27ri^Ii, 

J c 

whe7'e S-R denotes the sum of the residues of the function f (z) at those of its 
poles which are situated within the contour C. 

This is an extension of the theorem of § 5 * 21 . 

I'lOTE If a IS ti /simple jmiIc of T {s) the residue of f (r) at that [lole js hm i(*. - a)J (£)J. 

6'2. The evaluatioii of definite inteijruls. 

We shall now apply the result of § (I'l to evaluating various clas.ses 
of definite integrals ; the methods to be employed in any particular case may 
usually be seen from tfie following typical examples 

6'21. The evaluation of the integrals of certain pei’iodic functiuns take)i 
between the limits 0 and '2ir. 


An integral of the type 

f li (cos 6, sin 6) d6. 

J 0 

where the integrand is a rational function of cos 0 and siu 0 tiiiile on the 
range of integration, can be evaluated by writing e'^ — z’, since 

cos 6=‘^^(z + a“'). “lin ^ ^ ~ e -' ), 

the integral takes the form J S(z)dz, where S{z) !.« a rational function of z 

finite on the path of integration C, the circle of radius unity whose centre is 
the origin. 

Therefore, by § 61, the integral is equal to 27ri times the sum of the residues 
of S(z) at those of its poles which are inside that circle. 


Example 1. If 0 <fi < 1, 

dS t di 

Jo 1 -2pcusff+p‘’^ J |■i(I-pz)(^-p) 

The only pole of the integrand inside the circle is a simple jiole at p ; aud the residue 


there is 


lim 


1 

i(I-pz)(z-p) i(l^^ 
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Hence 

, Example 2. 


riw 

jo r-i 


d$ 2rr 

2pc<m^’i-p^ \—p^ 


fsr- C(S^3e .^ { cfe/1^ 2 

jo 1 -2/Jcns26+yj^ j p / (1 (1 


(2 

at poles inside C, the5ie 


^ 2^2/;, 

(2*+ ll2 

w here 2/i denotes the sinn of the rebiducs of ^ ~~r 

4s* (1 —pz^) KZ^- p) 

ikdes are 0, -»*, , and the residuen at them arc ^ ^ „ . -t-t- ^ 

> ' 8p^(l-p2)’ Sp’U-yr'j ’ 

and hence the integral is equal to 

ir(l -p-yp^) 

, I-/* ~ 

Ej.ample 3 If n l )0 a posituc integer, 

fair 


/: 


cos — sin ^ d6 


la 

LjiimpU A lf«>^>U, 


2ir r^t 

ju 


t“*® sin (nB - sin B)dB = 0 


j dB _ 2iru /2"' dB _ ff(2rt + j 

J (o + hcoh^^y u3(«-}-t>)5 


6 22 'fhe evaluation oj cettain types of integrals taken heiioten the Ittniis 
— 00 and +O 0 

We hhdll now iv>i.luAte j (j(j)rfj, where is a iunction such that 

(i) It IN analytic when the iiiiagmaiy part of j is jiositive or zero (except at a 
finite number of poles), (ii) it h-is no poles on the leal axis ami (ui) as z , 
zQ(z}—>0 uniformly toi all values of argz such that 0 ^ args^tr . provided 
that (iv) when r is real, xQ{u-)—tO, as in such a way* that 

J Q(a-)(iraii<i J Q (j:) <Z,T both converge , 

Given e, we can choose pu (mdepi'ndent of arg^) such that jzQ(z)i< ejir 
whenever j r j > p„ and 0 < arg z ^ir 

Consider j Q(z)dz taken round a contour C consisting of the part of the 

real axis joining the {loints ± p (» here p> p„) and a semicircle T, of radius p, 
having its centre at the origin, above the real axis. 


,Then, by § 6 1, j Q (z) dz = 2in£fi, where -R denotes the sum of the 
residues of Q(z) at its poles above the real axist 

• The condition xQ {x) -"O is not in iteelf eufScient to secure the convergence of j Q (i) dx , 
consider Q {x) ~ (x log i)“' 

t Q (s) has no poles above the real axis outside the contour. 


W. M. A. 


8 
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Therefore 


jj Q(z)dz — j “ j j" Q ( 2 ^) 

In the last integral write z = pj‘*, and then 

j [ Q (z) dz I = I j Q (pe‘*) pe^tdff 

< f (elir)d6 

JO 


dz 


by § 4 62 
Hence 


lim f Q(z)dz = 2mSR 

J -p 

But the meaning of | Q{x)dx is Inn j Q(x)dx, and since 

J —00 p •' — p 

ro 

Q(A)flCa both exist, this double limit is the 
J -p 


dx and lira 

0 p-^90 


hm f Q(x) 

9 00 J 0 

same as lim j Q(x)dx 
J -p 

Hence we have proved that 

I Q (a) dx — 2‘7riSR 

This theorem is particularly useful in the special case when Q(x) is a 
rational function 

[Note. Even if condition (iv) is not satis&ed, we still have 

f jQ(x) + ()f(-x)j<ir^Um ( Q(x)dx=2niSiC,] 

J 0 p-^co J —P 

Evample 1 The only pole o£ 1)“^ in the upper half pUne ih a pole at with 


residue there Therefore 

lo 

fix 3 

Example 2 If a > 0, 6 > 0, shew that 
J” a^dx 




’(« + /«:*)< 160^6^ 

Example 3 By integrating J dz round a parallelogram whose coruere a^e 
— /f, jft, R-\-ai, — E-^r at and making ^-^ 00 , shew that, if X >0, then 


/: 


Av'cofl (2Xar) (fa «-Av*(ir = 2A ie 


e-kp.' j e-^dx 


6 221 Certain infinite integrals involving sines and cosinesx 

If Q (z) satisfies the conditions (i), (ii) and (in) of § 6'22, and to > 0, then 
Q (z) e”^ also satisfies those conditions 
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Hence f [Q (x) + Q (— x) dx is equal to iirCLR', where SR' 

Jo 

means the sum of the residues of Q («) at its poles m the upper half plane , 
and so 

(i) If Q(x) IS an even function, le if Q(— x) = Q{x), 

I Q (as) cos (mx) dx = iriS-R 
Jo 

(ii) If Q (a) IS an odd function. 

I Q (x) stn (mx)dx = TrSJi 
J 0 

6222 Jordan's lemma* 

The results of § 6 221 are true i1 Q (z) bt subject to the less stringent 
condition Q(s)—>0 uniformly when O^argr^ir as —*cc in place o< the 
condition eQ(z)—oO uniformly 

To prove this we require a theorem known as Jordan s lemma, viz 

If Q($)—oQ unifoimiy mtk regard tosagzas |r|-+x when 0^argz<ir, 
and if Q(z) M analytic ■when both | i i > c (a constant) arul 0 $ arg ^ ^ tt, then 




= 0 , 


where F ts o semicircle of radius p above the leal axis with centre at the oingin 
Given e, choose p„ so that | y (r) | < ejir when | ^ I > p„ and 0 $ arg z $ w , 
then, if p > po. 


I • 

J r 


‘Q{z)dz 
But 1 e™vci)»*| sc and so 

e""^ Q (z) dz I < 


j gm.tel)ol»+v«lD* Q(pe*«)pf-W,^pj 


jj Q (z) dz j < J (e/7r)pe' "^“""dd 

= (2*/7r) P’^pc-">i>‘“'«d0 
Jo 

Now sin d ? 2dlw, whenf 0 ■£ *** 

j [ y (z) iz j < (2€/ir) [' pe-’'"e>t'de 


= {Zejir) (■ir/2m) 
< e/m 


-tmfiOjrt 


* Jordan, Court d’Analyst, ii (1894), pp 285, 286 

t This inequality appears obvious when we draw the graphs v — Binx, y=:2x/r , it may be 
proved by shewing that (sin 0)1$ decreases as 0 looreaBes from 0 to |r 


8—2 
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Hence lim [ e"** Q (z) dz = 0. 

p •*■(» r 

This result is Jordan’s lemma. 

Now 

f {c”'“ Q (*) + Q (- a:)j da: = ‘irrilK - [ e”"^Q{z) dz, 

Jo J I 

and, making p—*x, we see at once that 

1 ,V™“ Q (a.) + 6-”“ C (- a:)) da: = inilR', 

J (I 

which IS the result c<irre8pondiTig to the result of § 6'22l. 

Bxfiffijplt 1. Stiew that, if a>0, tlien 

/: 


COM .I TT 


Example 2 Shew that, if a ^ 0, ft > 0, then 
f * cos 2<w - cos 2fta. 


dx^it (ft — a) 


(Take a contour conni'stmg of a large semicircle of radius p, a small serniciiLle of 
radius ft, both having their centres at the origin, and the partH ul the lea) axis joining thoir 
ends , then make p-*- ac , ft-*-0 ) 

Examph 3 Shew tliat, if ft >0, wi ^0, then 

Jo 4/^ I3d‘-a>-ml> (!>/>» + a^)l 

Example 4. Shew that, jf -<r>0, a><), then 

f* ram ax , , . 

Jv r« + |2 2 


Example 5. Sliew that, if m ^0, o>0, then 




2a* 


~ma / 2^ 


4<J^ 


jo + 

(Take the contour of example 2.) 

Example 6. Shew th t, if the real j>art of ? be positive, 


[We have 


dt 



0 ( 

=»logs. 


'= hm 1 


f'r"*} 

8-^0. p-*.» 1, 

h t J 

e « j 

= Inn 1 


f ^ 

8-^0, 1. 

/» < J 

' a J 

( 

/■Jz e-> . 


*= lim j 

1 


8 -♦ 0, p « 1 

Js t 

J p 1 J 


since t'~ 


‘ analytic inside the quadrilateral whose comers are ft, pz, p. 
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6 - 23 , 6 - 24 ] 


Now 



as p~^cc when It(z) >0 , and 


fSs 


i: 


<■■'(1— e"‘) dt-^\ogz. 




«“* (1 aa 


6*23 Principal valuu of integrah. 

It waa aaaurued m 6 22, G 221, 6 222 tliat the function Q (.r) had no jxiles on the real 
axis , if the function ha^ a finite number of mnpU poles on the real axis, we can obtain 
theorems correHjxmding to those already obtained, except that the integrals are all principal 
\ahies 4 5) and 2R has to bo replaced by ^R + ^1J{q, where 2^ moans the sum of 
the residues at the poles on the real axis To obtain this result we see that, instead of 
the former contom , we have to take as contour a circle of radius p and the portions of the 
real axis joining the jHiintH 


— p, tt — Sj, O + /> — ^2 • f-* ^ ^ ) 

ind small semicircles above th(‘ real axis of r.idii 5,, '^dh centre^ a, c, , where 

a, bj <y are the poles of on the real axis , and then we ha\e to make dp » 

call these Hcmicircles yp Tlion inste.uil of the equation 


j" + j”^ <^ir)ds = Z7r»S«, 

we get P <^(z)d! + S hm f i^(:)dz+ f QU)d^=^'2mZR 

J P nSn-^vJvn I I 

Let a' lie the lesidue of (^(z) at a , then writing + on y, we gel 

j Q{z)dd.=j 

But + uniformly as d,-H^0 , and therefore lini / Q{z)d 2 = - irxa\ 

' r 

we thus get 

P j Q(s)dz+I V (*) (i2 = 2»ri2/^ + TTiS/fo) 
and hence, using the arguments ol G 22, we get 


PJ Q (x) dx = iiri (2/f + ^2 Ry) 

The reiuier will sec at once that the theorems of 6 221, 6 222 have precisely similar 
generalisations 


The prfx.ess employ ed aliovo of inserting arcs of small circles so as to dimmish the area 
of the contour is called indenting the contour 

6 24 Evaluation of integrals of the form j ic®~‘ Q (x) dx. - ' 

' ' 0 

Let Q(ic) be u rational function oi x such that it has no poles on the 
positive part of tha real axis and x“ Q(x)—>0 both when x—^0 and when 
x—*x> . 
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Consider j (— i)“ ’ Q (z) dz taken round the contour G shewn in the figure, 

consisting of the arcs of circles of radii 
p, & and the straight lines joining their 
points ; is to be interpreted 


exp {(a - 1 ) log (- r)i 


and 


log (- «) = log z I + i arg (— z), 
where — ^ arg (- z) g t ; 

with these conventions the integrand is 
one-valued and analytic on and within 
the contour save at the poles of Q(z). 

Hence, if 1r denote the sum of the 
residues of (— z)“”‘ Q (z) at all its poles, 



j” (— z)®“‘ Q (z) dz = SttiSi'. 


On the small circle write — z = Sf", and the integral along it becomes 
— j (— zY Q(z)id9, which tends to zero as S—*0. 

On the large semicircle write —z = pe^, and the integral along it becomes 
—J (— z)" Q(z)id9. which tends to zero as p— »co . 

On one of the lines we write — z = on the other — z = aie' ’” and 
(—zy‘~' becomes 

Hence 

lira f — Q(t)] (hr = 27rfEr ; 




acd therefore I (x) dx — tt cosec {aw) Sr. 

‘ u 

Corollary. If (2(ir) have a number of simple poles on the positive part 
of the real axis, it may be shewn by indenting the contour that 

P Q (x) dx^w cosec (aw) Sr — tt cot (aw) 'Zr\ 

' 0 

where 2r' is the sum of the residues of z^^Q(z) at these polea 
' Example l, IfO<a<l, 


Jo 1 4-35 


coaec aw 




2 —a? 


= w cot air. 
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6-3, 6'31] 

Example 2 If 0 < ■? < 1 and - tt <! a < ir, 

r 

Jo t + 

Example 3. Shew that, if - 1 < e < 3, tben 


(MindiDg ) 


4coM^7rSi 


Example 4 Shew that, if — \<p< \ and — tr < X < »r, then 

/* dx IT sinpX , 

I 1 , a ^ ~rLs ~ \ (Euler ) 

Jo J +2A.’co<tX+;c* «iiiX 

6 ’3. Cauchy's integral 

Wo shall next discuss a class of tontour integrals which are sometimes found useful 
ID analytical investigations 

Let U be a contour in the z plane, and let /*(«) be a function analjrtie inside and on C 
Ijct <P(z) lie another function which is analytic inside and on C except at a finite numl»er 
of poles , let the zeros of ^ (e) m the interior* of be ai , a 2 , . , and lot their degrees of 
multiplicity be rj, rg, , and let its jioles in the interior of C be bi, b^, , and let their 

degrees of multiplicity be «i, s^, 

Then, by the fundamental theorem of residues, i / fiz) /- dz is equal to the sum 

'2nijc ^ 

of the residues at ita poles inside C 

Now tjan have singulantiea only at the polee and zeros ot (^(i) Near one 

9 (^) 

of the zeros, say Ui, v,e have 

<f}(z)^J(z- ai)'*« + B(t~ J + . 

Therefore (;()' (j)*: (« — + ^ (ri + 1)(^ — Oi)^i + , 

a«d /{t)==f{ai) + (z-at}f («,) + 


Therefore W 

( ■p(i) 2-<li . 


ir anAljtie at Ui 


Thus the reaidue of , at the point 2 = 0,, is r./fn,) 

<P W 

Siimlarly the residue at z = is — «i/(fii)> for near z~bi^ we have 

0 (z)=f'(j — hi) «i + />(z — <>i)-*i+>+ , 

and / =/ (l>i) + (« - hi)/ ' (<<1) + . 

A + *i/(*i) ,j| analytic at 6, 

<^{2] z-ft, 

2^1 //W^-|^)*=S'-i/(«i)-2»,/(fri). 
the summations being extended over all the zeros and poles of (z) 

6 * 31 . The number of roots of an equation contained within a cotUoui. 

The result of the preceding paragraph can be at once applied to find how man> roots of 
an equation ^ ( 2 )s =.0 he within a contour C 

For, on putting /( 2 )«] in the preceding result, we obtain the result that 

Birl ] c 

IS equal to the excess of the number of zeros over the numbes of poles of ( 2 ) contained m 
the interior of (7, each pole and zero being reckoned according to its degree of multiplicity 
* ^ (x) muBt not have any zeros or poles on C. 
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Example 1. Shew that a jwlynoimal <f> (z) of degree Hi has m roots 

Let = + + + (ooshO). 

.... ma„z"-i + . +a«_i 

Then .-r. = z— ; — . 

t^(r) a,^"+. +a„ 

Consequently, for largo values of i 2 1, 


<^1(0 

<#>(0 


= " +0 


Thus, if C lie a circle of radius p whose centre is at the origin, we have 


Stti 

But, aa in § 6*22, 


aa p-»>ac ; and hence aa 4i{z) has nc* poles in the interior of C, the total number of 
zeras of (s) is 

, 1 f 4‘ j 

hin « I ^ ' dz==m 

fl-p.® 2fnJ 

Example 2. If at all points of a contour C the inequality 
(afc2*l> I a„ + a^^+. 

18 satisfied, then the ooiitour (ontains k roots of the equation 

a,„2”' + aro_,2'"“‘ + . +u,2 + (i„=0 

For write 1 i*" ~ ^ +ai^ + a„ 

Then /(.)=a^i*(l+'';^^l+ +_»i + . c* * H- . .^+ 

=s at2* ( 1 + 

where | 17 | ^ o < 1 on the contour, a being inde|)eiidcnt* (*f z 
Therefore the number of roots of fiz) contained in C 


-J [ ' [ /'•'x 1 

~2« )r/(z) ini ) rV ^ i + C/ dz ) 


f dz 

But j ~ = 2iri . and, since i wc can expand + in the uniformly con 

vergent senes 

i-r+n-f7'*+,. , 

Therefore the number of roots contained in C is equal to k. 

Example 3. Find how many roots of the equation 

2«+62 + 10=0 

lie in each quadrant of the Argand diagram. (Clare, 1900.) 


* I (/ { 18 a oontinooas function of < on G, and so actairu its upper bound (§ 8*62). Hence its 
upper bound a mnet be less than 1. 
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6 4 ] 

6*4. Connexion between tfic zeros of a function and the zetos of its deruiaie 

Macdonald* has whewn that i/ /(«) be a function of z analytic thronijhout the interior of 
a vinqle closed contour C^ dejined by the equation /(r) | == J/, u kete M is a constant^ then the 
number of zeros of f{z) %n this reqioi eonet'ds the number of zeros of the derived functicrn 
f (z) in the samt reqion by unxttf 

On O' let t{z) = Me^^ then at points on C 

Heme, bj 6 31, Ihe excess of the nuniher of 7eios of J{z) n\er the number of zeros 
of /' in‘-idc+ C IS 



Let s l)e tlie arc of C rmasured from a fixed r>ninf and lot 1 c thf angle the tangent to 
f makes with (lx then 



Now h’S purel> real itid lU initial value is the simt an its final value, and 

log = , litnee the oveess of the niiuilier of /tros of t(J\ over the number of zeros of 

f (c) IS the changt in in describing thf curve C and it is obvious J that if C is any 
oniiiiarv curve, increases by 2Tr vs the jannt of contact of tlie tangent de^aenbes the 
curve C , this gives the required result 

Crumple 1 Deduce from Macdonald s result the theorem that a ]M>lynomial of degree 
n has H /tros 

Ejumpit 2 lh<*vi that, if a |»o]^iioiin il / ) has ixmI cenfiK lents ami d its 7tros ii'c dl 
real ind ilifiou nt, tin ii hetwc tn tw<» consecutive /eios of f{^) tlu re is one /cio and one onl^ 
of / (.) 

[Dl I'ol^ a has pointed out that this result is not nctessivnh tnie for functions othei 
than polynouii ils, as may l)t seen bv considtung ihc function (x - 4)e\p ] 
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t / (2) does not vanish on C unless C has a node or other singular point , for, if + 


df df 


where 0 and \L are real, umoe i = > R follows that if / ('^} = 0 at any point, then 

ox oy 

djt 0 ^ d0 all vanish, and these are sufibcient conditions for a singular point on 

dx dy ' dx dy 

0*+02^iy-‘ 

X For a formal proof, see Free London itfatA Soc (2), xv (1916),* pp 227-242 
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Miscellaneous Examples 


1 A function ip (j) is zero when 2=0, snd is real when i le real, and is analytic when 
$ I , if ffj:, y) IS the coefficient of t in <^(jr+iy), prove that if — 1 c x< 1, 




(Trinity, 1898 ) 


2 By integrating 


•-1 


rouri<i a eontour formed by the rectangle whose u>rner8 are 


0, + I (the rectangle being indented at O and i) and making ^ shew that 


r* am fix . I 1 

jo 4 «--l ^ 2 a 


(Legendre ) 


3 By integrating log (~~z) Q (f) round the contour of 6 24, wLeiti (z) is a rational 
function such that zQ(z)-^0 as jr (->-0 and as jzl'^oo, shew that if $(^) has no poles 

on the positive part of the real ajcis, / Q{x)dr is equal to minus the sum of the 

J 0 

reaiduOM of log ( - ^) $ (z) at the poles f)f (e) , where the imaginary part of log ( ~ e) lies 
between ± v 


4 Shew that, if a > 0, ft > 0, 


f t 5 Shew that 


/: 


, dx 


e* sill (asm fta.) 1) 


/i' asm2j j 1 • v ^ .v\ 


6 Shew that 


/ * 8in«^ 

0 X 


suK^ix sin^^ir 


s= ^ir log(l + a">)y (a^>l) 


Bin or , n 

coaa^ __ dx=^ <^,d>2 


(Caucliy ) 


jf 0j, 0j|, cj ^ aiy a,n be real and a be poeitive and 

«> )<^ii \ + \<p2\-^ +1 *^1*1 + la, 1+ ..V + l a,,,! 

(^t6rmeTy Acta Math xix) 

7 If a point s describes a circle O at centre a.Qd if /(c) lie <w\«*lyUe Uirwigbrnt 
C and its ujtenor except at a number of jwlea mwde C, then the |>oint u^f{z) will 
describe a closed curve y m the w plane Shew that if to each element of y be attributed 
a mass proportional to the corresponding elemoDt of C, the centre of gravity of y is the 

txmit r, where r is the sum of the residues of at its poles in the interior of C 

z~a * 

(Amigiira, //ouv Ann dt Math (3), xii (1H93), pp 142-148 ) 


8 Shew that 


dx 


_ ir(8a + ft) 

! -» (x»+6*)(x»+«»)»“ SiuSfiTS+i? 

dx 1 3 ;2»i-3) 1 

».(»+4x«)" e*4l I 2 (n-1) a"'i' 


9 


Shew that 
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10 !£/;(*)» 


•-I H-X 

« n n (1 — 2 *^), shew that the senes 

«al p«=l 


/(*)- 


*-,2 


- l)n’* 


18 an analytic function when z is not a root of any of the equatioiiN^^sn** , and that the 
sum of the residues of /(^) contained in the nng ahaj.)ed sjiace included between two 
circles whose centres are at the origin, one having a small radius and the other having 
a radius between n and n + 1, is equal to the number of prime numbers less than n. + 1 
(Laurent, Ann de Math (3), XViii (1899), pp 234-241 ) 

11 If A and B represent on the Argand di^am two given roots (real or imaginary) 
of the equation /(«) = 0 of degree n, with real or imaginary coefficients, shew that there i« 
at least one root of the equation within a circle whose centre is the middle point 

(Grace, Br&c Car/ib Phil Soc xi ) 


oi AB and whose radius is ^AB cot 
12 Show that, if 0 < !> <: 1 

^iirirz 


1 - 


\ n .^icvwi 

'rt lim S . 


[roDHider j* 


sin Jr2 2 -X 


round a circle of radius n + i , and make ] 


13 Shew that, if m >0, then 


(Kronecker, Jonnud fUr Math cv ) 


r 
' 0 


Kin* m( 


dt 


(n- 1)' t" 1 ' 

Discuss the discontinuity of the integral at m^O 

14 If =*0 and a, 6, c, are positive, shew that 

/’*’ d cos ax+ficoeft 1 4- +Aco8iurj *>, , v^ l 

— ax= - d logo- D log 6~ A log It 

j (\ ^ 

(Wolstenholme ) 

r^k*-u] 

15 By considering j taken round a rectangle indented at the ongin, shew 

that, if i>0, 




t Urn 

J -I 


fX(t + h} 

T+77 




Utq P P ^ dt, 
J ~p ^ 


and thence deduce, by using the contour of § 6 222 example 2, or its re6ezion in the real 
ame (according as a ^ 0 or x < 0), that 

«»<*♦« 


bmif' 

It P~^«0 ^ J -p 

according asx>0, x— 0orx<0 


k+tt 


dC—^, 1 or 0, 


[This integral is known as Cauchy's dizcontinuous factor ] 
16 Shew that, if 0<<i<2, &>0, r>0, then 
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17 Let i > 0 and ^ot 2 = 

« » 

Bj considering / ^ round a rectangle comers are ±(iV+^) + 2 , where 

A la an integer, and making xi , shew that 


/ * — I M-3'*irt f^-^i p— *S|r< 


By expanding these integrands in jiow’ers <»f respectively and integrating 

term by-term, deduce from ^ 6 22 example 3 that 

<irty • 

Hence, by putting 1 shew that 

'K0=< " ' 'I' \''c 

(This msult IS due to Poisson, Journal de I ^tolytechniqup^ xn (cahipr xix), (1B23), 
p 420 , see also Jacobi, Journal fur Math xxx\r ('1H4M , p 109 [Qes Wtrke^ li (1882), 
P 1«8] J 

18 Shew that, if / > U, 

j f nW-Ktwa^i i [l +2 S ((-"''/'LusanTTrl] 

H -a- 1 M 1 i 


(PoiasciQ, Mam da CAcad d*a Set vi (1827 j, p 592, Jacohi, Journal fiir Math in 
(1828). pp 403 404 [Gea r (1881), pp 264-26 >j , and J^aiidsberg, Jounud fur 

Math CXI (1891), pp 214 2^3 . see also 21 51 ) 



CHAPTER VII 


THE EXPANSION OF FUNCTIONS IN INFINITE SERIES 


71 A foi mula due to Duihoiii* 

Ijet /"(i) be analytic at all jiivints of the stiaight line joining a to z, and 
let <#>(!) be any {lolynoimal ol di gree n in t 
Then ifO^/^1, wi have b\ ilifferentiatioii 

S (z - a)”’ (i)/ •“ (a-rt(z-a)) 

(it )fj _ I 

=■ - (2 - «,) ^"‘1 {t)J ' (n f t (2 - .O) + f- )“ (2 - a)"+' <f>(t) /■"*+" (a + 1 (2 - li)) 
Noting that ^'”’(0 is eoiisUnt = 4”* (0), and integrating between the 
hunts 0 and 1 of I, we gi t 

= X (z -a (2)-0"'-”"(O)/''"'(a)l 

m 1 

+ (- )" {z - (t)"" ( ‘ (a u- 1 (z — a)) (it, 

J <» 

which IS tht* toniiula in (juestioii 

Taylors soucs m<i\ Ik obt.uiitd a special case of this bv writing 
— 1 )'‘ an(i making >oo. 

bjvainpU Bv subistituting in for in tlief<nrnul \ of DH»boti\,aui3 ttikjug^ 1)", 

obt«vui tb( e\pin‘'H>ii (supjvDiicd touvergont) 

T (2) - f (a; = ; /I- H.; 1 m („)|, 

-id fauti the expression for the remainder after « terms in this senes 


7 2 The liernoulluiiL nunibters and the liernoullian polyiKyrmals. 

The fuiictum ^ z ro1 ^ z is analytic when \ z\< 27r, and, since it is an even 
function of z, it can be expanded into a Maclaunn senes, thus 

then Bn IS called the nth Bernoidlian number -f It is found thatf 
Ri=g. ^^s=80’ ■®'’“42’ ■®“~06 


* Journal dt Math (3), ii (1876), p 271 

t These numbers were introduced by Jakob BerDoulh m his At 8 Cor^eeiandiy p 97 (publi^ed 
posthumously, 1718) 

X The first sixty two Bernoullian numbers were computed by Adams, Bnt Abs lieporte, 1877, 
the first nine significant figures of the first 280 Bernoullian numbers were subsequently published 
by Glaisher, Tron». Camb f fiil Soc ui. (1879), pp 384-391. 
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These numbers can be expressed as dehdlte integrals as follows 
We have, by example 2 (p. 122) of Chapter VI, 

r ” sin »Jir dr 1 i 

I, ,-irr = -2p + 2“'“P 

_ ^ + Mi 4 - r( 2 p)> r( 2 p)‘ 


Since 


x” sin ^ 


pj: + 2 WTT 

o’* — 1 


dx 


converges uniformly (by de la Vall6e Poussin s test) near p = 0 we may, by 
§ 4 44 corollary, differentiate both sides of this equation any number of 
times and then put p = 0 , doing so and writing 2( for x we obtain 


f?„ = 4n r 

JD 


dt 


A proof of this result, depeniiing on contour integration, is giien by (’arda, Moaattlwfte 
fiji,r Math und Pkya V (1894), pp 321 4 


Example Shew that 


.. 2» i’^x^~'clx 

" Tr^{Z‘“-l)Ju Biahx ^ 

e** — 1 

Now consider the function ( ^ ^ , which may be expanded into a 

Matlaunn senes in powers of f valid when | f | < 27r 

The Bemoullian polynomial* of order ii is dehned to be the coefficient of 
t* 

— m this expansion It is denoted by so that 

e'-l n! 

This polynomial possesses several important properties Wnting x+l 
for z in the preceding equation and subtractmg, we find that 

«e«= 2 l<^„(x+l)-^,(x)i^, 

»=i a ' 

On equating coefficients of t* on both sides of this equation we obtain 
= 4>n(^ + 1) - <pn(z), 

•which is a difference-equation satisfied by the function ^ (z). 

* The name waa given Baabe, Journal filr Math xlii. (1861), p 348 For a full disousuon 
of tbeir properties, see Nurlund, Acta Math iim (1920), pp 121-196 
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An explicit expression for the "Bernoullian polynomials can he obtained 
as follows We have 

e^-l=xt + — + 3 , + , 


and 


Hence 



t . t t 


t Btt‘ 

— I — — + 

2 21 4' 


I <t ‘„(z)t’' 
»-i n> 





t B,t' 
2"^ 2' 


4' 


From this, by equating coefficients of t” (§ 3 73), we have 

<f>„ (^) = -s" - J + „CiB^z'‘-^ - ^C,BtZ’'~' + nO,B,z"y‘ - 

the last term being that in z or z^ and „C,, being the binomial 

coefficients , this is the Maclaurin senes for the nth Bernoullian polynomial 


When 2 IS an integer, it may be seen from the ditfercnce equation that 
(A. = + !"-'+ +(r-l)” > 

The Maclaurin senes for the eipreasion on the nght was given hy Benioulli 


Example Shew that, when ft> 1, 

4>-(U“(-)*4>.(l-.*) 


7 21 The Euler Maclaunn expatieion 

In the formula of Darboux (§ 7 1) wnte for <j>{t), where <^n(0 the 
nth Bemoullian polynomial 

Differentiating the equation 

n — k times, we have 

*' (< + !)- (0 = n (n - 1 ) i-f*-'. 

Putting < = 0 in this we have (1) = (f)„ (0). 

Now, from the Maclaurin senes for <)>„(z), we have if I: > 0 

(0) = 0, 1 (0) = ^2'it) . 

,^i«-ii(0) = -i n<, <^„'«(0)-nh 

Substituting these values of (1) and (0) in Darboux’s result, 

we obtain the Eider-Maclaunn turn formula • 

^ A hiBiory of the fomala lb giveo by Baroefi, Proc. LondonMalh Soc (2), iii. (1905), p 253 
It w&a discovered by Euler (1732), but wss oot pubhebed st the time Euler oommanioatcd 
it (June 9, 1736) to Stirling who rephed (April 16 1738) that it included his own theorem (see 
§ 12 88) as a particular case, and also that the more general theorem bad been discovered by 
iiaolaunu , and Euler in a lengthy reply, waived his claims to priority The thaorun vae 
published by Euler, Comm Acad Imp Petrop ti (1782), [Published 1738], pp $8-97, and by 
Blaolaunn in 1742, freaUMe on Flazwnt, p 672 For information oonoermng the oorrespondenoe 
between Euler and Stirling, we are indebted to Mr C Tweedie 



128 


THE PEOCE8SES OF ANALYSIS 


[chap, v; 


{t~'a)f'{a)=-f{t)-f{a)-^-~ (/'(*)-/' (o)) 

i, -'-“-‘fey" 

- ^ (<)/“■'"■’ {« + (^ - «) <! rf«- 

In certain cases the last term tends to zero as n— »oo, and we can thu 
obtain an infinite series for /(z) — /(a) 

If we write <» for r — a and F{x) for /' (x), the last formula becomes 


[ /'(iE)d«T = i « (/’(a) + /'(a + 0))) 

J a 

* 1*1 

Mtn-t-l fl 

Writing a + ai, a + 2®, ... a + (r — 1) ® for « in this result and adding up, 
we get 

J" F (x) dx ** ** F{ti) F (a + ®) + y (o + 2®) + . . , + ^ F {u “{• i*®) 

M-l /_\Mn 


where 


„»>+J rl ir-\ 


This last formula is of the utmost importance in connexion with the 
numerical evaluation of definite inte^als. It is valid if F{x) is analytic at 
all points of the straight line joining a to o + r®. 

Examplt 1 If/(2) be an odd function of z, shew that 






Example 2. Shew, integrating by parts, that the reznainder after n terms of the 
expansion ot^z cot ^ 2 may be written m the form 


(2«)'sinr 


(Math. Trip. 1904.) 


7‘3. B^j/mann’$ theorem * 


We shall next consider several theorems which have for their object the 
expwnaion of one function in powers of another function. 

* Hewotm <2e Vlrslitut^ ii. (1799), p. IS. See also Dixon, Proc. London Math. Soe. xxxzr. 

(1902), pp. 1S1-1S8. 
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Let («) be a function of » which is analytic in a closed region S of which 
a is an interior point ; and let 

^ (a) = 5 . 

Suppose also that (a) 4 0. Then Taylor’s theorem furnishes the 
expansion 

and if it is legitimate to revert this series we obtain 

" - “ = i ” 

which expresses x as an analjrtic function of the variable {^(x)— 6), for 
sufficiently small values of | x — a | If then / (x) be analjrtic near x = a, it 
follows that /(x) is an analytic function of (4 (■*) — b] when | x — a | is sufficiently 
small, and so there will be an expansion of the form 

/(*) =/(“) + “i 14 (*) - + li 14 (*) - 61* + 1^, 14 (x) - 6)* + . . . . 

The actual coefficients in the expansion are given by the following 
theorem, which is generally known as Bumiann's theortm. 

Let 4' (*) be a function of x defined by the equation 


4(x) = 


^ — a 
4(x)-6’ 


then an analytic function f(z) can, in a certain domain of 'values of z, be 
expanded in the form 


J{z) =/(a) + '£‘ (u) j4(a))”] + R^, 


where 


— r f r4(-^)-61*' V' (,t)<l>'(z)dtdz 

2rri J a _<fi (t) — bj <b(t)~if>(z) 


and y is a contour in the t-plane, enclosing the points a and p and such Hat, if 
^ be any point inside it, the equation ^ (0 4 (0 6a« no roots on or inside the 

contour except* a simple root f = f. 


To prove this, we have 


4(0- 4(?) 
.±f‘ f f'(t)<f>'(ndtdi: (---« (4_(?)r 6i* 
SvrtJ.jy 4(0-6 l_*„o 14(0-61 

14(0-6)" 


+ r 


14 (0-61- 14 (0-4(0) 


] 


* It is ftstnmed that snob a contour can be oboscn if | s - a | be sufllcieotlj^ small; see 1 7*81. 

W. M. A. 9 
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But, by § 4'3, 

j_ (o - ^r /' (0 *' (^) (^) - f 

2in7« Jy J ^ (t) — 6 2B-t (w +. 1) (<) — 6)“+’ 

27rt(m + l) Jy (t-a)~+* (m + 1)! daT^ WlYWt > 

Therefore, writing m—1 for m, 

/(,) -/(a) + 2', 1/ W 1+ OM 

4. A f r« ^(j:)-fe 'l"~‘ /'(0»'(g)<^td;g 

■^2w»jJyL.^(t)-6j 4>(t)-<i>{^) ■ 

If the last integral tends to zero as n— »oo , we may write the right-hanc 
side of this equation as an infinite series. 


Example 1. Prove that 


*=a+ S ' - - — .- - , 

.=1 «! 

where 

To obt&ia this sxpauMion, wnte 

/(*)«*, 

ID tbs above expression of Burmann's theorem ; we thus have 
«=a+ J 

But, putting s— a^<, 

=i(n- 1)! X the coefficieot of <•"* m the expansion of 


= (n — 1) ! X the coeffioient of f*"* in 2 


(- YnTrita^ty 


' ^=0 (»— 1 — (2r- »4-l) ! 

The highest value of r which gives a term in the summation is riBn->l, Arranging 
therefore the summation in descending indices r, beginning with 1) we have 

(2»a)«-»+ .. j 

-(-)"■ C.. 

which gives the required result. 

JSxaimple 2. Obtain the expansion 
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Sxtmpli 3. Let a line p be drawn through the origin in the /-plane, perpendicular to 
the line which joins the origin to any point a. If e he any point on the /-plane which la 
on the same side of the line p as the point a is, shew that 


log/-«logo-b2 I 


J 

2wi + l 


k* + o/ 


7’31. Teixeira’s extended form of Burmann's theorem. 

In the last section we have not investigated closely the conditions of 
convergence of BUrmann’s series, for the reason that a much more general 
form of the theorem will next be stated ; this generalisation bears the same 
relation to the theorem just given that Laurent’s theorem bears to Taylor’s 
theorem ; viz., in the last paragraph we were concerned only with the 
expansion of a function in positive powers of another function, whereas we 
shall now discuss the expansion of a function in positive and negative powers 
of the second function. 

The general statement of the theorem is due to Teixeira*, whose exposi- 
tion we shall follow in this section. 


Suppose (i) that/(x) is a function of z analytic in a ring-shaped region A, 
bounded by an outer curve C and an inner curve c , (ii) that 8 (z) is a function 
analytic on and inside C, and has only one zero a within this contour, the zero 
being a simple one ; (iii) that a is a given point within A ; (iv) that for all 
points z of C we have 

10(a:)l<i0(z)|, 

and for all points z of e we have 

The equation 6(z) — ff (x) = 0 


has, in this case, a single root z = a: in the interior of C, as is seen from the 
equationf 




if 

2iriJc 


e(z) 

O' (z) dz 


of which the left-hand and right-hand members represent respectively the 
number of roots of the equation considered (§ 6’31) and the number of the 
roots of the equation ^ (z) = 0 contained within C. 


Cauchy’s theorem therefore gives 


[/, 


f(z) $' (z)dz 

c 0{z)-e{x) 


[ /(z) 0'{z)dz ~\ 

J, 0(z)~0(x)] 


* Journal fUr Math, ozxii. (l^K)), pp. QT-ISS See also Bateman, Trans, Amer. Math. Soo. 
xzviii. (1936), pp, 846<^56. 

t The ezpansiuQ ia juatifled bj § 4*7, isiuoe S ooQTergN aniformlj when c is on C. 

U)l 


y— 2 
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The integrals in this formula can be expuided, as in Laurent’s theorem, 
in powers of 6 (x), by the formulae 


f /(x)y(s)ds I f /Wj?l(*)^ 

JcO(x)-»(x) }c (*)■)*+> ' 


f{z)e'(z)dx _ =, 1 

e(z)-e(xy 

We thus have the formula 


/. 


,jf(z){ff(z)}--^e'(z)dz. 


/(*)= 2 A,{e{x)Y+ 2 


5. 


where 


Jii/c IW?'- *•-&;■//<'> <•>•<*■ 

Integrating by parte, we get, if n#0, 


=-^ f 

" 2winjc 




i f {tf(i 

r»» 7 / 


»}*/’ {*) *• 


^'1* „ - 
/C {<(«)}* ’ * 2<r.«. 

This gives a development of /(x) in positive and negative powers of 
(*), valid for all points x within the ring-shaped space A. 

If the zeros and poles of /(*) and ff(z) inside C are known, and £, can 
be evaluated by § 5‘22 or by § 6T. 

ExampU 1. Shew that, if | * | < 1, then 


2 Vl-h4r«y ^2.4 Vl+W 2.4.6 vi 4- W 


Shew that, when | jr | > 1, the aecood member representa x~'. 

Example 2. If denote the sum of all oombiDstions of the numbcn 
2*, 4«, e» ...(2»-2)», 

taken m at a time, shew that 


,JL+ i (-i'li 

ainz ,_o (2n-H2j ! \2n-p3 


I- 


En-H"’"' 3 


r(«) 




the expansion being valid for all values of z represented by points within the oval whose 
equation is | sin z | = 1 and which contains the point i^O. (Teiieira.) 

7 ' 32 . Lagrange's theorem. 

Suppose now that the function /(z) of § 7'31 is analytic at all points in 
the interior of G, and let 8 (x) = (» — o) (;r). Then 8i (*) is analytic and 
not zero on or inside C and the contour c can be dispensed with ; therefore 
the formulae which give j 1„ and If„ now become, “by § 5'22 and § 6T, 


£n=0. 


/'(s}de _ i ^ j. r(a) ] 

2'7nJt i (7 (z — d)’* (tf, (z))" » ! da"”* (6>," (a)j 


( 


f(js) ff (z) dz 
c d, (z) z — o 




1 ), 
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The theorem of the last section accordingly takes the following form, if 
we write 0, (z) =1/^ (*) . 

Let f (s) and ^ (z) he funetionz of z analytic on and tnride a contour C 
surrounding a point a, and let the such that the inequality 

\t4>{z)\<\z-a\ 

is satisfied at all points z on the perimeter of G , then the equation 

regarded as an equation in f, has one root -n the interior of C ; and further 
any function of ^ analytic on and inside C can he expanded as a power series 
in thy the formula 

/(?) “/(a) + [/'(»)!* («)!"] ' 

This result was published by Lagrange* m 1770 

ExampU 1 Within the contour surrounding a defined by the inequality 1 3 (3 — a) { > | a j , 
where | a | < ^ | a | , the equation 

fX 

— — *0 
t 

baa one root the expanaion of which le giren by Lagrange’s theorem m the form 
^ ■^,*1 «’(»-!)' a>*-> 

Now, from the elementary theory of quadratic equations, we know that the equation 

z 

has two roota, namely | {^ + ,y/(l + ^)} »“<* | “ \/0 our expanaion 

r4pre§en(4 the formari of those only—e>n example of the need for care in the diacuaeion of 
these series 

ExampU 2 If y be that one of the roots of the equation 
which tends to 1 when shew that 


y.. 1 + + 

, «(n + B)(« + 6)(K + 7) . , «(»+6)(n + 7)(n + 8)(» + 9) . . 

41 * - '•+••• 


so long as I « I < ^ 

Hxample 3 If « be that one of the roots of the equation 

T>=H-y«r* 

which ^tends to 1 when y-^0, shew that 

log*-y+-j- y»+' -V+-“. 

the expansion being ralid so Imig as 

|y I <1 

* Him. d€ VAead. de Berlin, xxxt.; Oeuvre*, ti p. 26. 
t The latter » outside the girea eontoor. 


(MoChatook.) 
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7 ‘ 4 . The expansion of a class offmctions in rational fractions*. 

Consider a function f(s), whose only singularities' in the finite part 
of the plane are simple poles a,, a,, a,, where 1 | < | Oa | $ |a«| $ : let 

hi, b,, b„ ... be the residues at these poles, and let it be possible to choose a 
sequence of circles (7„, (the radius of (?„ being with centre at 0, not 
passing through any poles, such that !/(r)l is bounded on C„. (The function 
cosec z may be cited as an example of the class of functions considered, .and 
we take (771+ i) TT.) Suppose further that oo as tti— » oo and that 
the upper bound f of \f{z) \ on C„ is itself bounded asj tti — »oo ; so that, for all 
points on the circle (7„, 1/ (z) | < M, where Jlf is independent of «i. 

Then, if ® be not a pole of f (f), since the only poles of the integrand ai e 
the poles of fif) and the point z^x.we have, by § 6T. 



/(f) 
z — x 


dz=f(x) + 


2 


h 

Or^a:* 


where the summation extends over all poles in the interior of c„. 
But If + -f(±-dz 

ZTTt ] X Z-TTt J ^ Z ZTTl J {Z -- X) 

= /(0)+2i'+* f /^, 

' r Or 2Tn } C^zlz-X) 

if we suppose the function / (z) to be analytic at the origin. 


Now as 711— TOO 
to infinity. 


■ f(s)dz 
C„z{z-x) 


18 0 (RaT'), and so tends to zero as m tends 


Therefore, making m— »oo , we have 

0 = fix) -/(O) + i; 6„ ( - i) - lim ^ , 

^ \a„-x aj 2m }c„z(s-x) 


which is an expansion of /(x) in rational iiactioDB of x; and the summation 
extends over all the poles of /{x). 


If 'af,{<|an^}| tbis senes converges uniformly throughout the r^on given by 
s where a is any constant (except near the points a J. For if be the radius 
of t!ie circle which encloses the points | j, 1 <Xi» i» the modulus of the remainder of the 
terms of the senes after the first n is 


I _L f /ifl* 

by § 4*62; and, given c, we can choose n independent of s such that 


* Mitteg-Leffler, Aeta Soe. ScieiU. FiOfmifiaey xi. (1880), pp. 278-298. See also Aeta Hath. tv. 
(1884), pp, 1-79. , 

t Which IS a faootion of in. 

X Of course need not (and fre^tomstly must not) tend to infinity ooniinuously ; e.g. in tite 
example taken (m + where ai assumes only integer values. 
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The ooRvergence is obviously still uniform even if | o, )< | | provided the terms of 
the series are grouped so as to combine the terms corresponding to poles of equal moduli. 

If, instead of the condition (/(i) | < Jfi we have the condition | f{z) | < Jf, where M is 
independent of m when z is on and /> is a positive integw, then we should have to 

expand | by writing 

J c 

1 i_.£, 

t 2*^“*'*^^'*'* (2 - x) ’ 

and should obtain a similar but somewhat more complicated expansion. 

Example 1. Prqve that 

cosec a«i- + l (-)* f f- “ h 

t ' V 2 - HIT nnj 

the summation extending to all positive and negative values of n. 

To obtain this result, let oosec 2 - ^ =/( 2 ). The singularities of this function are at the 
points Where n is any positive or negative int^er. 

The residue of / ( 2 ) at the singularity mr is therefore ( — )^, and the reader will easily 
see that \/(z) | is bounded on the circle 1 2 t=(n+J) ir as . 

Applying now the general theorem 

/(,)=/(0) + So.[^-^ + y, 

where c^ la the residue at the singulsrit; a,, we have 

But /(0)= Um 

0..^Q 2 Bin 2 

Therefore ooBBcr=i + J(— )*r — K— It 

* Lr-«ir mrj 

which is the required result. 


Example 2. If 0 <a< I, shew that 

«** 1 ” 2r cos 2«air — 4air ain Snatr 

«•— 1 ” * ^,.1 »*+4»’ir’ ’ 

Example 3. Prove that 

1 _ ^ _ 1 1 a, 1 

Ss-jc* (cosh * — cos 2>ri'‘ s'— e*’ w'+lx* (2ir)* + Jx* 

3 1 I 

^ s»-s-»'(8w)*+i**^‘" 

The general term of the series on the right is 

• (-)'»• 

(grv _ 5-rw) + > 

which is the residue at each of the four singularities r, — r, ri, - n of the function 


IT* 

(wV* +1**) («” - S-”) sin rf ’ 
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The siQguUritiea of this Utter fanotion which ere not of the tjpe - r, n, - ri are 
at the hve points 

o (±1±0^ 

2r“ 

2 

At z»0 the residue is — ^2 * 

ir** 

at each of the four points — , the residue is 


Therefore 

[-\yT 


4 1 


{%irj^ (ooe s — ooeh 
2 ^ 


(rjr)* + idr‘^ir;p* »rJr*(oo8h x-co8;r) 

^ y r ______ 

” 2irt J c (irV +i:t4) («■■ - irz ’ 

where C is the circle whose radius is n+i, (n an integer), and whose centre is the origin. 

But, at points on (7, this integrand is 0([ g ; the limit of the integral round C is there- 
fore zero. 

From the last equation the required result is now obvious. 

ExampUi. Prove that 4 ,r + . 

ExampU 6. Ptove that oosech ^ ' 

BxampU 6. Prove that aeoh x~in + ...) . 

ExampU 7. Prove that coth + + - ) ’ 

ae « J ^1 

Example 8. Prove that I I t-x-. — a. , . . = “i. •®**' 

(Math. Trip. 1899.) 

7'6. The eapansicm of a does of functions cu infinite products. 

The theorem of the last article can be applied to the expansion of a certain 
class of functions as infinite products. 

For let /(*) be a lunctioti which has simple zeros at the points* 
a,, a,, a, where lim | a« { is infinite ; and let f{z) be analytic for all values 

of s. 

f (r) 

Then /' ( 2 ) is analytic for all values of s (§ 5-22), and so 
singularities only at the points a,, a,, a,, .... 

Consequently, by Taylor’s theorem, 

f(s) = (2 - a,)/' (a,) + r {ar)+... 

/' (^) = /' («r) + (* - «r)/" (Or) + • • • • 

* Theae bung the only teroa ot/(<) ; sad 0,^0. 


and 
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It followi immediately that at each of the points Or, the function 


/'if) 

m 


has a simple pole, with residue + 1. 

If then we can find a sequence of circles C„ of the nature described in 
f> 

§ 7'4, such that is bounded on C„ as m—¥oD, it follows, from the 

expansion given in § 7A, that 


/:(f)=/'iO) , 5 1 j_+ii 
/(«) /(O) .t, V - a„ On 


Since this series converges uniforndy when the terms are suitably grouped 
(§ 7'4), we may integrate term-by-term t§ 4'7). Doing so, and taking the 
exponential of each side, we get 

/(.) = cc^(»> nj(i --)*-}, 

where c is independent of z. 

Putting 2 = 0, we see that/(0) = c, and thus the general result becomes 

/(2) =/(0)s'^’‘ n_ j(i 

This furnishes the expansion, in the form of an infinite product, of any 
function f{g) which fulfils the conditions stated. 


Exampfs 1. Consider the function f j which has simple zeros at the points 

rir, where r is auj positive or u^ative int^^r. 

In this case we have ^(0)=1, ^'(0)=0, 

and so the theorem gives immediately 




for it IS easily seen that the condition concerning the behaviour of 
fulfiUed. 


/(«) 


as 


1 1 |-^Qo is 


Example 2. Prove that 

{-©I {-(l©-.)’! {-©‘Jl 

cosh i— COS X 
1 — oosx 

» (Trinity, 1899.) 

T'B. The factor theorem of Weierstrrtee*. 

The theorem of § 7'5 is very similar to a more general theorem in which 
the character of the function /(e), as j e I—* oo , is not so narrowly restricted. 


' Ssrlintr AM. (1876), pp. 11-60 ; Mmth. Werkt, n. (1896), pp. 77-lM. 
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Let /(«) be a function of t with no eseential singularities (except at ‘ the 
point infinity ’) ; and let the zeros and poles of f{z) be at Oi, a,, a,, , where 
0 <|o,|^la,|^|a,| Let the zero* at a,, be of (integer) order 70^. 

If the number of zeros and poles is unlimited, it is necessary that 
|o„|->oo, as «-+<»; for, if not, the points a,, would have a limit points, 
which would be an essential singularity of /(z). 


We proceed to shew first of all that it is possible to find polynomials 
Pa (z) such that 


n 



converges for all+ finite values of *. 

Let K be any constant, and let |r|< JT; then, since la„|— »ao, we can 
find N such that, when a > W, | On I > 2 j 5 r. 


The first N factors of the product do not affect its convergence]: ; consider 
any value of n greater than N, and let 


) +...+• 


Then 


k^-iyaj 

I ^.lOlVOn' I m.k, m\an/ 


since < j. 

Hence 


I On I i»=ol®n| 

< 21 (Zo,->)*-l, 




where lu„(z)| ^21m„(Xo„-')*-|. 

Now TO« and o* are given, but k„ is at our disposal ; since ira»~‘ < we 
choose E. to be the smallest number such that 2lT«»(Z^a,“‘)**|< 5*, where 

S 6n is any convergent 8ene8§ of positive terms. 

Hence U flfl - Pl * H 


where | Un (^) { < &n ; and therefore, since bn is independent of s, the product 
converges absolutely and uniformly when {r{< except near the points 0^. 


* hare regard a pole aa beiaga^^ero of segatire order, 
t From the two'dim^eional aaalGgne of g 2*31. 

X Provided tbat x ie sot at one of the poiste for which ia native. 

'g E.g, we might take 
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Now let “ n j^|(l ~ e»» w I J 


Then, if /(a) -^ ^ («) = 6, («), 0,(z) is an integral function (§ 5’64) of x 
and has no zeroa 


It follows that ^ analytic for all finite values of z ; and 


so, by Taylor’s th^rem, this function can be expressed as a series 2 nbnS:’'~^ 
converging everywhere ; integrating, it follows that 

G.(r) = ce«w 


where 0{z)— 2 and c is a constant ; this series converges e^ erywhere, 

nol 


and so 0 (z) is an integral function. 

Therefore, finally, 

/W./(0),«»fi [{(!-£),..»)'] 

where G (z) is some integral function such that G (0) = 0. 

[Note. The presence of the arbitrary element O (z) which occurs in this formula for 
f (») is duo to the lack of conditions as to the behaviour of /(*) as r |-i» co .] 

Corollary. If racial, it is sufficieut to take i„=n, by 2’36. 


7'7. The expansion of a class of periodic functions in a series of 
cotangents. 

Let f(z) be a periodic function of z, analytic except at a certain number 
of simple poles; for convenience, let vr be the period of f{z) so that 
/(^) =f{s + ir). 

Let z’^x + ig and let f{z)—*l uniformly with respect to x as y— r + oc , 
when 0 < a: < w ; similarly let f(z)—*l' uniformly as y—r— os. 

Let the poles of f{z) in the strip 0<ai$7r be at tt,, o,, ... o„; and let the 
residues at them be c,, 

Further, let ABCD be a rectangle whose comers are* — tp. or — ip, 
or + ip' and ip' in order. 

Consider 2^ j f (t) cot (t — z) dt 

taken round this rectangle ; the residue of the integrand at a, is c, cot (a, — z), 
and the residue at z is f(z). 

^ Also the integrals along DA and CB cancel on account of the periodicity 
of the integrand; and as p—*ao, the integrand on AB tends uniformly to Vi, 
while aa p’—*ao the integrand on CD tends uniformly to — K; therefore 

I (/' + 1) ’=f{z) + 2^Cr cot (a, - z). 

* If any of the poles ere on x = shift the rootftogls slightly to the right; are to bs 
tsksn so large that S|, are inside the reotangU. 
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That is to say, we have the expansion 

/(*) “ j (i' + 0 + 2^ c, cot (it - a,.). 

ExampU 1. 

oot(x-aj)cot(j? — Oj) ... cot (dr— On)— I Oi). cot(o,.— an)oot(jt — OT) + { — )4”, 

r*l 

n 

=1 oot(o,-ai)...*...oot (a,-H,)cot(a;-Or), 

f“l 

according as n is even or odd ; the • means that the factor cot (c^.— a,) is omitted. 

ExampU 2. Prove that 

•• M si n (a, — , sin (o i — fc,) 

sin {jr-^0|) Bin (x— oa) ... sin (x— On) sin (aj — oj) ... sin (o^-^) ^ 

+ eot (X- a,) 

sin (os-a,) ... SID (Oii-a,) ' ' 


+ cos(a,+a,+ ... + a^-bj-bi- ...-h,). 


7'8. Borel's theoremf. 

Let/(x)==^X^a,x" be analytic when |«|s:r, so that, by § 6’23, | o„r"| < if, 
where M is independent of n. 

Hence, if <f) (r) — X , </> (r) is an integral function, and 


and similarly | (r) | <; ifel'I/i'/j-’*. 

Now consider /i(*) = j" e~‘<fi(xf)<it; this integral is an analytic function 
of z when | a | < r, by § 5-32. 

Also, if we integrate by parts, 

/i {*) = (^) j + ^ J «■* (*0 

=^X^*"‘ + *^' / (««) dt 

But lim (zt) = ; and, when I x | < r, lim «"• AW (zt) ■= 0. 

M TV/ 


Therefore 


/,(x)- 2 a,x"> + iJ., 
n-o 


t Ltfotu ntr la mtU$ divtrgmta (1901), {). 94. 8es also ths mnnoin thus oiisd. 
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where | jR„ 1 < j /"+* if dt 

Jo 

» |rr^ 1“+'^ (1 — I «| »0, as n— »oo . 

Consequently, when 1 a [ < r, 

fllwrO 

and BO f(z)^ I 

' 0 

where <f>(z)= 1, — — ; ^ (i) is called BoreV s function associated with 2 a-^. 
«=o n\ 

If 8^ Z a, and d>(M)^ Z and if we can establish the relation / e~‘d) (t) dt, 

UkO AstO ^ * / 0 

the series S is said (§ 8*41) to be *»ummahle (BY ; so that thr* theorem just proved 
shews that a Taylor’s series representing an analytic function is summable (B). 

7*81. BoreP* integral and analytic continuation. 

We next obtain Borel’s result that his integral represents an anal 3 rtie function in 
a more extended region than the interior of the circle 1 1 j *r. 



This extended region is obtained as follows: take the singularities 6, c, ... of f{t) and 
through each of them draw a line perpendicular to the line joining that singularity to the 
origin. The lines so drawn will divide the plane into regions of which one is a polygon 
with the origin inside it. 

Then BorePe integral repreeenU an analytic function (which» by § 6*6 and § 7*8, is 
^obviously that defined by /(«) and its oontiDuationa) throT^hout ike interior of Uiit 
polygon. The reader will observe that this is the first actual formula obtained for the 
analytic continuation of a function, except the trivial one of § &'5, example. 

For, take any point P with affix C inside the polygon ; then the circle on OP as 
diameter has no singularity on or inside it*; and consequently we can draw a slightly 

* The reader will see thiH from the figure ; for if there were snob a singularity the eonrsqpond- 
ing side of the polygon would pass between O and P ; i.e. P WQuld be outside the polygon. 
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larger concentric circle C with no aingtilarity on or inside it. Then, by § 6* * * § 4, 


and 80 

oe jf*/* f (g) 

but 2 converges uniformly (§ 3*34) on O since /(g) is bounded and j z [ > fl > 0, 


where d is independent of g ; therefore, by § 4*7, 


and 80 , when t is real, j <f) ({i ) ) < where -P(0 w bounded m any closed region lying 

wholly miide the polygon and la independent of / ; and \ is the greatest value of the 
real part of (jz on C. 

If we draw the cii*cle traced out by the point zf(y we see that the real part of (/z is 
greatest when z is at the extremity of the diameter through and so the value of X is 

We can get a airailar inequality for (p' {(t) and hence, by § 5*32, J dt is 

analytic at ( and la obviously a one-valued function of (. 

This IS the result stated above. 


7*82 Eaypansions in series of inverse factorials, 

A mode of development of functions, which, after being used by Nicolef 
and Stirling^ in the eighteenth century, was systematically investigated by 
Schlomilch§ in 1863, is that of expansion in a series of inverse factorials. 

To obtain such an expansion of a function analytic when 1 -r [ > r, we let 

the function be f(s)- 2 and use the formula f(z)^ [ ee~^<p(t)dt, 

11=0 Jo 

where 2 a„t"j(n !) ; this result may be obtained in the same way as 

n*0 

that of § 7'8. Modify this by writing «~' = 1 — f , (0 = -T (f) ; then 

/(s)=f'z(i-iy-‘F(()ds. 

J 0 

Now if t = u + iv and if t be confined to the strip — 7r<ti<'7r, tisa one- 
valued function of f and F{^) is an analytic function of f ; and f is restricted 
so that — TT < arg ( 1 — f) < •tt. Also the interior of the circle | f | = 1 corresponds 

* The difference of the rtdii of the circles beii^, say, 8. 

t M€m de I* Acad, dee Sci, (Puis, 1717); see Tweedie, JVoc, EditC Math- 8oe. xxxvx. (191B), 

X Mzihodug ViffertntiaUg (Liondon, 1780). 

§ Com^endxum der kbheren Anelytu. More recent investigations are due to Klayver, Nielsen 
and Pinoherle. See Compt^ JR^ndue, ^uxm. (1901), oxxxiv. (1902), AnnaUi dz V^eoU norm. 
rap. (3), XIX., XXII., xxm., ihtftdiconti dti Linen, (5), xi. (1902), and Palermo Rendneonti, xzxiv. 
(1912). Properties of fonettcuM defined by senes of inverse factorials have been studied in an 
important memoir by Ndrlui^ dcia Math. xtxrtL (1914), pp. 837'>B87. 



143 


7 ’82] THE EXPANSION OP FUNCTIONS IN INFINITE SERIES 

to the iaterior of the curve traced out by the point t * — log ^2 cob j ^ 
(writing f = exp {» (6 + w)j) ; and inside this curve 

1 1 1 - iJ (0 « [(-R («)1* + - i? (0-*o. 

as R (t)-* ao . 

It follows that, when ] f | < 1, 1 ^'(f) | < < if, | s'* j, where if, is in- 
dependent of t ; and so i’(f) < if, | (1 — |. 

Now suppose that 0 < f < 1 ; then, by § 5’23, j i"'”' (f) | < M, .nlp~^, where 
if, is the upper bound of \F(z)\ on a circle with centre f and .radius 

Taking p =• ^ ^ (1 — f) and observing that* (1 % n~‘)" < e we find that 

[ ® I < V. [i - j{ 4 -; t)]’ . . ! 

<M,e(n + iy n!(l-f)->-*. 

Remembering that, by § 4'5. I means lim f , we have, by repeated 

Jo t-^+oJo ^ 

integrations by parts, 

/(!)= lim r-(i-f)«/’(f)l’'% r'\i-(yrmdS 

*•*■+0 L Jo ^ 0 

.-►+0 L Jo ^ + 1 L Jo 


^ I , + “• 4. j. !?_ I p 

“ r H- i (x -I- 1) (r H- 2) ^ (r -I- 1 ) (x + 2)7. . (r H- np "* ■ 

where 6,. = lim — (1 — (f) 

«-»o L Jo 

- F<^i (0), 

if the real part of x + n — r — n > 0, Le. if JJ (x) > r ; farther 

if,e (n + 2)’’. re! 

I (x -h l)(x -I- 2) ... (x -l-re)|.iJ(x — r) 

i f,e(w + iy .n\ 

' *^(r + l + i)(r-t-2-t-S)...(r + »-l-8).S’ 

where S = if (x — r). 

• (! + *“*)■ inoieues with *; for 'oR “ t® 

•*7, putting p->»l+x, ^xlog(l+s~’)=lag (1+*“')- 
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Now + 

tends to a limit (§ 2-71) as n—»oo , and so | 2i„|— »0 if (w.+ tends 

to zero ; but 

1 l/m > j — ■«log{n + l), 

by § 4’48 (ll), and (n + 2)^ (n + »0 when S > 0 , therefore as 

n—><x> , and so, when R (*) > r, we have the convergent expansion 

jT/ \ _ J, 1 ^ I I , 

^ ‘■^z+1 ■^(z + l)(zH-2)'^'"'*'(z + l){r + 2)...(z + n)'^' - 

ExempU 1. Obtain tb« aam« axpantion by uaing tbe reaulta 

(f +l)i.+il..C+n+i) - - “)■ 

I *['/(«) 

Jc ‘-t Jc Jd 
SjtmmfU 2. Obtain the azpanBiou 

. _ A , I “i “« 

10g^l + -j + 

where t(l — 

and diacuBH the r^on in which it conTCigaa. (Scblomilch ) 
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i 

MiaCELLANEOUS EXAMPLES. 

1. If y-x~<^(y)sO, where ^ is a given function of its argument, obtain the 
expansion 

m-m+f ^ {t> (^;i- (, 

where / denotes any analytic function of its argument, and discuss the range of its 
validity. (Levi-CTivifci, Rend, dez Mncet^ (5), xvi. (1907), p. 3.) 

2. Obtain (from the formula of Darboux or otherwise) the expansion 

/ W -/(a)_ {/,.)(.) _ ; 

hrai the remainder after n terms, and discuss the convergence of the series. 

* The expansions oonsideied by Bromwich are obtained by elementary methods, i.e, withoot 
the use of Oauohy’s theorem. 
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3 Shew that 




(m')' 


where 


+(-)•*•+' y,(()/C+» (ic+it) dt, 


and shew that (x) i« the coefficient of a ’ /• in the eipanaion of {(1 — fr) (1 - ^a)} ” ^ jn 

ascending powers of t 

4 B/ taking 

m the formula of Darboux, shew that 

/(:r + A)-/(r)- _ 

+{-rA'*'j\ (<)/»*+*' (x + ht) di, 

, }—r ^ V u* 

where . + + 

5 Shew that 

/W-Aa)- i (-)«-! (a)+/l»«--) (,)} 

Bl = l 

1 /I 

+ -S„, (,_„))*, 

where (<) = 

8 Prove that 


r <<•“ 


Lds-*’ 

V«‘+i/J. 


/(**) C^“ ^i)/ + (^i) — (^8 ~ (h) 

-C 4 (z!-2i)‘/*'(ri) + . . P(-)*(rs-i|)”*' (*** “)} + * ► 

ID the senes plus signs and miuus signs occur in pairs, and the last term before the 
integral is that involving (sj— Ji)*, also f, is the coefficient of r* in the expansion of 

cot in ascending powers of t (Tnnity, 1899 ) 


7 If Xi and xj are integers, and 0 (z) is a function which is analytic and^bounded for 
all values of z such that x, ^ f{ (z) ^ x,, shew (by integrating 

( ^{‘)ob 
) ,*»•«_ 1 

sround indented rectangles whose corners are X| , X| , xj ± m i, X| + m t) that 
(Xi)+<^(x, + l)+^(Xi+S)+ +i^(x,- 1)+J(^(x,) 

= (z) rfz+ i I ’ 4»(^z+»y)~»<^i+»y.)-4»(»»-»y)+»(^i-*») ^ 

J ti » y 0 e^¥— I ‘S' 

Heooe, bj applying the theorem 


W M A. 


10 
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. are BemoiUli’a numbers, shew that 


4.(l)+</>(2)+...+0(n^-e+i0(»)+ j'4,(t)dz+ 

(where (7 is a constant not involving «), provided that the last series converges. 

(This important formula is due to Plana, Mem. della H. Accad. di Torino, xxv. (1820), 
pp. 403-418 ; a proof by means of contour migration was publiahod by Kronocker, 
Joamaifiir Ma(A. cv. (2869), pp. 34^-346. For a detailed histoiy, see Lindeldf, Le Cadcul 
dee Rdtidv*. Some applications of the formula are given in Chapter iii.) 

6. Obtain the expansion 

for one root of the equation xt«2i4 + and shew that it converges so long as | jt { < 1. 

9. If denote the sum of all combinations 'of the numbere 


taken m at a time, shew that 


1* 3% 6* ... ^2n-l)», 




(_)» + ! r22(i»+i) 




2*» 


> "2(»H) 3 


~ j- sin** * ^ z. 
(Teixeira.) 

10. If the function f(z) U analytic in the interior of that one of the ovals whose 
equation is | sin « | ** C (where 1), which includes the origin, shew that /(«) can, lor all 
points z within this oval, be expanded in the form 

. /<»>i(o)+.sg>/i*-‘)(o)+. (0) 

’ — ^ 8111*' » 

2n ! 


/■{*)“/((>)+ S' 


/I««->»{0) + ... + S;’' f (0) 


+ z 

HsQ 


where iS 


(2n + l)! 

is the sum of all oombinatioos of the numbers 
2*, 4*, 6», ... (2»-2)*, 


taken m at a time, and denotes the sum of all oombinatioDS of the numbers 


taken m at a time. 

11. Shew that the two senes 


1*, 3*, 5* ... (2a-l)*, 


(Teixeira.) 


2z* 


and 


22 

1 - 2 *' 


2 /_& Y 2.4 / 2^ Y 


reprint the same function iii a certain i^on of the t plane, and can be tiansformed 
into each other by Burmann’s theorem. 

(Kapteyn, JVieitw Arc/ttef, (2), ill. (1897), p, 22f>.) 

12 If a function /(z) is periodic, of period 2fr, and is analytic at all points in the 
inhnite strip of the plane, included between the two branches of the curve | 8 in 2 |«C' 
fwhei\5 C> 1), shew that at all points in the strip it can be expanded in an infinite series 
of the form 

/(z)=AQ-hAj 8in2 + ...+^i»8m*x-|....... 

+ cos z (fli + ^8 sin * + . . , + sin"" * 2 + . * . ) ; 

and find the coefficients A. and B,,. 
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13. K <l> and y are connected b; the equation 
of which one root is a, shew that 

1 d>' (d>*)' iPf") 

1 1- ff,pY I - iT^TT! +•■•' 

X”* 

the general term being ( — )* — - - OQultiplied by a determinant in which 

the elements of the first row are C^*/, («/>*) > 6B,ch row is the 

diflferential coefficient of the preceding one with respect to a; and F, /, F\ ... denote 
F{a),f(a),F‘{a) 

(Wronski, Philoiophie de la Technie^ Section li. p. 381. For proofs of the theorem 
see Cayley, Qvarterl^ Jourrud^ xil. (1873), Tranaon, Nouv. Ann. de ^ath. xiii. (1874), and 
G, Lagranges Brax. Mem. Couronnee., 4“, XLVii. (1886), no. 2.) 


14. If the function W{a^ i, .a;) be defined by the series 

H.(a, i, 


which converges so long as 


show that 
and show that if 


^ ir(o, 6,ir)-I+(«-A) W(a-b,b,x); 


and show that if y= W (a, b, s), 

then x= a, y). 

Examples of this function are 

H'(l, 0, x)=e'-l, 

If (0, 1, x) = log (1 +x), 

W(a, 1, x)=^-i^^. 


15. Prove thaf 


where (?h 


_}: } +l 0 

« a ^ , 91* a. 

2 0 » • 0 

ncO 


2a| 

On 

0 

0 

... 0 1 

4aj 

3a| 

2oc 

0 

... 0 1 

6aj 

5ay 

4a, 

Sop 

0 I 






nOn 




«1 


^and obtain a simikr expression for 


16. Shew that 


(Mangeot, d«?i. de VEoole norm. sup. (3), xiv.) 


('<^1 


10—2 
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whore Sr is the sum of the rih powers of the reoiprooals of the roots of the equation 

r=0 

(Qambioliy Boloffna Memone, 1892.) 

17. If («) denote the nth denvate of f{s)y and if (e) denote that one of the nth 
integrals of /(<) which has an n-ple zero at shew that if the series 

is conTergent it represents a function ote+x ; and if the domain of oonvergeiice includes 
the origin in the ir-plane, the series is equal to 


1 /-.(*+^)?.( 0 ). 

Obtain Taylor’s series from ibis result, by putting 
18. Shew that, if a; be not an integer, 

2^+«i+« 


(Guichard.) 


2 


0 


»=-..(ar+m)* ( x+b)“ 

as , provided that all terms for which m=n are omitted from the summation. 

(Math. Trip. 1895.) 


19. Sum the Series 


p 

2 

s* — 9 


^ n) ’ 


where the ralue n..O is omitted, and^, q are positive integers to be increased without 
limit. 

(Math. Trip. 1896.) 

20. If shew That 


F{x)==e’ 


and that the function thus defined satisfies the relations 

1 


S j 

\ 



'l+-) 
^ «/ 



Further, if 


= F(x)F( 1 -x)-2BiDXW. 

/: 


2* F 

^( 2 ) = 2 + p + -,+ ... 


log (!-<)*, 


shew that 
when 

21. Shew that 


1 1 I <1. 


(Trinity, 1898.) 




n {l-2«-«vooe(a:+8,) + «-*rr}^{l-*«“*»®®"('®-(®»)+*'M* 

■ , , . 

(1 -ooe*)‘* 


where 

and 


a it sin* 


«•, 3,-io 

0<*<2»-. 


(Mildner.) 
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23. If I I < 1 and a is not a positive integer, shew that 

,.in-o !-«»■'* jo <-* 

whore C IS a contour m the ^plaue enclostug the points 0, x 

(Lerch, Ccuopis, xxi (1892), pp. 66-68 ) 

23 If ^ («X ^ (*)» . are any polynomials m «, and if F{i) be any integrable 

function, and if (s), ( 2 ), . be polyii<miiais defined by the equatimu 

J m t — X 

f F(x) 4 ., (*) 

J m * — 4? 

shew that = + 


+-W 




~4^) j. (■*) •• 


(■*) 


dx 


24 A system of fiinctions (s), pi ( 2 ), y>s( 2 ), ... is defined by the equations 
Po(*)-l. P..i(»)-(«*+<».* + ».)P«(*). 

where a, and 6, are given functions of n, which lend respectively to the hraits 0 and - 1 
as nnh.® . 

Shew that the region of coovergenoe of a senea of the form where ejy e|, ... 

are independent of 2 , is a Cassini’s oral with the fooi 4* 1> ~ I 

Shew that every function /(r), which is analytic on and inside the oval, can, for points 
inside the oval, be expanded in a senes 

where 

j (“.+*)?.W/W*. =»'=2^, J?.(»)/W*. 

the integrals being taken round the boundary of the region, and the functions ( 2 ) being 
defined by the equations 

(Pinchorie, H«7ui dei Linceiy (4), v (1889), p. 8 ) 


25 Let (7 be a contour enclosing the point a, and let ^ ( 2 ) and /( 2 ) be analytic when 
2 IS on or inside C Let I r I be so small that 


^ when 2 18 on the ponphery of C. 
By expanding 




± rf, 


in ascending powers of shew that it is equal to 
Hence, by unng §§ 6'3, 6 31, obtain liagrange's theorem. 



CHAPTER VIII 


ASYMPTOTIC EXPANSIONS AND SUMMABLE SEBIES 
8'1. Simple example of an asymptotic expansion. 

Consider the function f (x) = j t“‘ e^~‘ dt, where x is real and positive, 


and the path of integration is the real axis. 

Bv repeated integrations by parts, we obtain 


(-)“«' r 

■' 9 


ef^’dt 


In connexion with the function f(x), we therefore consider the expression 


and we shall write 


af 


5 112 ' ^ 

JEo"”* “ i ^ ^ " • • • 

Then we have | j = — ♦ « as m— »oo. The series 'S.Um is there- 

fore divergent for all values of x. In spite of this, however, the senes can 
be used for the calculation of fix), this can be seen in the following way. 

Take any fixed value for the number n, and calculate the value of <S„ 
We have 

fix) - S„ ix) = (-)”+' (n + !)• £ , 

and therefore, since SI, ' * * 


|/(ir) - S„(ir) I = (a + 1)!/' < (n + 1)! = 


n ! 

5^’ 


For values of a; which are sufficiently large, the right-hand member of this 
equation is very small. Thus, if we take x'^2ny we have 

which for large values of n is very small. It follows therefore that the value 
of the function fix) can be calculated until great accuracy for large values of x, 
by taking the sum of a suitable number of terms of the senes Xum. 

Taking even fairly small values of x and n 

^s(10)=0'09152, and U</(l(J)-iSj(10)<0-0001X. 
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The series is on this account said to be an asymptotic expansion of the 
function /(®). The precise definition of an asymptotic expansion •will now 
be given. 


8'2. Definition of an asymptotic eccpansion. 


A divergent series 




+ ..., 


in^which the sum of the first (n + 1) terms is S„ is said to be an asymptotic 
esepansion of a function f(ji) for a given range of values of argx, if the 
expression {z) = z’‘ {/ (z) — iS* (x)) satisfies the condition _ 


lim Rn (z) = 0 I n fixed), 
even though lim |iE„(x)| = oo (x fixed). 

n ® 


When this is the case, we can make 


I 2” {/(^) - (^)l ! < «. 

where e is arbitrarily small, by taking |x| sufficiently large. 

We denote the fact that the series is the asymptotic expansion of /(x) by 
writing 

f{z)~ t A„zr\ 

n-0 

The definition which has just been given is due to Poinoar^*. Special 
asymptotic expansions had, however, been discovered and used in the 
eighteenth centurv by Stirling, Maclaurin and Euler. Asymptotic expan- 
sions are of great importance in the theory of Linear Differential Equations, 
and in Dynamical Astronomy ; some applications will be given in subsequent 
cHapters of the present work. 

The example discussed in § 8'1 clearly satisfies the definition just 
given : for, when x is positive, | ®” {/(®) — Sn (a)j ] < n 1 — » 0 as ® — > cc . 


For the sake of simplicity, in this chapter ive shall for the most part consider 
asymptotic expansions only in .connexion with real positive values of the argument. 
The theory for complex values of the argument may be discussed by an extension of the 
analysis. 

* 8 21 . Another example of an asymptotic expantion. 

As a second example, consider the function /(.r), represented by the senes 


where x > 0 and 0 < c < 1. 


/(*)- i 


x+t’ 


Acta Mathsmattea, rut. (18B6), pp. 396-344. 
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The ratio of the ith term of this series to the {h^~ l)th is lew thao and oonsequentlj 
the senes converges^ for all positive values of x. We shall confine our attention to positive 
values of x. We have, vrhnn x > it, 

_1_ ^ 1 > . 

x+k 


1 

X a* X® 


If, therefore, it were allowable* to expand each fraction in this way, and to 
rearrange the series for / (x) in descendii^ powers of x. We should obtain the formal series 


where 




But this procedui^ is not legitimate, and in fact 2 A„s^ diverges. We can, however, 

ubI 

shew that it is an asymptotic expansion of /(x). 

For let 




Then 




90 that (/■(*)-5,(*)|~|^2^ 




Now S k^'c* converges for any given value of n and is equal to say ; and hence 


(/(x)-.S,(x){«7„x 

Consequently /(•*^)"' * 

«isi 

Example. If /(x) = J dty where x is positive and the path of integration is the 

retd axis, prove that 


. I \ ^ 6 


[In fact, it was shewn by Stokee in 1857 that 


1^6 
2<jJ ' 




the upper or lower sign ia to be taken according as - i>r <aig * < Jw or Jw <arg ^ < Jw.] 


8'3. Multiplication of asymptotic expansions. 

We shall now shew that two asymptotic expansions, valid for a common 
range of values of arga, can be multiplied together in the same way as 
ordinary series, the result being a new asymptotic expansion. 

For let /W~ i ^(*)- X 

m^U 


It is not allowable, sinoe il:>4; (or all terms of the series after some definiU tsm. 
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and let iS„(«) and Tn{t) be the sums of their first (n + 1) terms; so that, 
n being fixed, 

/(x) - Sn (z) = O (x-"). ^ (z) - Tn (z) = O (z-”). 

Then, if €„ = AoBm + + ...+AmBf, it is obvious that* 

S„ (z) T„ (z) = 2 CnX-"* + o (x-“). 

But f(z) if, (z) = {S„ (z) + o (zr^)] [T^ (z) + 0 («-")) 

= S„ (z) r„ (z) + 0 (x-”) 

= 2 C^zr” + 0 (z-"). 

m^O 

This result being true for any fixed value of n, we see that 


/(x)<^(x)~ 2 

8'31. Integration of asymptotic expansions. 

We shall now shew that it is permissible to integrate an asymptotic 
expansion term by term, the resulting series being the asymptotic expansion 
of the integral of the function represented by the original series. 

For let /(it) ~ S A^ar~*, and let Sn (a) = S AmX~'". 

«i = 8 me* 

Then, given any positive number «, we can find such that 
|/(x:)-iS„(,a:)i< €la|“" when x>x„ 

and therefore 

IJ /(x)dx-j S,v (a) (ir I •? J \f (x) - Sn(x)' dx 






and therefore 


f{x)dx^ 1 


t (w - l)a^" 


On the other hand, it is not in general periaiB8ible+ to differentiate an asymptotic 
eVpaosioD ; this may be seen by considering mn (e*). 

8‘32. Uniqueness of an asymptotic expansion. 

A question naturally suggests itself, as to whether a given series can be 


* See $ 2*11 ; we uie o to denote any fanotion V'(<) that z*^ ^ (z)^0 m I z . 
t*For a theorem concerning differentiation of oeyroptotie expansions representing aoaiytio 
fanctions, see Bitt, Bull, American Math. Soe, xzxv. (1918), pp. 235-397. 
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the asymptotic expansion of several distinct functions. The answer to this 
is in the affirmative. To shew this, we first observe that there are functions 
L (x) which are represented asymptotically by a series all of whose terms are 
zero, i.e. functions such that lim a:’‘i(a:) = 0 for every fixed value of n. The 

« Of 

function er^ is such a function when x is positive. The asymptotic expansion • 
of a function J (x) is therefore also the asymptotic expansion of 

J(x) + L (x). 

On the other hand, a function cannot be represented by more than one distinct 
asymptotic expansion over the whole of a given range of values of z ; for, if 

/(r)~ I A,^, f{z)~ S 

msO «n=0 

then lim + 4*- - ... 

which can only bo if Ao=So: -^ 1=^11 ■■■ 

Imjiortant examples of asymptotic expaneions will lie discussed later, 111 connexion 
with the Gamma-functiou (Chapter xii) and Bessel functions (Chapter xvil). 

8'4. Metnoda of ‘ summing ' series. 

We have seen that it is possible to obtain a development of the form 

/(x)= 2 A^x-"' + R„{x\ 

»i=0 

«c 

where ♦ 00 as n— » 00 , and the series 2 dm®”™ does not converge. 

We now consider what meaning, if any, can be attached to the ‘ sum ’ of 

a non-convergent senes. That is to say, given the numbers a,, a,, a, 

we wish to formulate definite rules by which we can obtam from them a 

oe gp 

number 5 such that iS = 2 a„ if 2 a„ converges, and such that S exists 

»t*0 i»=0 

when this series does not converge. ' 

8'4J Sorel'sf method of summation. 

We have seen (§ 7 '81) that 

2 anZ" = f e~‘<l> {tz) dt, 
n=0 J 0 

where 2 , the equation certainly being true inside the circle 

n»o I 
* 

of convergence of 2 If the integral exists at points z outside this 

n«0 

V 

circle, we define the ‘ Borel sum ’ of 2 On^ to mean the integral. 

* It hM been abewn when the ooefficienis In the expansion satisfy certain met^ualitiee, 
there is only one tmalytie fonctioQ With that asymptotic expansion. Bee Phil. Tram. 218, a 
( 1911), pp. 379-818. 

t Borel, Legom ntt U» Senen Bfosfjrentsi (IMl), pp. 97-118. 
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Thus, whenever iJ («) < 1, the ' Borel sum ’ of the series 2 r* is 

«»o 

f e~‘e‘^dt = (1 — 2 ')“'. 


If the ‘ Borel sum ’ exists we say that the series is ‘ summable (£) ’ 


8'42. Euler method of summation. 

A method, practically due to Euler, is suggested by the theorem of § 3'71 ; 

40 m 

the ‘sum ’ of 2 may be defined as hm S ttnir", when this limii, exists. 

na=0 — 0 naO 

Thus the ‘ sum ’ of the series 1 — 1 + 1 — 1 + ... would be _ 
lim {\ — X + lim (l+a;)“'e=i. 

*-►1—0 ar-^l-O 


8'43. Cesdro's^ method of aummaiton. 

Let Sn = ni + + • • ■ + Un ; then ^ S = lim - (s, + Sj + . . . + *«) exists, we 

* 

say that 2 cr„ is 'summable (Cl),’ and that its sum (Cl) is S. It is 

n-«l 

» 

necessary to establish the ‘condition of consistency J,’ namely that S= 1 a„ 
when this senes is convergent. 

To obtain the required result, let 2 Um = *. S »„ = > then we have 

to prove that S„ — » s. 

Given e, we can choose n such that 2 I < t for all values of p, and 

|||•=K+l I 

BO I S — 

Then, if j' > n, we have 

S, = a, + a,^l-i) + .., + a,(l-^^) + a„+, ^1 - + ... +o, ^1 - 

Since 1, 1 —v~', 1 —2e ~', ... is a positive decreasing sequence, it follows 
from Abel’s inequality (§ 2'301) that 

>Thfcrefore 

I S.- |n. + 0,(1 - i) + ... +a„(l - I < (l - 3*- 


* Ifutit. Calc. Diff. (1705). S«e Borel, loc. eit. Introduotion. 
t Bulletin dea Science* Math. (2), xir. (1690), p. 114. 

X See the end of g B'4. 
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Making i/— > ao , we see that, if S be any one of the limit points (§ 2'21) 
of S„ then 

S- 2 I < e. 

mssX I 

Therefore, since ( s — f ^ e, we have 

\S-s\%2t. 

This inequality being true for evej'y positive value of e we infer, as in § 2*21, 
that S ~si that is to say has the unique limit s ; this is the theorem which 
had to be proved. 

Example 1 France & d66mtioD of ‘iinifonn summabilitj ((71) of a eeriee of vansble 

iemiB.’ 

Exanij^t^. If 6^ ^ 0 when n < »>, and if, when n wjixtd^ lim and 

if I a„ = «, then lim | i a,b^\,= S 

«=1 l .=, " ' *’• 


8'431. Cttaro't gmeral method of tummation. 

• r 

A senes 2 a. is said to be ^eummable {Cry if lim Z exists, where 

S«0 #-o 




It follows from § 8*43 example 2 that the * condition of oonsistenoy ’ is satisfied ; in 
fact it can be proved* that if a senes is summable (C*r) it is alpo summable {Or) when 
r the condition of consistency is the particular case of this result when r=0 


8'44. The method of iummation of Rietz^ 

A more extended method of * summing ’ a series than the preceding is by means of 
lira S f'-r") 

in which X„ is any real function of n which tends to infinity with n. A series for which 
this limit exists is said to be * summable {Rr) with sum^function X».’ 


8*6. Haedy'sJ convergence theoueh. 

00 

Let 1 On be a series which is summable (C 1). Then if 
a, = 0(l/n), 

oc 

the series 2 o* converges. 

«-1 


* Bromwich, Infinite SeriUt § 123. 
t Comptee Rendtu, czUx. (1910), pp. 18-31. 

r Proc. London Math. Stte. (3), viis. (1910), pp. 803-804. Vox the |ffoof hers given, w« an 
indebted to Mr Littlewood. 
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Let s„=:a, + a, + ... + 0 ;,; then since S is sumniable (C 1), we have 
e, + «j+...+s„ = n!« + o(l)), 
where « is the sum (C 1) of 2 a„. 

Let Sin — * = ttn. (i» = 1 , 2, . . . n), 

and let t, + t, + ... + fn = <rn- 

With this notation, it is sufficient to shew that, if |aii|< Kn~', where K 
is independent of n, and if <7„ = n . o (1), then » 0 as n — » oo . 

Suppose first that (i,, a,, ... are real. Then, if t„ does not tend to zero, 
there is some positive number h such that there are an unlimited number of 
the numbers which satisfy either (i) tn> h or (ii) tn<~h. We shall shew 
that either of these hypotheses implies a contradiction. Take the former*, 
and choose n so that f„ > h. 

Then, when r = 0, 1, 2, ... , 

l<ln+rl<^/n. 



Now plot the jxiints Pr whose coordinates are (r, in a Cartesian 
diagram. Since — < 1 ,+,+,, the elope of the line P,P,+i is less 

than 0 = arc tan (K/n) 

Therefore the points P,, P,, P„ ... lie above the line y ^h — xtaa 6 
Let P* be the last of the points P„ P,, ... which lie on the left of x = hcot6, 
so that k cot 6. 

Draw rectangles as shewn in the figure. The area of these rectangles 
exceeds the area of the triangle bounded by y=h~x tan 0 and tbe axes ; 
thf^i is to say 

<r»+t— o-„_, = (b + + ... + 

> Jfc’cot 0 = J A’iT^'n. 

* The reader will eee that the latter hypotheiie involvee a oontradiotion b; ueuig aitiainente 
of a preoiaely limilar oharacter to thoae wbioh will be employed in dealing with the former 
hjpotheaia 
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But |o-n+t-<»-n-l|«|<^n+.t| + k»-l| 

= (n + /-).o(l) + (n- l).o(l) 

= n.o(l), 

since k $ hnK~\ and h, K are independent of n. 

Therefore, for a set of values of n tending to infinity, 

^h^K~'n < n. o(l), 

which is impossible since ^h‘K~' is not o (1) as n -+ oo . 

This is the contradiction obtained on the hypothesis that lim t„^h >0; 
therefore Inn t„ S 0. Similarly, by taking the corresponding c-ise in which 
tn^ — h, we arrive at the result limt„^0. Therefore since lira t„ > lim (», 

we have lim t„ = lim t„ = 0, 

and so t,, — » 0. 

That is to say «„ — ♦ «, and so S a„ convergent and its sum is s. 

n-l 

Jf On be complex, we consider R (a,) and 7 (a„) separately, and find 

ea « 

that 2 J2(an) and 2 / (c/„) converge by the theorem just proved, and so 

1 On converges. 

»=! 

The reader will see in Chapter ix that this result is of gp-eat importance 
in the modem theory of Fourier senea 

Corollary. If a„ (|) he a fwnetion of ( ench that 2 ($) u uniformly summable (C 1) 

throughout a domain of vabtea of and if | \ < ufhere K is tiuiependsnt of 

2 a, (^) oonverge$ uniformly throughout the domain, 

nssl 

For, retaining the notation ut the preceding section, if does not tend to sero 
uniformly, we can find a positive number h independent oi n and ^ such that an infinite 
sequence of values of n can be found for which > A or (f*) < - A for some point 

of the domain* , tho value of depends nu the value of n under consideration. 

We then find, as in the original theorem, 

iA’ir”'«<n.o(l) 

for a set of values of n tending to infinity. The contradiction implied in the inequality 
shews'f’ that A does not exist, and so uDifiH^ly. 

* It 10 asBumed that a„ (£) le real ; the extecsioD to complex variably can be made as m the 
former theorem. If no Bach number h existed, t^(() would tend to zf>ro uniformly. 

t It ie eeeential to observe that the conetacts involved lu the inequality do not depend on ■ 
For if, say, K depended on {„, K~^ would really be a function of » and might be o (1) qua fonetion 
of n, and the inequality would not imply a oootradictjoi}. 
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Miscellaneous Examples. 

r*- g~xt 12^4’ ^ 

I. Shew that I — ■3'*’ when ih real and poilitive. 

/ 0 1 "I" ^ ^ 


2. Discuss the representation of the function 



iP(i)e^ dt 


(where t is supposed real and positive, and ^ is a function subject to certain genera] cod> 
ditionsy by means of the series 



Shew that in oertain cases (e.g. the series is absolutely convergent, and 

represents /(s) for large positive values of x; but that in certain other cases tb© series is 
the asymptotic expansion of /(x). 


3. Bhew that 




'F. 


, . 1 a-l (a-l)(a-2) 

+ — 'It— +■•• 


for large positive values of z, 

4. Show that if, when r>0, 


(Legendre, Rxerc^ces de Calc. Int. (1811), p. 340.) 
rfK 


then 






2j? 4 * 0 * 


+ .... 


Shew also that / {x) can be expanded into an absolutely convergent series of the form 


til (x+l)(*+2)... {x + l) ■ 


''Schldmilch.) 


6. Shew that if the series 1 + 0+0 — 1+0+1+0+0 — 1 + ,.., in which two eeros 
precede each —1 and one zero precedes each +1, be * summed’ by Cea&ro’s method, 
its^um is 4. (Euler, Borel.) 

6. Show that the senes 1 - 2 ! + 4 ! — ... cannot be summed by Borel’s method, but the 
series 1 + 0 — 21+0+4 ! + ... can be so summed. 


* This paper eontainB many references to recent developments of the snbjeot. 
t A bibliographT of the literature of summable series will be found on p. 872 of this 
memoir. 



CHAPTER IX 

FOUKIEE SERIES AND TRIGONOMETRICAL SERIES 


9‘1. Definition of Fourier series*. 

Series of the type 

Joo + (a, cos j! + 6, sin j?) + (a, cos 2ir + f>, sin 2a:) + . . . 

= Jji,, V S (<in cos nx + b„ sin nx), 

n^l 

where On, b„ are independent of x, are of great importance in many investi- 
gations. They are called trigonometrical series. 

If there is a function f{t) such that J f (t) dt exists as a Riemann integral 
or as an improper integral which converges absolutely, and such that 

wan = f /(<) cos ntdt, wbn = ( /(O sin ntdt, 


then the trigonometrical series is called a Fourier series. 

Trigonometrical series first appeared in analysis in connexion with the investigations 
of Daniel Bernoulli on vibrating atniigs ; d’Alembert had previously solved the equation of 

motion y=a*^in the form {/(j-+or)+/(a:-o/)}, where y«/ ( a) is the initial shape 
of the string starting from rest ; and Bernoulli shewed that a formal solution is 


« , nvx niTOt 
S bn sm —f— cos — , 


the fixed ends of the string being (0, 0) and (f, 0) ; and he asserted that this was the most 
general solution of the problem. This appeared to d’Alembert and Euler to be impossible^ 
since such a series, haring period 3^, could not possiblj represent such a function ast 
ex {I — z) when / 0. A oontroversj^ arose between these mathematicians, (*f which an 
account is given in Hobeon’s Funotirmt of a Real Variable, 


Fourier, in his Tkhrie d« la Chaleury investigated a number of trigonometncal series 
and shewed that, in a large number of particular oases, a Fourier series actually converge 
to the wm f {x). Poiaeon attempted a general proof of this theorem, Journal de ViScole 
polgUckniguty xii (1823), jip. 404-509. Two proofs were given by Cauchy, Him. de 
VAcad. R, dw >Sci. vi. (1823, published 1826), pp. 603-61 2 (OeMwes, ( 1 ), n. pp. ia-19) 
&ud iSascrcicei de Math. n. (1627), pp 341-376 (Oewrre*, (2), viL pp. 393-430) ; tb^ proofs, 
which are based on the theory of contour integration, are concerned with rather particular 
classes of functions and one is invalid. The second proof has been investigated by 
Harnaok, Hath. Ann. XXXIT^ (1886), pp. 175-S02. 

* Througboat this chapter (except in $ 9*11) it is supposed that all the nombere involved are 
real. 

t This ftmetion gives a simple fonn to the initial shape of tbs string. 
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Id 1829, Diriohlet gave the first rigorous proof* that, for a general class of functions, 
the Fourier series, defined as above, does converge to the sum f{x). A modification of this 
proof was given later by Bonnett. 

The result of Diricblet is that^ if/(0 defined and bounded in the range ( - n-, n) and 
/(f) only a finite number of tuaxima and minima and a finite number of dis- 
oontinuities in this range and, further, if f{t) is defined by the equation 

/(<+2,r)-/(r) 

outside the range fr), then, provided that 

f{t)QORntdty j f(t) sin ntdt^ 

the series 2 (a„ oo8#iir+6« sin tut) converges to the sum J {/(jr+0)4-/(^-0)}. 

H^l 

Later, Riemann and Cantor developed the theory of trigonometrical series generally, 
while still more recently Hurwits, Fej^rand others have investigated properties of Fourier 
series when the series does not necessarily converge. Thus Fej^r has proved the re- 
markable theorem that a Fourier series (even if not convergent) is ^summable ((71)’ 
at all points at which /{^±0) exist, and its sum (Cl) is A {/(ar-<-0)-f/(:r — 0)}, 

provided that j f(t) dt is an absolutely conveiTgent integral. One of the investigations 
of the convergence of Fourier seri^ which we shall give later (§ 9 42) is based on this result. 

For a fuller account of investigations subsequent to Eiemann, the reader is referred to 
Hobson’s Functions of a Real Vanablc, and to de la Vali^ Poussin’s Cours dAnaly^e 
inf,niUnm43le. 


9*11. Nature of the region within which a trigonometfical series converges. 
Consider the series 


where z may be complex. 


If 


|aQ+ 2 (a„cos?ir-l-6„8mnr), 

^ •a.l 

we write the series becomes 


This Laurent senes will converge, if it converges at all, in a region in which a ^ j f | ^6, 
where a, h are positive constants. 

But, if [(J"!— «”*■, and so we get, as the region of ooovergenoe of thetrigono- 

metncal senes, the strip in the z plane defined by the inequality 

loga<— y $ log A 

The case which is of the greatest importance m practice is that in which a=6=Bl, and 
the strip consists of a single line, nam^y the real axis. 

Example 1. Let 

^ /(z)=ain* — ^8iii2r + -sm3r-i8in4r-p..., 

where t^x-^iy. 


* tToumat/Ur Math. iv. (XB29), pp. 167-169. 

t M4nu)iT€i des iSaoa7iti of (he Belgian Academy, zxm. (1848-1860). Bonnet 6m> 

ploys the seoond mean value theorem directly, while Diriohlet’s original proof makes use of 
arguments 'precisely sinular to tiiuse by which that theorem is proved. See § 9*48. 

t The conditions postulated for /(<) me known as DiriehleVs eonditions', as will be seen in 
§g ft-S, 9 '48, they an unneosssaiily stoingent 


W, M. a. 


11 
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Writing this in the form 

/(«)- -!.•(«<■ -1 


2^ + -3^- 


2 3 


....) 


we notice that the first series converges* only if y >0^ and the second only if y ^0. 
Writing .r in place of z (x being real), we see that by Abel’s theorem (§ 3’71), 


f{x)^ lim ^rsin j;— |r*einaa: + |r3sin3a: — 

” - 1 i '"‘’’“+1 

+ 1 i (rr--| r»e->“+i ...)| 

This is the limit of one of the values of 

- it log (1 +rfl«) +it log (1 + re““), 

andasr-*^} (if - ir< 4? <»■), this tends to J.r+irjr^ where is some integer. 

® sin fix 

Now I ^ — i converges uniformly (§ 3‘36 example 1) and is therefore con- 

ussi w 

tinuoas in the range '—tr+d <4'<«r— 3, where 3 is any positive constant. 

Since is continuous, k has the same value wherever x lies in the range ; and putting 
a; s 0, we see that ks:0. 


Therefore^ when — tr < a: < ir, 

But, when w < jr < 3r, 

/ (^)=/(® - 2" ) = i (* - 2>r) ir - ir, 
and generally, if (2n— l)fr<4f< (2n + l) rr, 

f{x)^^x-nfT. 

We have thus amved at an example in which fix) is not repi’esented by a single 
analytical expression. 

It must be observed that this phenomenon can only occur when the strip m which the 
Fourier series converges is a single line. For if the strip is not of zero breadth, the 
associated Laurent series converges in an annulus of non-Kei'o breadth and represents an 
analytic function of ^ in that annulus \ and, since ^ is an analytic function of z, the Fourier 
series r^resents an analytic function of z ; such a series is given by 
r sin r — Jr* sin 2a7+ Jr* sin 3r — . . . , 


where 0 < r < 1 ; its sum is arc tan 
between ±tiT. 

Examfle 2. When - »r < < ir, 


r sin X 
I -f roosx’ 


the arc tan always representing an angle 


« (-r-'cosMJ 1 a ^ 

„r, n? 12 4 ■ 

The series converges only when x is real ; by § 3’34 the convergence is then absolute 
and uniform. 

Since Jir=sin4r^^8in24'-|-J8in3r-...- ( — d, 

■) 

and this series couverge| uniformly, we may integrate term-by-term from 0 to x (g 4'7)» 
Mid consequently 

4 ft* 

* Tl^ ««iieM do eonverpt if y aO, see $ 3‘81 example 3. 

'i 
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Tb&t U to say, when -ir + 8<x<>r-t, 

C-ix.- i (-)♦-» cos 

4 »* » 

where is a constant, at present undetermin^. 

But since the series on the. right converges uniforznl j throughout the range - n* ^ ^ yr, 
its sum is a continuous function of x in this extended range ; and so, proceeding to the 
limit when ;v + yr, we see that the last equation is still true when x= ± yr. 

To determine C, integi'ate each side of the equation (§ 4*7) between tne limits — w, ir ; 
and we get 

2irC-|)r>-0. 

rr i.1 1 1 4 • (-)*“* COS ^ ^ V - 

Consequently ,- 0 *"’ — 7 X*= X • — - — ^ 
lx 4 n* 

jSxample 3. By writing ir— X jc for x m example 2, shew that 
* nx (=^x(ir—x) 

nsi J (»r ja*| — (— tr<x^ir). 


9 12 . Values of the coejfficienie in terms of the sum of a trigonometrical 
series. 


Let the trigonometrical aeries Je« + S (c, cos nx + rf, sin nx) be uniformly 

AkI 

convergent in the range (— tt, tt) and let its sum be / («). Using the obvious 
results 



cos mx cos nxdx 



(m i= n), 

(m = nf 0), 



sin mx sin Tixdx 



(m f: n), 

(m = ?i 0), 



Ztt, 


CO 


Tve hnd, on multiplying the equation ^ 0 ,,+ 2 (c„ cos nx + sin na:) =/ (a;) 
by ^ cos 7ix or by sin vx and integrating term-by-term "f* (§ 4*7), 


7rCn = j f (x) coe Tixdx, 7r(i„=*j f(x)sinnxdx. 

Corollary. A trigonomotrioal series uniformly convergent id the range ( — tr, tt) is a 
Fourier series. 

Nots. Lebesgue has given a proof {S4riM trigonom4trxqut*y p. 124) of a theorem 

oe 

communicated to him by Fatou that the trigonometrical series X sin ywr/log n, which oon- 

aeaS 

verges for all real values of x (§ 2'3l example 1), is not a Fourier senes. 

9'2. On Diricklet’s conditions and Fourier’s theorem. 

A theorem, of the type described in § 9-1, concerning the expansibility of 
a function of a real variable into a trigonometrical series is usually described 


* Multiplfieg by these factors does not destroy the uniformity of the oonvergenoe. 
t These vere given by Euler (with Umite 0 aud 2 t), N'ova Acta Acad. Pctrop. xi. (179S). 

11—2 
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as Fovner's theorem On account of the length and difficulty of a formal 
proof of the theorem (even when the function to be expanded is subjected to 
unnecessarily stnngent conditions), we defer the proof until §§ 9 42, 9 43. It is, 
however, convenient to state here certain sufficient conditions under which 
a function can be expanded into a trigonometrical senes 

Let /{t) be defined arbitrarily when, — t < w and defined* for all other 
real values of t by means of the equation 

/•(t + 2w) = /(«), 

so that f(f) IS a pei iodic function with period 2ir 

Let f (t) be such that J f(t)dt eansts, and if this is an impropei integral, 

let it be absolutely convergent 

Let On, bn be defined by the equations^ 

7ra,=J /(f)cosnt<it, 7r6„=J f{t)svantdt (n = 0, 1, 2, ) 

Then, if X be an interior point of any interval (o, b) in which f{t) has 
limited total fluctuation, the series 

^ 0(1 + 2 (a„ cos nx + b„ sin nx) 

n^l 

15 convergeittf and its sum^ la i [/(ac + 0) +/(a: - 0)} 1/ f{t) is conhnuoiis 

at this sum reduces to /(«) 

This theorem wiU be assained m 9 21-9 32 , these sectioDS deal with theorems cod 
ceming Fourier senes which are of some importance id practical applications It should 
be stated here that cver^ function which Applied MaUiematjciaos need to expand into 
Fourier series satishes the conditions just imposed on /{t)y so that the analysis given later 
111 this chapter establmhes the validity of all the expansions into Fourier senes which are 
required in physical invoHtjgatiomi 

The reader will observe that in the theorem just stated, /(f) is subject to leas stnngent 
conditiODR than those contemplated by Dinchlet, and this decrease of stringency is of 

considerable practical importance Thus, so simple a senw as S ( - (cos nx)fn is the 

expansion of the function^ log | 2 cos | , and this function does not satisfy Dincblet’s 
ctjuditjon of boundedness at ±ir 

at 

It IS convenient to desenbe the senes |a,+ 2 fa^coanx + bnsmnx) as 

n*»l 

the Fourier series associated with f(t) This descnption must, howevei, be 

* Thie deftoition frequently results in f{t) not being expressible by a single analyhcai ex- 
pression for all real values of t Cf g 9 11 example 1 

-i* The numbers 6,^ ape sailed the Fourier conttanU of f {t)y and the symbols will be 

used in this sense throaglv^ib 9 2-9 6 It may be shewn that Che convergen<w and absolute 
couvergenoe of the integrals defining the Fourier ooaetanU are consequences of the convergence 

and dbsolote convergence nd /(e) df Of §§ 2 32, 4 6 

X The limits /(r^p) exist, by g 3 64 example 3 
g Of. example 6 at the end of the chapter (p. 190). 
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taken as implying nothing concerning the convergence of the series in 
question. 

9'21. The representation of a function hy Fourier series for ranges other 
than (— TT, it). 

Consider a function /(a;) with an (absolutely) convergent integral, and 
with limited total fluctuation in the range a^x^b. 

Write x = ^(a + b) — ^(a — b)rr~'x', f(m) = F{a/). 

Then it is known (§ 9‘2) that 

\[F{!i! + 0 ) + ^'(a!' — 0 )} =i O 4 + 2 (onCosnaf + 5„8inna;'), 

and so 


i[/(a: + 0) +/{a:-0)l 

1 5 f mrCix — a—h) . . nir(2x — a — b\ 

= 2 b^ + fclT a 


where by an obvious transformation 

^(b~a)a„==^j f(x) 

i(6-o)6„ = [ /(ir)8in 

J O 


fi7r(2a; — a - fe) 
cos ' ax, 


b — a 
iiTT (2a: — o — b) 
b~a 


dx. 


9'22, The cosine series and the sine senes. 

Let fix) be defined in the range (0, 1) and let it have an (absolutely) 
convergent integral and also let it have limited total fluctuation in that range. 
Define f{x) in the range (0, — 1) by the equation 

f(-x)^fix). 

Then 

S l/(®-t-0) +/(x-0)) =ia,+ i^|o„cos-p + 6„8in^| , 
where, by § 9'21, 

ia,=J /(t)co8^^<it =. 2^ /(«)cos^dt, 

^ f(t) Bin ^dt = 0, 

so that when 

5{/(® + 0)+/(a:-0)l = jO„+ S^OnCOS^; 
this is called the cosine series. 

If, however, ws define fix) in the range (0, — 1) by the equation 

/(-*)=-/(-*). 
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we get, when — i S a- $ i, 

* i/(a + 0) +/(a - 0)1 = 6„ sin 

where i6„ = 2 J /(t) sin rf<; 

this is called the sine series. 


Thus the series 


where 


1 , " JMra: 

„ao+ i On cos —p-, 

«=i ‘ 


S . ■ nirx 

S 6„Bin - - . 

B-l t 


i ?a„ = /(<) cos dt. 


ii6n 



JiTri 


dt, 


Aaj)e (Ae «a?ne sum when O^x but their sums are numerically equal and 
opposite in sign when — 

The cosine series was given hy Clairaut, ffitt. de PAcad. H. det Sci. 1754 [published, 
1759], in a memoir dated July 9, 1757; the sine series was obtained between 1762 and 
1765 by Lagrange, Oeuvrei, I. p. 553. 


Example 1. Expand ^ (»r - x) sin v in a cosine aeries in the range 0 ir. 
[We have, by the tonnula just obtained 

i()r-.r)8inx=ia„+ S a,cosnx, 

n»l 

where fira„— J J(ir— ®)8inxoo8 7txcir. 

But, integrating by parts, if » # 1, 


2 (it — x) sinxcosnxdx 

=• I (tr — x) {sin (ri + l)x-Bin(»— l)x) dx 
} 0 

[ . f C08(« + I)x _ 008(»— l)x ) ~1» _ f COB(»+I )x _ QOS (it - 1 ) .X l 

-I j- 


^(re + 1 a-l} (re + 1 


Sir 


Whereas if n=l, we get J 2(w-x)8inxco8x<fx»=^. 


Therefore the required series is 


i + j cos X - yig cos 2X - ^ cos 3X - ^ OOB 4x' - 


It will be observed that it is only for values of x between 0 and ir that the sum of this 
aeries is proved to be ^ (jr - x) sin X ; thus for instance when x has a value between 0 and 
- IT, the sum of the series is not i(ir — x) sin x, but — i (ir +x) sin x ; when x has a value 
between w and 2«r, the sum of the series happens to be again ^ fir — x) sin x, but this is a 
mere coincidence arising from the special function considered, and does not follow from 
the general theorem.] 

Example 2. Expand Jjrx(?r— x) in a sine series, valid when 0 ^x^ir. 

rm. ■ • • , sin 3x , sin 5x , , 

[The senes IS sin x+-^j -I — + 
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Example 3. Shew that, when 0 ^ ^ ir, 

^ TT (*■ - ar) (ir* + 2 ira; - 2*“) = cos * + 5^^ + + . . . . 

[Denoting the left-hand side by / (x), we have, on integrating hy parts and observing 
that /' (0)—/' (»r)=“0, 

I /(*)cos'BX(ir=-^-r /(ar)8in)u: 1 f (x)iiinnxdx 

Je Jo ^ J 6 

- [/■ W cos »u:J' - Jy " (a:) COB Ma; oir 

= -^a[/"W sin nj- ]' + ^a /V"W sm nxdx 
“ " ’“]! " 4^*'^ “ ““ 

Example 4. Shew that for values of x between 0 and «•, «“ can be expanded in the 
cosine senes 

„(r ,J + 4 +,*+i6 + - j + /’ 

and draw graphs of the function e“ and of the sum of the series. 

Example D. Shew that for values of x between 0 and ir, the function \x{w-ix) can 
be eijiandod m the cosine senes 

, cos 3x . cos .5a’ 
cosai+-g 5 -+ - j,- +..., 

and draw graphs of the function Jar (ir - 2a;) and of the sum of the series. 

9'3. The nature of the coefudents in a Fourier series*. 

Suppose that (as in the numerical examples which have been discussed) 
the interval (— tt, it) can be divided into a finite number of rtinges 
(— TT, A:,), (A:,, kt)...{k„, it) such that throughout each range f(x) and all its 
differential coeflScients are continuous with limited total fluctuation and that 
they have limits on the right and on the left (§ 3’2) at the end points of these 
ranges. 

Then 

'»r<b»= f f (t) COB mtdt + [ f(t)coamtdt + ... + f /(t) coa mtdt. 

J - w J k, I k^ 

Integrating by parts we get 

ttOto = sin wifj + sin ntfj -b . . . + mr'f (t) sin mfj 

— m~'f f ' (t) am mtdt — m~' f f ' (t) ain mtdt m~^ f f'(t)ainmtdt, 

J W w ifcj • An 

so that 

m m 

* The aaalyaii of this section and of ^ 9*31 is coniained in Stokes’ great memoir, Ca»U>. Phil. 
rrom. vni. (1849), pp. BB8-S8S [Math. Papers, i. pp. 236-819]. 
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where irA m = 2 sm mk, {/" — 0) — / (fc, + 0)}, 

r»l 

and bm is a Founer constant of f' (x) 

Similarly ^ ^ ’ 

in m 

where 

irB^ = — S cos mkr {f(kr — 0) —f(kr + 0)) — cos mir {/(tt — 0) —/(— tt + 0)), 
r=l 

and dm' IS a Fourier constant of /'(x). 

Similarly, we get 


m m ‘ m m 

where am", 6„" are the Founer constants f" (at) and 


7r,Am'= S 8m)nAr{/'(fcr — 0)— /'(ir + 0)j, 


r=l 


irBn' = — 2 COSlnA, {/'(Iv — 0)— /'(Ar + O)} 

— cos JUTT (/' (w — 0) — TT + 0)j, 


Therefore 


a,„" . ^ 

VMM m » 0 * 1 * T m ** a 

m m} TO* TO TO* TO* 

Now as TO — >00 , we see that 

^m' = 0{i), B,; = 0(1), 

and, Since the mtegrands involved in a^' and 6m" are bounded, it is evident 
that 

am" =0(1), 6m" = 0(1). 

Hence if .ilm = 0, Bm = 0. the Fourier senes for / (a;) converges absolutely 
and uniformly, by § 3 34. 

The necessary and sufficient conditions that A-„, = B„ = 0 for all values of 
TO are that 

/(i, - 0) = / (^v + 0), /(or - 0) = /(- IT + 0), 
that IS to say that*y'(ir) should be continuous for all values of a 


Ml. Ihfferentmhon of Fourier leriet 
The result of differentiatmg 

1 * 

• Oj + 2 (om cos mx -t- 6m sin mx) 

* f>» = l 

term by term is '2 {TO6m cos mx — mOm sin mx]. 

W«1 

* Of coaree /(f)rlV»lB0 Bobjeot to the eoaditions Btated at the beguDicg of the seotioa. 
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With the notation of § 9'3, this is the same as 

„ 0 ,' + 2 (On cos nun + bj sin mx), 

provided that - 5m = 0 and /' (a;) dx-0; 

' —w 

these conditions are satisfied if /(^) is continuous for all values of a. 

Consequently sufficient conditions for the legitimacy of differentiating 
a Fourier series term by term are that /(a:) should be contmuous for all 
values of a, and /'(^) should have only a finite number of points of discon- 
tinuity in the range (— tt, tt), both functions having limited total fluctuation 
throughout the range. 

9 32 DeterfMnatuyn of pointa of 

The expretuious fur Om and 6^ which have been found in § 9*3 can frequently be applied 
ID practical examples to deterronie the (lointa at which the sum ^f a giveo Founer senes 
may be discontinuous. Thus, let it be required to determine the places at which the sum 
of the scries 

sm.i-f^ slu 3.^+ i sin 5cr+ ... 

IS discontinuous 

AMumiTig that the senes is a Founer senes and not any tngoDometncal senes and 
observing that 0, (I — cosmw), wc get on considenog the formula found in 

8 9-3, 

a,„'-=6„,' = 0. 

Hence if . . are the places at which the analytic character of the sura is broken, 
we have 

0==jri4„*[8inmiri (/(i-, -0) -/(i-|+0)}+sin mi, {/(i, -0) 

Since this is true for all values of m, the numbers i), . must be multiples of ir ; but 

there is only one even multiple of n in the range — namely zero. So ii«0, 

and i,, i,, ... do not exist. Substituting i|»0 in the equation i we have 

»r (^-|cosm»r)=» — [cos finr {/(w — 0)— /(— w +0)1 +/( - 0)-/( + 0)]. 

Since this is true for all values of m, we have 

iw-/( + 0)-/(-0), |^-/(^-0)-/^ + 0). 

This shows that, if the senes is a Fourier senes, f{x) has discoutmuities at the points 
nrr (n any integer), and since we should expect* f(x) to be constant in the 

open range ( - w, 0) and to be another constant in the open range (0, tt) 

9*4. FsjiSr’s theorem. 

We now begin the discussion of the theory of Fourier series by proving 
the following theorem, due to Fej^rf, concerning the summability of the 
Courier series associated with an arbitrary function, /(t): 

Let f{t) he a function of the real variable f, defined arbitrarily when 
~ w < t < TT, and defined by the eipiation 

/(f + 2w)=/(f) 

* Id point of foot /(*)=-|r (-wc*<0); 

/(*)=ir (0-cicw). 

t MaiK Ann. Lvin. (1904), pp. 51-69. 
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for all other real values oft; and let j f(t) dt exist and (if it is an improper 

integral) let it he ahsolutely convergent. 

Then the Fourier series associated with, the function f(t) is summable* (Cl) 
at all points x at which the two limits f(x±0) exist. 

And its sum (Cl) is 

i(/(^ + 0)+/(*-0)l. 

Let a„, 6 b. (n = 0, 1, 2, ...) denote the Fourier constants (§9'2) of /(() 
and let 

m 

Jao = .4i), (i„cosn® + 6„sinnii: = .AB(®), 2 An(x)^ Sm(x). 

n=0 

Then we have to prove that 

lim ^ (^„ + S,(ir) + -S',(i) + ... +S,;_,(i:)j (/(■a: + 0)+/(a:-0)), 

provided that the limits on the right exist. 

If we substitute for the Fourier constants their values in the form of 
integrals (§ 9‘2), it is easy to verify thatf 


A„+ 2 Sn(«) = m.<lo + (TO-l)il,(ir) + (»i. — 2)4j(ir)+ .. + (»■) 

nsBl 

1 

— - + (m — 1) cos (a: — t) + (to — 2) cos 2(x — t)+ ... 

ir j 

+ cog (to — 1 ) (* — f)l f(t) dt 

271 8m>i(a:-«) 


_ 1 8in’iTO(a: — <) 


=-r 

271 J., 


f(i) dt, 


8in“J(a:-t) 

the last step following from the periodicity of the integrand. 

If now we bisect the path of integration and write a: T 2^ m place of t in 
the two parts of the path, we get 

j o / \ I rl'sin’TOfl . aoi JO . 1 ff'sin'TOff , o/,. 

A,+ lS„(x)^-j f(x + 26)dff + - I -„-f(x-2ff)dd. 

B=i Tijo sin’^ •' rrJn sm®^ •' ' 

Consequently it is sufficient to prove that, as to— » oo , then 

^/r "^n-^e)de^h-^f(x-0). 


* 8e« 9 8-48. 

t It is obnoas that, if’ws write X for in tbe second line, then 
IB + (m - 1) (X + X-i) + (m - 8) (X* + X-») + + (X— ■ + Xi •>») 

=(i-x)-i{x'-"+x»-“+ +X-> + l-X-X*- -X”} 

= (1 - X)-» {X'^ - 2X +X~+>} = (X**" - X*b»)S/(x* - X'*)“ 
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Now, if we integrate the equation 


lsin*m^ , . , ,, . a/ 

5 — =im + (m — l)co82tf+ ... + co82(m — l)o, 
A Sin* V 


we find that 


•' sin* md .. , 

— ^-Tvs = iirm, 

. 0 sia'O “ 


and so we have to prove that 

1 rh^sin’r/itf . . 

— — r--. 4>(6)d6—*(i as m— »cc, 

mJo sin’0 

where <f> (6) stands in turn for each of the two functions 

/(ir + 2^)-/(<c + 0), /(ic-2^)-/(a:-0). 

Now, given an arbitrary positive number e, we can choose S so that* 

I <i>\e) I < £ 

whenever 0 < S J 8. This choice of 8 is obviously independent of m. 

Then 

|otJo sin’^ I "t-lo 8*n ^ “n*6> 

= j7r€ + ^-Jix [ 

msin'^Sjo ‘ ^ 

Now the convergence of J entails the convergence of 

' 0 

and so, given f (and therefore 8), we can make 

rJ» 

^irem sin* J 8 > I | <^ (S) j d^, 

'o 

by taking- m sufficiently large. 

Hence, by taking m sufficiently large, we can make 
1 1 (■*” sin’wt^ j,/s. JO 

. 1— I ~ <W£, 

» [mjo sin’O ^ ^ 

where e is an arbitrary positive number ; that is to say, from the definition of 
a limit. 


lim - [ 


1 ff'sin'tntf 


m ' 0 sin* 0 

and BO Fej^r’s theorem is established. 


<t,(0)d0 = O, 


* On th« MBnmption tbftl/(s±0) exist. 
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hoToUary I. Let V and L be the upper and lower bounds of /(<) in an; interval (a, h) 
whose length does not exceed Sr, and let 

Then, where tf is any positive number, we have 

If *-1 . 1 f f»+n r"‘+*l 8m*4m(T- 

= 2W 1 J -,+. + ] + j .+, f 






SO that 


Sirrularly 


>__L //■'-' +/‘'n 

2fnir \J —w+:t 

'' 2ms ty _,+i Jx+if sin* is ’ 

i ld„+”‘i's.wl ri + i.Itnms'n'tll 

ml »=i J 

i |d,+"s^,S.(x)|- >i-{|ZI + id}/{m nin'i'!} 


Corollary 2. Let / (i) be continuous in the interval a ^ ^ ^ 6 Since continuity implies 
uniformity of continuity (§ 3 61), the choice of d corresponding to any value of x m (a, 6) 
18 independent of x, and the upper hound of l/(x±0) |, i e of \/ix) [, la also mdei>ondent 
of X, so that 

l*''l<t>w,de-=J^I/(s±2e)-/(x±o)jde 


>i flj/(‘)l<i‘+i>ri/(x±0)U 


and the upper bound of the last expression is independent of x. 

Hence the cboioe of m, which makes 

I 1 ri«- snn*md . ... j 

— I 5^ (<?) dff < ir«, 

f in J n 8in®d ! 

IS independent of x, arui consequently — 2 terids to the limU f{x)^ eu 

m -»• x , unxforrrdy iKro%yhx>iii the interval a ^ h 

9’41. The Riemann-Leheegue levinuis. 

In order to be able to apply Hardy’s theorem (§ 8*5) to deduce the con- 
vergence of Fonner senes from Fej4r*8 theorem, we need the two following 
lemmas : 

rb 

(I) Let I {6) dS exist and {if it is an improper integral) let it be 

a « 

absolutely convergent. Then, as ran , 

^ {B)ein{\0)d6 is o(l). 


/ 
J a 


(II) If, further, ijf (6) has limited total fluctuation in the range (a, b) then, 
as X— * 00 , 

■^{0)Bm{\0)de is 0(1/X). 


f 
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Of these results (I) vaa stated by W. R Hamilton* and by Kiemannf m the case of 
bounded functions. The truth of (11) seems to have been well known before its importance 
was realised , it is a generalisation of a r»iult established by Dirksen} and Stokes 
(see § 9’3} in the case of functions with a continuous differential coefficient. 

The reader should observe that the analysis of this section remains valid when the 
sines are replaced throughout by cosines 

(1) It 18 convement§ to establish this lemma first in the case m which 
(ff) 18 bounded in the range (a, b) In this case, let K be the upper bound 
of I ^jr {6) |, and let e be an arbitrary positive number Divide the range (a, b) 
into n parts by the points sc,, x^, and form the sums iS„, s„ associated 

with the function i/r (6) after the manner of § 4 1. Take n so large that 
iSf, — < e , t^is IS possible since (tf) is integrable 

In the interval x,) write 

i/r (B) = 1^, + Wr (^). 

so that I a>r {&) | •? fl, — L,, 

where {/, and L, are the uppei and lower bounds of •^(6) in the interval 

(iTr-ii iTr) 

It 18 then clear that 

\l -^{6) sin {\6) dd 
J a 

= 1 2 i/r, [ sm{>£)d6+ 2 [ 01 , (^) sin (X^) I 

lr“l -^ar-l r-lJxr-J I 

^ 2 |Yrr(®r-i)| If Sin(X^)dd|+ 2 [ ](Or(ff)\dB 

ral *r-l I ^*1 *r-l 

(2/X) + («„-«„) 

< {2nKj\)-b e 

By taking \ sufficiently large (n remaining fixed after e has been chosen), 
the last expression may be made less than 2e, so that 

liui [ ffr (0) am {XB) dff = 0, 

and this is the result stated 


When ■^(^) is unbounded, if it has an absolutely convergent integral, by 
5, we may enclose the pomts at which it is unbounded in a fmite|| number 


* Trans Dubhn lead xix (184S), p 267. 

t G«i Math IVerkf, p 241. For Lebes^e’s iDyeetigaiion see hi8 Sinu tngcnometnqueti 
(1906), Ch III. 

X Journal fUr Math. xt. (I829)i p 172 

I For this proof we are indebted to Mr Bard^; it seems to be neater than the proofs given by 
other writeiB, e g de la Yall4e Foueein, Cows d'Analgse n. (1912), pp 140-141 

|{ The JimUnets of the number of intervals is assumed in the definition of an improper 
integral, g 4 6 
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of intervals S,, S„ ... Sj, snch that 


ra>l J V 


If K denote the upper bound of |■^(^)| for values of 6 outside these 
intervals, and if 7i, 7i, ... 7^1 denote the portions of the interval (o, 6) which 
do not belong to S,, ... Sp we may prove as before that 


[ ■^(^)8in{\tf)d^ ! = 2 f i^(d)sin(Xfl)dS + § f ■^(tf)sin(\^)d^ | 

IJa I r=lJyr r=lJ tr ' 

2 f y/r (d) ain (\ff) dd + S f | i^(^)sin (X.^) | dtf 

r=l-'v, r=lJlr 


< {^nKjX) + 2e. 


Now the choice of e fixes n and K, so. that the last expression may be 
made less than 3e by taking X suflBciently large. That is to say that, even 
if ^ (d) be unbounded, 

lim f '^(d)Bin(Xd)dd = 0, 

J a 


provided that (d) has an (improper) integral which is absolutely convergent. 
The first lemma is therefore completely proved. 

(II) When -^d) has limited total fluctuation in the range (o, b), by § 3'64 
example 2, we may write 

W“XiW-X»W> 

where Xi(d), Xs(^) positive increasing bounded functions. 

Then, by the’ second mean-value theorem (§ 4T4) a number f exists such 
that a $ f $ 6 and 

j I (^) (^) I = j Xi <^) j 

«2x.(6)/X. 

If we treat y(, (d) in a similar manner, it follows that 

j f (d) sin (Xd) dd I < I f (d)sin(Xd) dd| + I f (d) sin (Xd) dd 

J a I ^ ^ a I I J a 

«2{xi(d) + Xt(W^ 

“0(1/X), 

and the second lemma is established 


CoroUary. If f{t) be such that j f{t) exists and is an absolutely convergent 

int^ral, the Fourier oonstants of f{t) are o(l) as \ and if, further, /(O has 

limited total fluctuation in the .grange ( - tt, v), tb^ Fourier constants are Oil/n). 

[Of course these results are not sufficient to ensure the convergence of the Fourier 
series associated with /(^) ; for a Series, in which the terms are of the order of magnitude 
of the terms in the harmonic aeries (§ 2*3), is not necessarily convergent*] 
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942 . The peoof op Fourier’s theorem. 

We shall now prove the theorem enanciated in § 9'2, namely : 


Let f(t) he a function defined arbitrarily when — ir < t < ir, and defined by 
the equation /(t + 2w) = / (t) for all other real values of t ; and let f fit) dt 

•J —ir 

easist and (if it is an improper integral) let it be absolutely convergent. 

Let On, bn be defined by the equations 


7rOn = J f(t)coantdt, ‘Trbn=J f(t) sin ntdt. 


Then, if X be an interior point of any interval (a, b) within which f(t) has 
limited total fluctuation, the series 


^a„+ 2 (a„ COB na: + 6„ sin n*) 

n=I 

is convergent and its sum is i {/(a: + 0)+/(ir — 0)). 

It is convenient to give "two proofs, one applicable to functions for which 
it is permissible to take the interval (a, b) to he the interval (—ir + x, tt + x), 
the other applicable to functions for which it is not permissible. 

(I) W hen the interval (a, b) may be taken to be (— w + ir, tt + x), it follows 
from § 9'41 (II) that a„ cos nx + b„Bhinx is 0(1 jn) as n—*ao. Now by Fej^r’s 
theorem (§9'4) the series under consideration is summable (Cl) and its sum 
(Cl) is* i {f(x + 0) + f{x — 0)j. Therefore by Hardy’s convergence theorem 
(5 8'5), the aeries under consideration is convergent and its sum (by S 8‘43) 
isif/(« + 0)+/(a;-0)l 

(II) pven if it is not permissible to take the interval (a, b) to he the 
whole interval (—rr + x, 17 + a), it is possible, by hypothesi. , to choose a 
positive number S, less than ir, such that f(t) has limited total fluctuation in 
the interval (x ~b, x + S). We now define an auxiliary function g(t), which 
is equal to /(f) when x— B-S,t%x + S, and which is equal to zero throughout 
the rest of the interval (— w +• a:, tt + x); and g(t + tir) is to be equal to g (t) 
for all real values of t. 

Then ^(f) satisfies the conditions postulated for the functions under 
consideration in (I), namely that it has an integral which is absolutely 
convergent and it has limited total fluctuation in the interval (—ir + x, w + z); 
and so, if a„"\ 6,"' denote the Fourier constants of git), the arguments used 
in ^I) prove that the Fourier series associated with g (t), namely 

• 

4 do*" + 2 (a,"’ cos 7i« + 6,'v sin nx), 

is convergent and has the sum i (S' (* + 0) + jf (a; — 0)), and this is equal to 
4 (/(<r + 0)+/(ir-0)l. 

* The luiut8/(x±0) exist, by g 8*64 example $. 
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Now let Sn(a!) and (x) denote the same of tiie first m + 1 terms of 
the Fourier series associated with /(<) and g (<) respectively. Then it is 
easily seen that 

S„(x)’=— f {i + coa(x — i) + cos 2 (x — t) + ... + oos m (x - 1)} /(t) dt 

TTJ 

_i_f’ j, 

~2Tr}., 8ini(a!-t) ■'W® 


271- J sin i (a; — t) 

1 /■*■+* sm (m + ^)(x- 1 ) 
2ir J _,+» sin i (x — t) 


f{t)dt 


1 /■*''sin(2m + l)tf omjn, ^ /■**sin(2m + l)d . oa\ja 

= - — ^-~/(a:4 2d)dd+- 5-^/(x-2^>)de, 

irjo sinw ■' wJo “D v 

by steps analogous to those given in § 9'4. 

In like manner 

o nw \ 1 j■^'8m(2m + l)d aa\ja . ^ ( *' sin (27» + 1) ^ , ao\ja 

and BO, using the definition of g (t), we have 

-S« («) - («) = ^ sin i2m + 1 ) ^ 

+ - (*’8in(2m. + l)e-^-^^^d0. 

vJii ' sin^ 

Since cosec ^ is a continuous function in the range (^8, ^ir), it follows that 
f(x ± 20) cosec 0 are integrable functions with absolutely convergent integrals , 
and so, by the Biemann-Lebesgue lemma of § 9'41 (I), both the integrals on the 
right in the last equation tend to zero as m—* ao . 

That is to say lira (S* (x) — Sw"' (a:)) = 0, 

Hence, since lira (x) = ^ (/(a: + 0) +/(a; — 0)), 


it follows also that 


lira S„ (x) = i l/(x + 0) +/{x - 0)). 


TFe have therefore proved that the Fourier series associated with f{t), 
namely J a, + 2 (a„ cos n« + sin nx), is convergent and its mm is 

ii/(a; + 0)+/(«^-0)}. 

9'43. The Dirithlet- Bonnet proof of Fourier's theorem. 

It is of some interest to prove directly the theorem of § 9'42, without 
making use of th# theory of summability ; accordingly we now give a proof 
which is on the ssiff^ general lines as the proofs due to Dirichlet and Bonnet. 

i 
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As usual we denote the sum of the first m + 1 terms of the Fourier series 
by and then, by the analysis of § 9 42, we have 

= i [*' /(^ + 20) dd + U*’ +1) 0 

' ' via sin^ ■' vJo smtf ' ' 

Again, on integrating the equation 
sin (2m + 1) d 


sin 0 


we have 
so that 


/. 


1+2 cos 2d + 2 cos 4^ + . . . + 2 cos 2m 0, 
I' sin(2m + l)d 


TT ^ 0 


• a d0=\Tr, 

sin 0 * 

1 fl'sin (2m + 1) d 


sin d 

1 j'4*8in(2m + 1) d 


tr 'o 


sm 0 


\f(x+20)-f{x + O)\d0 
\f(x-20)-f(x-O)]d0. 


In order to prove that 

lim (^i) = J [f(x + 0) +/(x - 0)1, 

it is therefore sufficient to prove that 

lim f‘'‘”"<2.”^^->%(d)dd = 0, 

Sind ^ 

where (0) stands in turn for each of the functions 

f(x + 20)~/(x + Q), f(x-20)-f(x-O). 

Now, by §3’64 example 4, d<f)(d)cosec d is a function with limited total 
fluctuation in an interval of which d = 0 is an end-point*; and so we may 
write 

d 4> (d) cosec d = Xi (0) - X« 

where Xi (^)i are bounded positive increasing functions of d such that 

(+ 0) = X« (+ 0) = 0. 

Hence, given an arbitrary positive number e, we can choose a positive 
number S such that 

0 < Xi (^) < «> ® ^ X« (^) < « 

whenever 0 $ d S i8. 

We now obtain inequalities satisfied by the three integrals on the right 
of the obvious equation 

r*'“5)i2m_+lld ^ f*'sin(2m + l)d.^dd 

Jo 8in J sin 


{. 


**sin (2m + l)d 
d 


X,(ff)d0-f 

Jo 


**sin (2m + 1) d 


d 


X.(0)d0. 


* The other end-polat is vr 0si4(x-a), according as ^\6) represents one or 

other of the two fanetioos. 


W. M. A. 


12 
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The modulus of the first integral can be made less than f by taking 
m sufficiently large ; this follows from § 9‘41 (i) since ($) cosec 6 has an 
integral which converges absolutely in the interval (J6, Jw). 

Next, from the second mean-value theorem, it follows that there is a 
number f between 0 and S such that 


j: 


** sin (2iu -t- 1) 


6 


XrW ^6 




sin (2 to + 1) ^ 


0 

{m-t i)< gjQ 


de 


dv I . 


Since 


J^sint 


dt is convergfent, it follows that 


Ms “ ! 


has an upper 


bound* B which is independent of j8, and it is then clear that 
I'H si n(2m-H) tf j ^ ^ 

On treating the third integral in a similar manner, we see that we can 
I ;'*"8in(2m+ 1)^ 


sin 0 


4>i0)d0\<i^B + l)e 


by taking m sufficiently large ; and so tue have proved that 

lim [‘■' sin(2m + l ) g g ^^0 
Bm0 


But it has been seen that this is a sufficient condition for the limit of (x) 
to be i j/(a; + 0) +/(a: - 0)j , and we have therefore established the con- 
vergence of a Fourier series in the circumstances enunciated in § 9’42. 

Note. The reader should observe that in either proof of the convergence of a Founer 
senes the second meao-value theorem is required , but to prove the summability of the 
series, the mean-value theorem is adequate. It should also be observed that, while 
restnctioDS are laid upon f{t) throughout the range ( — «*, w) in establishing the summabUity 
at any point the only additional restriction necessary to ensure convergence is a re- 
striction on the behaviour of the function in the immedtate neighbourhood of the point x. 
The fact that the convergence depends only on the behaviour of the function in the 
immediate neighbourhood of x (provided that the function has an integral which is 
alisolutely convergent) was noticed by Riemann and has been emphasised by Lebesgue, 
S^xes Trigonomdtrique*^ p. 60. 

It IS obvious that the condition t that x should be an interior point of an interval 
m which /(^) has limited total fluctuation is merely a suffioisnt condition for the con- 
vergence of the h ourter series ; and it may be replaced by any condition which makes 


lim 



smtf ' 


* The reader will find it mtereating to prove that Rar ( du^hx. 

J ® ^ 

t Due to Jordan, Comptes Rendus, xcn. (1661), p. 238. 



FOUBIER SERIES 


179 


9 * 44 ] 

JordaD^fl condition however^ a natural modification of the Dmchlet oondition that 
the function f{t) should have only a finite number of maxima and minima, and it does 
not increase the difficulty of the proof 

Another condition, with the same efi^ is due to Dim, Sopra le Stne d\ Former 
(Pisa, 1860), namely that, if 

♦ (&) - {/(* + 2 ^) +/(x- 2 d) -/(x+ 0 ) ~f{x - 0)}/5, 
then j ^ should converge absolutely for some positive value of a 

[If the condition is satisfied, given « we can find d so that 

I ♦(()) !<«<., 

1 / s 

I 8in(2fn+l)d — 3 *(d)<fd 
jo ^ Sind ' ' 

the proof that j t for sufficiontly Urge values of m follows 

from the Riemann Lebesgue lemma ] 

A more stnngent condition than Dim’s is due to Lipschitz, Journal /ilr Math Lzili 
(1864), p 296, namely [ (d) | < Cd*, where C and k are positive and independent of d 

For other conditions due to Lebesgue and to de la ValliU Poussin, see the latter’s 
Court d’ Analyse Infinxiitxrnale^ n (1912), pp 149~1&0 It should be noticed that Jordan’s 
condition difiera in character from Dint’s condition , the latter is a condition that the 
senes may converge a( a poini, the former that the series may converge throughout an 
vnterval 



9*44. The uniformity of the convergence of Fourier eertes 

Let f{t) satisfy the conditions enunciated in § 9 42, and further let it be continuoru 
(id addition to having limited total fluctuation) in an intenal (a, b) Then the Former 
aenee ateocnaAed unth f{i) converqea uniformly to the mm f{x) at all poinU x for vihvih 
a + d^x^b-^by where d ia any pontive number 

Let A (t) be an auxiliary •function defined to be equal to / (^) when a^t^b and equal 
to Eoro for other values of t in the ran^ ( - w, fr), and let denote the Fourier 

constants of h (t). Also let denote the sum of the first m + 1 terms of the Founer 

senes associated with h (0 

Then, by § 94 corollary 2, it follows that ^ 09 + S (onCosTix+iSiiSianx) is uniformly 

nml 

Bummable throughout the interval (a+d, b - ii^) , and since 
ia« COB nx+/S» 8 in rtarl + 

which IS independent of x and which, by ^ 9 41 (ii), is Cl(l/n), it follows from § 85 
QiiroUary that 

^0+ S (oMCOsTur-h^nSinTur) 

Hast 


converges uniformly to the sum A (ar), which is equsl to / (®) 
Now, as m § 9 42, 


(*)=!/■*’ 

^ ' irj K6-,) Bin $ 




12—2 
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Ab in § 9 41 we choose an arbitrary positive number e and then enclose the points at 
which /(^) IS unbounded in a set of intervals dj, dfl, Ap such that £ f l/(t) fdt <f 

r«i ; «p 

If A be the up{.>er bound of [/(t) | outside these intervals, we then have, as in 9 41, 

I 1 < ( 2^1 + ^') 

where the choice of n depends only on a and b and the form of the function /(f) Hence, 
by a choice of m independent of x we can make 

arbitrarily small, so that S^{x)—S^^{x) tends uniformly to zero Since S^^\x)-*-/{x) 
uniformly, it is then obvious that Sfn(x)-*-f{x) uniformly , and this is the result to be 
proved 

Note It must be observed that no general statement can bo made about uniformit} 
or absoluteness of convergence of Fourier senes. Thus the senes of § 9 11 example 1 
converges uniformly except near x=(2»+l)w but converges absolutely only when x^nn^ 
whereas the senes of § 9 11 example 2 converges uniformly and absolutely for all real 
values of x 


Example 1 If (B) s,itiRfi<» suitable oonditions in the range (0, w), shew that 


r sin (2ffl + l) i 


lim { (h (6) d$ 

m^»Jo Sine ' 


mn« 


*-«0D Jo wn ^ ^ 


= Jir {0(+O) + </)(>r-O)} 
Example i Pro»e that, if a>0. 


lim 


I sin(2a+l)^ 1 1 , 

/ — coth 

J o sin d ^ ^ 


[Shew that 


(Math Trip 1894) 


/: 


sin (2n + l) e 

810 e 


do 


= lirn r 

m'^30 J 0 


"•» sin (2»+ 1) 0 
sia 0 
sm (2»+l)^ 


e-o9d0 


hm / y)-f. cW 

sioB ^ 


=/, 


8m(2n+l)^ e-oSdB 
sin 0 1 


and use example 1 ] 

ExamjUe 3 Discuss the uniformity of the convergence of Founer senes by means of 
the Dinchlet Bonnet mt^iula. without making use of the theory of summabibty 


9 6 The Hurwite-Liaptounoff* theorem conoemtng Fourier constants 

^ houTided tn the interval (— ir, tt) and let f f (ac) dw exist, so 


* Math Ann lvix (1903), p. 429 Liapoanoff discovered the theorem m 1696 and pabhsfaed 
it m the ProcudtntQa of the Math, 8oe of the Umv of Kharkov Bee CQmpte$ Rendtu, cxxti 
(1896), p 1024 
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ia„'+ 2 (o»’ + 6n‘) 
»*1 


1 /■* 

is convergent and its sum is* - j \f{x)Ydx 


It will first be shewn that, with the notation of § 9'4, 

lim f — — 2 iS„(ir)l dr = 0. 

J Wi » = o ) 


Divide the interval ( — tr, ir) into 4r partem each of Jengtb ^ , let the upper and lower 
bounds of /(r) in the interval (2p+3)d— w} be CTp, and let the upper 

bound of \f{,x)\ in the interval (- «■, w) be A' Then, by § 9 4 coroUac^' 1, 

l/W-^ 2 I < t;p-£,+2E'/{msm'iS} 

I n <=0 1 

< 2A’'[l + l/f7n 

when X lies between and (2p + 2)d 

Consequently, by the first mean<vaiue theorem, 




2» I {Vp 

JDa»0 


j AKr \ 

** "**7)1 sm* 


Since/(x) aatjafiea the Riemann condition of mtegrability (§ 4 12), it follows that both 

r-\ r-1 

4d 2 and 45 2 (f^ap+i --^p+i) can be made arbitrarily small by giving r a 

p»0 p»o 

sufficiently large \alue When r (and therefore also 5) has been given such a value, we 
may choose mi so large that r/{mt sid^|^ 5} is arbitranly small That is to say, we can 
make the expression on the right of the last inequality arbitrarily small by giving m any 
value greater than a detenninate value nii. Hence the expression on the left of the 
inequality tends to zero as . 


But evidently 

fW ( m-1 «*-l n « 

= /(a:) - 2 + 2 ^ (:r) dx 

J-irl n = 0 n^oni ] 

= f j/(^) - "2 An (»•)[’ </*+[' Ts’ ^ An (*)}’ dx 

+ 2 |/(^r) - "s An (x)| j"2 ‘ An (X)| dx 


* This integral exists by § 4*12 example 1. A proof of the theorem has been given by de la 
YaU4e Poussin, in which the eole restrictions on f{x) are that the (improper) integrals of /(x) 
and {/(x)}> exist in the interval (-ir, ir) See bis Court d* Analyte Ii\finUitimale, n. (1912), 
pp. 16A-lb6. 
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since j /(x)jlr(«)eiiF“| .A, (jr)| 

when r = 0, 1 , 2, ... m — 1. 

Since the original integral tends to zero and since it has been proved 
equal to the sum of two positive expressions, it follows that each of these 
expressions tends to zero ; that is to say 

J ^ dx-*0. 

Now the expression on the left is equal to 

=f'j /(^))’ - f \ 

80 that, as m— »oo , 

I {/(«)!’ IT 1^®.’+ S^(an»4-6»»)| -»0. 

This is the theorem stated. 

CoroUary, Par§eva^8 theorem* If /(j?), F{x) both satisfy the conditioos laid on /{t) 
at the beginning of this section, and if be the Fourier constants of /’(.r), it follovps 

by eubtractiDg the pair of equations which may be combined in the one form 

1/ W = T [i (a,± -1,)’+ i(a.± + + £.)«) j 

that j'_J{x)F{x)dx=n (a,,4,+6,7?,)| . 

9'6. Riemann’s theory of trigonometrical aeries. 

The theory of Dirich let concerning Fourier series is devoted to series 
which represent given functions. Important advances in the theory were 
made by Riemann, who considered properties of functions defined by a senes 

of the typef =0,4 2 (o, cos na + 6n sin ?w;), where it is assumed that 

‘ ii“i 

lim (a„ cos rue + b, sin ke) — 0. We shall give the propositions leading up to 

Riemann’s theorem | that if two trigonometrical series converge and are equal 

* Mim. par dieert tavanh i. (1806), pp. 639-'64d. Parseval, of oonrsa, assumed the penaiMi* 
bility of iotegrating the trigonometrioal s^Tes term-by-term, 

t Throogboat 0*8-9'6S3 the letters a,^, b,, do not Deeessarily denote Fonn^ oonstants. 

X The proof given is due to O. Cantor, Journal /Ur Math, Lxzix. (1B70), pp. 180-142. 
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9 - 6 . 9 - 61 ] 

at all points of the range l—ir, ’ir) with the possible exception of a finite 
number of points, corresponding coefficients in the two series are equal. 

Q'fil. Riemann’s associated functum 

J SO « 

Let the sum of the senes + S (tt» cos nw +b„ sm nx) = 2 (ss), 

■* -n-l n,=I 

at any point x where it converges, be denoted by f (x). 

Lot f'(x) = \Ati^~ 2 n-'An(x). 

* n-l 

Then, if the series defining f(x) converges at all points of a ly finite intei'val, 
the series defining F{x) convergers for all real values of x. 

To obtain ohis result we need the following I^Miima due to Cantor. 

Cantor' 9 lemtfia* If \\m — for all values of x »uch that a^x^hy Men 

For take two poirita Xy x + 5 of the interval Then, given c, we can hnd such thatt, 
when « > i4o 

j <2„ COS + «^*{ <€, | a^vAjanix-¥b)-^b^ win w (jr + d) j < f. 

Therefore 

oosnd (ci^coH rt;r + 6ftSin nx) + Bm ( — a,sm 7ur + C»,^co6 n^) ] < t. 

Since 1 cos»5(aftC08»u.*+fc«sin , <€, 

it follows that I sm tih ( — f/^siii m cos tix) < 

and It )H obvious that I am nb (a* cos nx+b^ sm acr) , < 2* 

Therefore, squaring and adding, 

+ siun81<2»V2. 

Now auppine that a^, have not the unique hnsit 0; it will 1^ sbewm that this 
hypothesis m\olv€8 a ermtradiction For, by this hypothesis, »ome jiositive number 
eicists such that there is an unending increasing sequence n|, of values of 7i, for 

which 

+ > 4f„ 

Now let the range of values of b be called the intenal /, of length on the real axis 

Take itj' the smallest of t)ic integers if, such that %' > 27r ; then sin goes through 

all Its phases in the interval /j , call /j that sub-interval \ of f, in which sm n/y > I ; 
its length IS >r/(2n,')»»Xj Next take «/ the HinaJlost of the integers »,.(>7i|') such that 
so that sm n^y goes through all its phases in the interval /j, call I 3 that sub- 
intenul| of /j in which sm fia'y> 1/^/2; its length is 7r/{2n^')«^Z^ We thus get a 
sequence of decreasing intervals . . each contained m all the previous ones It is 

obvious from the definition of an irrational number that there la a certain point a which 
ill not outside any of these inten^als, and sin na> 1/^/2 when • (”r+i > ^r)- 

For these values of w, (a„* + ^ sm na > 2*^ y/i. But it has been shown that corresponding 

* Biemann appears to have regarded this result as obvious. The p^of here given is a 
modifloation of Cantor’s proof, A/aCh. Ann rv. (1671), pp. 139-148, and JotimeU fUr Math, LXzri. 
(1870), pp. 180-1S8. 

t The valne of Hq depends on x and on 8. 

t 1( there is more than one suoh snbdnterval, take that whiob lies on tbs left. 
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to given numbers a and c we can find Jio such that when n>n^,(a,^+b,^)^ (8iuna)<2€ i 
since some values of n^' are greater than a,, the required contradiction has been obtained, 
because we may take » < «o ; therefore a,-»-0, 6i,-*.0. 

Assuming that the series defining _/"(*) converges at all points of a certain 
interval of the real axis, we have just seen that a„-*0, »0. Then, for all 

real values of a, | oos n® + i>„ sin tuc | -+0, and so, by § 3'.H4, the 

CO 

series 2 n~’A„(a;)=F{x) converges absolutely and uniformly for all 

» = 1 

real values of ® ; therefore, (§ 3'32), F(a!) is continuous for all real values of ®. 

9'62. Properties of Riemann’s associated function; Riemann’s first lemma. 

It is now possible to prove Riemann’s first lemma that if 

^ F(x + 2a) + F(x-2a) — 2F(x) 

0{x,a)^ - , 

then limS(®, a)=f(x), provided that S A„(®) converges for the value of x 

a^O n— 0 

under considei'ation. 


Since the aeries defining F{x), F{x±2a) converge absolutely, we may 
rearrange them ; and, observing that 

oos n(x + 2a) + cos n (x — 2a) — 2 cos nx = — isin‘fta cos nx, . 
sin n (x + 2a) + sin n(x — 2a) — 2 sin Ji® = — 4 sin’ na sin nx, 
it is evident that 

G(®,a) = A,+ I 

\ na / 

It will now be shewn that this series converges uniformly with regard to 
a for all values of o. provided that £ A„{x) converges. The result required 

n=l 

is then an immediate consequence of § 3'32 : for, if /„ (a) = _ (a ^ 0), 

and ^ (0) = 1, then f„ (a) is continuous for ‘all values of a, and so G (x, a) is a 
continuous function of a, and therefore, by 1 3'2, 0 (x, 0) = lim G {x, a). 

To prove that the series defining G {x, a) converges uniformly, we employ 
the test given in § 3'35 example 2. The expression corresponding to &>„ (®) 
is fn(d), and it is obvious that {_/i,(o)|<l; it is therefore sufficient to shew 

ac 

that 2 !/„+, (a) —fn (a) j < K, where K is independent of a. 

14*1 


In fact* if j bo the integer such that »|a|4 w <(»+ 1) | o |, when a+0 we have 


S l/.M («)-/.(»)'= 2 (/.(*)-/.*.(*))■ 

nasi »sl 


Sin* a «in*jra 




* Since sin x deoKates ae x inGTeasea^m Q to r. 
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9-62, 9*621] 


Abo 

3 

n— 1+1 




sip* na — sin* (»-<- 1 ) o 
(m + 1)* a* 


*1/1 1 \ * j »in* na 1) a I 

^«=?+i 5 V»“ " («+ W 


.+ s 


l^S+l (» + l)*o“ 

1 8in a mn(2M + l)n I 




1 I sm a 
a“ 


3 


1 




* (« + !)* 
dx 

{xTff 


Therefore 


^ 1/n + l (®) "/»(“) t ^ 


(-+i>i«r 

sin^a 4in*«a _ /Bm**a ^ 8iD*(* + l)a' 
■*■ (» + !)» 


1 1 
+ -, + Z 


1 . 2 


< 1 +- + 

jr JT’ 

Since thie expression is inde^»endent of a, the result required has been obtained*. 

00 

Hence, if 2 An (jr) converges, the series defining 0 ( x , a ) converges 

n=0 

uniformly with respect to a for all values of a, and, as stated above, 
lim (? (*, a) = (? f®, 0 ) = al„ + 2 An ( x)=f ( x ). 

4 -W) nsi 

Example . If H (®, a, « shew 

4 fi 3 

that B {Xf a, &)~*‘ f { x ) ’when f { x ) converges if o , fi ~*-0 in such a way that o/^ and ^ja 
remain finite (Riomann.) 

9621 . Riernanns second lemma . With the flotation 0/ ^ 9 ‘ 6 - 9 ‘ 62 , if 

T r F ( a : + 2 a) -h F {x - 2 ci ) ~~ 2 F ( x ) 11 j r 

cinj hn —^0, then iiiu - — — ^ — ~ ss 0 for all values 0 / x . 

«-»o 4 a 

* RIT)^ YlCf 

For ia-‘ (f (® + 2 a) + /"(x - 2 a)- 2 f (®)) =,d,a + 2 An ( x ); but 

i»=:i n a 

* sin* wflf 

by § 9'1 1 example 3 , if a > 0 , 2 — - — = j (it - a) ; and so, since 

... * sin'na . , . 

A ,{ x ) a + 2 —— An { x ) 

«= 1 '' W 

*«:^o(«)a + 2 (iln+i W - - 4 ,(ic)}, 

n-l t m = l ) 

it follows fi-om § 3 35 example 2 , that this series converges uniformly “with 
regard to a for all values of a greater than, or equal to, zerof. 


* This inequality is obviously true when a=0. 

f If we define ^«{«) by the equations 2 and y»(0)=:i^r, 

m»i w a 

then jrn(^) oontinnous when a^O, and pM.i(aXp«(a). 
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But Iim 'F (a + 2a) + F(^— 2a) — 2F(«)} 

«-^+0 

00 

= hm (ic) a + J (tt - a) .4, (a-) + 2 (a) {.4«+, («) - .4„ (a:)l , 

*-♦+0 _ 

and this limit is the value of the function when a = 0, by § 3 32 , and this 
value 18 zero smce hm jl„(it) = 0 By symmetry we see that hm = hm 

n-^ac B-^+0 tt-^ — P 

963 R%€mann8 theorem^ on trigonometrical senes 
Two trigonometrical senes which converge and are equal at all points of 
the range (— tr, tt), with the possible exception of a finite number of poini^y 
must have corresponding coefficients equal 

An immediate deduction from this tbeorem la that s fonction of the type considered 
in ^ 9 42 cannot be represented by anv trigonometrical senes m the range (- tr) other 
than the Fourier senes This fact was fiiNt noticed by l)u Bois Reymond 

We observe that it la certainly possible to have other expansions (?f (say) the form 

2 (a^oos Jfn2:+/3„8in^ffix), 
m-l 

which represent /(x) between -tr and n for write a?* 2^, and consider a function 0 (^), 
which IS such that <p (|)*=/(2^) when — |fr <i«’, and when - «•< ^< - iff, 

and when }7r<f<fr, where g(^} is any function satisfying the conditions of § 9 43 
Then if we expand <h (|) m a Fourier senes of the form 

ao+ 2 ia„»Ct>s»i|+j3„cosnif), 

«>o 

this expansion represents /(x; when — w<x<ir , and cleaily by choosing the function g (^) 
in different ways an unlimited number of such expanaions can be obtained 

The question now at issue m, whether other series proceeding in sines and cosines oi 
integral multiples of x exist, which differ from Fourier’s expansion and yet represent /(x) 
between — n and w 

If possible, let there be two tngonometncal senes satisfying the given 
conditions, and let their difference be the trigonometrical senes 

4,+ 2 A„(x)=f(x} 

n^l 

Then f(x) = 0 at all pomte of the range (— tt, it) with a finite number of 
exceptions, let f,, f , be a consecutive pair of these exceptional points, and 
let F (x) be Riemanns associated function We proceed to establish a 
lemma concerning the value of F{x) when fi<a;< f, 

9*631 Schwartz lemma^ In the range F{x)_u a linear function of 

if f(x)=^0 in ihie range 
For if 1 or if - 1 

4> (x)=g^F(x)-F(S,)-^^ !F(£,)-F(i,)}J~ih>(x-i,) (£,-x) 

IS a continuous function of x in the range and (( 7)^0 

The proo'' we give 18 due to Cj CAntoe, Jottrftal/iir Math Lxxn (1870), pp 189-142 
t Quoted by O Cantor Journal fur Math ixzii (1870) 
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If tbe Brst term of ^ ib not zero throughout the range* there will be some point 

at which it ia not zero. Obooae tbe aign ot S bq that tbe brat term ia poaitive at c, 
and then obooae h so small that 0 (c) is still positive. 

Since ip (x) is continuous it attains its upper bound (§ SBS), and this upper bound is 
positive since (p (c) > 0. Let tp (x) attain its upper bound at c, , so that Ci % {i , c, . 

Then, by Biemann’s first lemma, 

hm ^(‘>i +‘»)+0(ci-e)~2j»(c ,) 

.-M) “* 

But <p (ci+a) ^<p (ci), <p (Ci-a) $ <p(Cf), so this limit must be negative or zero. 

Hence, by supposing that the first term of <p (x) is not everywhere zero in the range 
(^i> fj)j we have arrived at a contradiction. Therofore it la zero ; and consequently /"(x) is 
a linear function of x in the range fi < x < fj. The lemma is therefore proved. 

9'632. Proof of Riemanns Theorem. 

We eee that, in the circumstances under consideration, the curve y — F{x) 
represents a aeries of segments of straight lines, the beginning and end of 
each line corresponding to an exceptional point ; and as F(x), being uniformly 
convergent, ia a continuous function of x, these lines must be connected. 

But, by Riemann’s second lemma, even if f be an exceptional point, 

lim + + = 0 

.-M) O 

Now the fraction involved in this limit is the difference of the slopes of 
the two segments which meet at that point whose abscissa is f ; therefore the 
two segments are continuous in direction, so the equation y = F{x) represents 
a single line. If then we write F(x) — cx + c', it follows that c and c' have 
the same values for all values of x. Thus 

CD 

^Aiix^- cx — c'= 2 n~'A„(x), 

»=i 

the right-hand side of this equation being periodic, with period 2Tr. 

The left-hand side of this equation must therefore be periodic, with period 
Stt. Hence 

A, = 0, c = 0, 

CD 

and — c'= 2 n~’A„{x). 

Il»-1 

Now the right-hand side of this equation converges uniformly, so we can 
q^ultiply by cos nx or by sin nx and integrate. 

This process gives 

wn~'a„«“ — c'J coB7ixdx<=0, 




sin nxdx > 


If it ia wto thfoaghout tbe range, ie a linear function of c. 
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Therefore all the coefficients vanish, and therefore the two trigonometrical 

series whose difference is + S -4„(a:) have corresponding coefficients equal. 

» = 1 

This is the result stated in § 9'63. 


9'7. Fourier's representation of a function by an integral* 

It follows from § 9'43 that, if f{x) be continuous except at a finite 
number of discontinuities and if it have limited total fluctuation in the 
range (— 00 , 00 ), then, if x be any internal point of the range (— o, 0), 

lim* r sin(2m + l )(t-x) ^ ^,r(?->Bin 0 {f{x + 2fl) + f{x - 261)]. 

(t^X) 

Now let A, be any real number, and choose the integer m so that 
A = 2m + 1 + 2^ where 0 < < 1. 

Then j jsin A(t — ic) — 8in(2fB + l)(t — *)] (t — a:)~'/(t) dt 

= f 2 jcos (2in + 1 + ij) (t — a;)] . [sin v(t — ®)} (t — x)~’f(t) dt 

-» 0 , 

as m—*oo by § 9'41 (ll), since (< — a:)“'/(f) sin 1 ; (t — ®) has limited total 
fluctuation. 


Consequently, from the proof of the Riemann-Lebesgue lemma of § 9'41, 
it is obvious that if J |/(t) ! dt and j |/(t) | dt converge, thenf 


hm r "^-^-^/(f)dt = iw(/(a + 0)+/(x-0)], 

J -CD V*' 

and so 

Um j |J cos « (< — x) dM|/(t)dt = ^TT {/(x + 0) +/(x — 0)). 

To obtain Fourier’s result, we must reverse the order of integration in 
this repeated integral. 

For any given value of \ and any arbitrary value of e, there exists a 
number /3 such that 

f l/(0|d<< ic/A; 


* La Thiorie Analijtique de la Chaltur^ Cb. fx. For recent work on Foaricr's integrol and 
the modem theory of ‘Fourier transforms,' see Titohmorsh, Proe. Camb. Pkil. Soc. xxi. (1928), 
pp. 463-473 and Proc, London Math. 8oe. (2) xxiii. (1924), pp. 279-289. 

means the dooble limit lim 


/ . If this limit exists, it is equal to Hm j 

— P p-*QDj — 
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writing 008 u(t — sc) / (t) = (t, ti), we have • 

jf |J (t, u) du^ dt — j I a)dt^f^du ^ 

= ! J I J <f>{t,u) duj dt + j I J diij dt 

— j <p (t, u) dtj du — J 1 tf> (t, u) d^ du\ 

= j U ^ u) liuj rft — j" 1 1 " u)dt^ du 


u) I (i«| dt +j 


1 d> (t, «) I dtdu 




Since this is true for all values of e. no matter how small, we infer that 

io” J! ^ 11 f“’ lo Irll C 

Hence Jw [/(« + 0) +/(® — 0)} = lino [ [ cosu(t ~ x)/(t)dtdu 

X-»>« Jo ~ OD 

— jj tos u(t — x)/(t) dtdu 

This result is known as Founers integral theorem^ 

y Example Verify Fourier’s integral theorem directly (i) for the funotiou 

/(*)=(a«+x«) i, 

(u) for the function defined ^ the equations 

/(^) = li ('l<x<l), /(x)=0, (jxl>l) (Rayleigh) 
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* The equation ~ Jo /o jaatified by S ^ 3, by considering the ranges within 

which / («) 18 oontmuons 

t For a proof of the theorem when /(x) is subject to less stringent restnotions, see 
Hobson, Functions of a Real Variable, §§ 492-498 The reader should observe that, although 

lim / / exists, the repeated integral [ \( sin does not 

-• Jo J -w I/O / 
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Miscellaneuob Examples. 

1. Obtain the expansions 

, , 1 — r 008* , . . 

(a) -«»l+fcoe*+r*oo6a*+..., 

' l~8roos*+f* 

(^) E (1 -Sr cofl*+r*)™ — rcoB t - ir*CD8 5i*-i r*ooB 8* — 

S a O 

/ \ .L rain* , 1 • • « 1 ^ . 

(c) arotan , =rBin*+xr*sin2* + ;rr®8in3* + ...i 

1 — r 008 * * «> 

/j\ A Srma* 

(a) arctai^-^ — jj-»r8m*+^r*8m3*+gr*8m6* + ..., 

and shew thatj when j r | < 1, they are oonvergent for all values of * in certain strips 
parallel to the real axis in the *'plaue. 

2. Expand and x in Fourier sine series valid when -fr<x<ir; and hence find 
the value of the sum of the series 

flin .T — ^ sin 2x + i sin 3x - p Bin 4x + . . . , 

for all values of x. (Jeaus^ 1902.) 


3. Shew that the function of x represented by S sin nx sin* no, is constant 
(0 <'X < 2a) and zero (2a < x < fr)> and draw a graph of the function. 

(Pembroke, 1907.) 

4. Find the cosine series repreeentiog /(x) where 

/(x)s*8inx+co8X (0<x^i*r), 

/{x)*=8inx-cosx (Jw$x<»r). (Peterhouse, 1800.) 


6. Shew that 


sin 3irx sin bn-x sin 7wx , r i 
8inirx+ — g — + — ~ — +“iy — +...*iw[x}, 


where [x] denotee +1 or 1 according as the integer next inferior to x is even or uneven, 
and is zero if x is an integer. (Trinity, 1695.) 

6. Shew that the expansions 

log 2 COB 3 X |»iCosx— ^coe2x+5 cosSx... 

I 2 1 2 o 


logj2irin^x|»-coex--co82x--co8 3x... 

are valid for all real values of x, except multiplee of it. 

7. Obtain the expansion 

* ^ cos 9HX ( 1 \ 1 


and find the range of values of x for vbich it is appUoaUe. 

8. ftove that, if 0 < x < 2ir, then 

Bin X 2 sin 2x 3 Bin to rf8inho(B'-x) 
o*+l* o*+2* o*+3* ■" 8 siulioir 


(Trinity, 1898.) 


(Trinity, 1895.) 
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9. Shew that between the valuee — w and + «■ of jr the following expansions hold : 


Bln am mir 


008 — am mrr I 


/ sin :r 2 am 3 sin \ 
2»-m* 

/ 1 wcoflx m 008 2x mcoaSx 
\2w 1* — 2* — m* 3® - //i* 


w \2m 


m cos X , m cos 2x m cos 3x 


Let X be a real variable between 0 and ^^d let » be an odd number ^ 3. 


the prinr* 


, 1,2* I ^ mn 

+ - 2 — tan — - C 08 2f»frx, 
n fTAsim n ’ 


X is not a multiple of where s is the greatest int^er contained in Hr; but 


- 12*1 mtr 

0 = - + - 2 —tan — co82f»frx, 
n »r*-j m n 


if X 18 an integer multiple of 1/n. 

11 Shew that the sum of the series 


(Berger.) 


^ + 4x"^ 2 f»'*8in|mirco8 2»»frx 

«•! 


is 1 when 0<x< J, and when f <x< I, and is - 1 when ^ <x< g. (Trinity, 1901.) 


shew that, when — 1 <x < I, 


«“-I ”..0 n ! ’ 




(Math, Trip. 1896.) 


13. If m is an integer, shew that, for all real valuee of x. 


^ „ 1 , 3 . 5 ... (2m- 1) fl, m „ , m(m-l) 

co8*"x— 2 ;Coe2x + ; i.;-; — 7r,oos4x 

2. 4. 6.. 2m (2 m + I (m + l)(m + 2) 

..(m-l)(m-2) 

"^(m+l) (?n+2)(m +3) '*’■ 


3.4 .6...(2m-2 ) a^2m-l 
*l%1.3.5..,(2m-l)t2 2m + l'°®“^^ 


(2CT-l)(2m-3) 
(2ra + l)(2m + 3)' 


14. A point moves m a straight line with a velocity which is initially u, and which 
receives constant increments, each equal to at equal iotervals r. Prove that the velocity 
aAany time i after the beginning of the motion is 


u Hi v * 1 . 2mirt 
5 + — + -2-8m , 

2 r r 


and that the distance traversed is 


v>t , . ur «T * 1 2mlr^ 

^2^ -.cos — . 


(Trinity, 1894.) 
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fix) - 2^^ sin <6» - 3) * - 2^ sin (2n - 1 ) * 


SID 64? sin 74? sin II4: 


+ __|ainx- j., +~^- 

ew that /(+0)— /(*•— 0)— -i»r, 

d /(i^+0)-/(iT-0)=-4*, /(§ir + 0)-/{|ff-.0)«t,r. 

Observing that ttft last aeries is 

d j Bin ^ (2« — 1) IT sin (S» — 1) j? 


I4: ) 

r+-}. 




draw the graph of f{x). (Math. Trip. It 

16. Sbe«v that, wh«i 0<.t?<«-, 

, 2J3/ 1 .1 „ 2 \ 

/(:r)= ^ ( co8 4r — - coeSar+^coB 74? — — coa + j 

i»8in 24,’+ i sin 44?+ i sin 84?+^ l(>r+... 

2 4 5 

where (0<4?<Jir), 

/{4?)*=0 ()[ir<4?<§fr), 

/C4:J*-Jir (fir < 4? < it). 

Find the sum of each aeries when j;«0, Jir, |fr, ir, and for all other values of j?. 

(Trinitv. 1008.) 

17. Prove that the locus represented by 

- (-)•-» . 

% — wnjW7 8aD»y=0 

is two systems of lines at right angles, dividing the coordinate plane into aqiiares of 
areair^. (Math. Trip. 1896-) 

1 8. Shew that the equation 

j ( " y* ~ ooB nx ^ 

•-I * 

represents the lines y« ±inir, (mwO, 1, 2, ...) together with a set of arcs of ellipace whose 
semi-axes are v nf>/Z, the arcs being placed in squares of area 2ir*. Draw a diagram 
of the locus. (Trinity, 1903.) 

10. Shew that, if the point (x, y, a) lies inside the octahedron bounded by the planes 
±A±y±l»ir, tlMD 

* , . , sin 7ur sin ay Bin n< 1 



(Math. Trip. 1904.) 

Circles of radius a are drawn having their centres at the alternate uigular points 
jOlt,# in^gulsr hexagon of side a. Shew that the equation of the trefoil formed by the outer 
r of the circles can be put in the form 

the initial line being, token to paee through the centre of one of the oirclee. 

(Pembn^e, 1902.) 
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21. Draw tlie graph represented bj 


where m la an integer 


r 

a 



am 


Z iLj. s (-)*oo8wm^ 

m l-(nm)=* '* 


(Jesus, IdC^ ) 


22 With each vertex of a regular hexagon of side 2a centre the arc of a circle of 
radius 2a lying within the hexagon is drawn Shew that the equation of the hgure 
formed by the six aros is 


^=6-3^ + 2 £ 
4a '' 


((-)•-> 6 + 3^3) 
(6»-l)(6« + l) 


coa6iiS, 


the pnme vector bisecting a petal 


(Trinity, 1905 ) 


23. 


24 


25 


Shew that, if c> 0, 


hm 


lim I «“** cotxsiii (2ft+l):c dr = g»rtanh gCfr^ 


Shew that 


Hin(2n+l)x dx 1 , , 

— ' — -5 = ft ^th 1 

8inx 1+x* 2 


lim ( 
n-^et> J 0 

Shew that, when - l<x< 1 and a is real, 


(Trmity, 1894 ) 

(King’s, 1901 ) 


lira 

go 


sin (271+1)^8111(1 +x)5 6 

Bind a»+# 


1 sinh or 

2 sinb a 

(Math Tnp 1905) 


26 Assuming the possibility of eipanding /(x) in a uniformly convergent senes of 

the form £AtSini:x, where i is a root of the equation it cos oit+i sm m(=0 and the 
k 

summation is extended to all positive roots of this equation, determine the constants A. 

(Math Tnp 1898 ) 


27 If 


/(x)-=-ao+ 2 (o, COB Tlx +5, sin «x) 

* »t*i 


IS a Founer senes, shew that, if /(x) satisfies certain general conditions, 

4 f" 1 4 /■“ 1 dt 

a, = - F I /(t)coen<tau 5 t — , 5.--/ /(t) sin n( tan ^ — 
TTjo ^ J 0 21 


(Beau) 


28 If 5.(x)-2 £ (-)7- 


-, prove that the highest maximum of jS, (x) in the 


interval (0, ir) is at x«= j and prove that, as n»cc , 




■di 


Deduce that, as n-^oo, the shape of the curve y=5„(x) in the interval (0, »r) tends to 
a{>proximato to the shape of the curve formed by the (0^xi$»r) together with 

*the hue w, (0 ^ 0\ where 


I 


-dt. 


['the fact that (7s=3 704. . >ir is known as Gtbbs^ phewrnenoit , see Nature^ LXIX (1899), 
]> 606 The phenomenon is choractenstjc of a Fourier senes m the neighbourhood of a 
point of ordinary discontinuity of the function which it represents For a full discuasion 
of the phonomowon, which was disoovered by Wilbrabam, Camb atid Dublin 
III (1848), pp 198-201, see Carslaw, Founer^e 5enM and Xntegralt (1921), Ch ix] 

W. M. A, 13 



CHAPTER X 


LINEAR DIFFERENTIAL EQUATIONS 


101. Linear Differential Equations*. Ordinary points and singular points. 

In some of the later chapters of this work, we shall be concerned with the 
investigation of extensive and important classes of functions which satisfy 
linear differential equations of the second order. Accordingly, it is desirable 
that we should now establish some general results concerning solutions of 
such differential equations. 

The* standard form of the linear differential eijuation of the second order 
will be taken to be 

cfu , .du , . ^ ... 

^.+p(s)-^ + q(s)u^0 (A). 

and it will be assumed that there is a domain S in which both p (s), q {z) are 
analytic except at a finite number of poles. 

Any point of S at which p (z), q (z) are both analytic will be called an 
ordinary point of the equation ; other points of S will be called singular 
points. 


lO^. Solution f of a differential equation valid in the vicinity of an 
ordinary point 

"Xet 6 be an ordinary point of the differential equation, and let Si be the 
domain formed by a circle of radius r^, whose centre is b, and its interior, the 
radius of the circle being such that every point of Sj is a point of S, and is 
an ordinai-y point of the equation. 


Let ^ be a variable point of Si,. 

In the equation write u = vexp and it becomes 


(fiv 

dz‘ 


+ J («)» 


0 


(B), 


where = q fy) - ^ - i {p . 


* The analyBis contamed in iha eha^er ie mainly theoretical ; it oonaisist for the moet part, 
of existence theoremi. It le asBoned that the reader hae some knowledge of practical metiiodfl 
of Bolring differendal eqnatione; these methods are given in works exclasively devoted to the 
snbjeot, sooh as Forsyth, A Treatise on DifferenUai Equatioru (1914). 

t This method is applical^ pnly to equations of the second order. For a method applicable 
to etiuaiions of any order, SlBfl^J’i(tt•yth, Theory of Differential Eguationtt xv. (1902), Ch. i. 
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10 - 1 , 10 - 2 ] 


It is easily seen (§ 6‘22) that an ordinaiy point of equation (A) is also 
an ordinary point of equation (B). 

Now consider the sequence of functions W. analytic in Si,, defined by 
the equations 

% (e) = On + a, (z - b), 

„„(z)= ['{(T-a) (n = l, 2.3, ...) 

where a„, a, are arbitrary constants. 

Let if, ^ be the upper bounds of \J(z)\ and in the domain St. 

Then at all points of this domain 

I *’» W I $ “ I ■* — b i“/( n !). 

For this inequality is true when n = 0 ; if it is true when n = 0, — 1, 

we have, by taking the path of integration to be a straight line, 

(^) I = I /‘(t- ■*) d" (?) «'»-. (D d? I 

< („T - ' I ) ! / J ^ ~ ^ I • ! I ? - • I d? ! 

< — ; liif"* I r — 6 

mr ‘ 

Therefore, by induction, the inequality holds for all values of n. 

Also, since — when z is in St and D ^if"rj*"/(7i !) con- 

71 . naO 

QO 

verges, it follows (§ 3'34) that v(z)= 2 »„ (z) is a series of analytic functions 

w«0 

uniformly convergent in St ; while, from the definition of Vn(s), 

^ Vn (z) = - J' J (?) ( ?) d?, (u = 1, 2. 3, . . . ) 

rf* 

®n (s) = — Jf (z) Vn-i (z) J 

hence it follows (§ 5'3) that 

d*t) (z ) _ d'v, (z) 2 

(i*’ ~ dr* dr* 

— — /(a)v(a). 

Therefore w(r) is a function of z, analytic in St, which satisfies the 
differential equation 


13—2 
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and, Jrom the valve obtained for ^ («), it is evident that 

v(b) = a„ ^ = 

where o,, a, are arbitrary. 

10'21. Uniqueness of the solution. 

If there were two analytic solutions of the equation for v, say v, (i) and v, (z) 
such that v,(b) = v,(b) = d„ v/(b) = ti,'(b)=‘a,, then, writing w(z) = Vi(z)~V 2 (z), 
we should have 

^^hj(z)w(z)^0. 

Differentiating this equation n — 2 times and putting « = fc, we get 
«)<"! (b) + J (b) hi '"-” (6) + „_aCi J'(6) (b) + ...+J (b) w (5) 0. 

Putting n=2, 3, 4, ... in succession, we see that all the differential coefBcients 
of w (z) vanish at b ; and so, by Taylor’s theorem, tc («) = 0 ; that is to say the 
two solutions v, (z), v, {z) are identical. 

Writing u{z)<=v (z) exp j p (f) <i?|- . 

we infer without difficulty that u («) is the only analytic solution of (A) such 
that u(6)=» Ao, ii'(6) = A,, where 

Ao = ao, A, = a, — |p(6)o„. 

Now that we know that a solution of (A) exists which is analytic in Si, 
and such that u(b), u' (b) have the arbitrary’ values Ao, A,, the simplest 
method of obtaining the solution in the form of a Taylor’s series is to assume 
00 

u(z}=r S An(z — by', substitute this series in the differential equation and 

llsiO 

equate coefficients of successive powers of z — b to zero (§ 3’73) to determine 
in order the values of A„ A,, ... in terms of A„ A,. 

[Note. In practice, in carrying out this process of substitution, the reader will find 
it much moie simple to have the equatioo ‘cleared of fractions' rather than in the 
canonical form (A) of § 101. Thus the equations in ezamplee 1 sod 2 below should 
bo treated in the form in which they stand ; the factors 1 (*-2) (*— 3) should not be 
divided out. The same remark applies to the examples of §§ 10'3, 10-32.] 

From the general theory of analytic continuation (§ 6'5) it follows that 
the solution obtained is analytic at all points of S except at singularities 
of the differential equation. The solution however is not, in general, 
‘ analytic throughout S ’ (§ 5'2 cor. 2, footnote), except at these points, as it 
may not be one-valued; i.e. it may not return to the same value when z 
describes a circuit surrounding one or more singularities of the equation. 
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|]Tbe property that the solution of a linear differential equation is analytic 
except at singularities of the coefficients of the equation is common to linear 
equations of ail orders.] 

When two particular solutions of an equation of the second order are not 
constant multiples of each other, they are said to form a fundamental system. 

Example 1. Shew that the equation 

(1 -*•)«'' -5!r»'+f«=0 
hae the fundamental ayetem of aolutiona 
a, = 

Determine the general coefficient in each serias, and chew that the radius of con- 
vergenoe of each aeriee is 1. 

Example 2. Diacusa the equation 

(j- 2) («-3) — (2«— 5) «'+2ii = 0 

in a manner similar to that of example 1, 

10'3. Points which are regular for a differential equation. 

Suppose that a point e of S is such that, although p («) or q (t) or both 
have poles at c, the poles are of such orders that (z -c)p (z), (z -cyq(z) are 
analytic at c. Such a point is called a regular point* for the differential 
equation. Any poles of p(z) or 'of q(z) which are not of this nature are called 
irregular points. The reason for making the distinction will become apparent 
in the course of this section. 

If c be a regular point, the equation may be writtenf 

(r-c)^^“ + (r-c).P(s-c)~ + e(x-c)« = 0, 

whefe P (z — c), Q(z — c) are analytic at c ; hence, by Taylor’s theorem, 
P(z-^c)=pt + pi(z-e) + p,(z-cy + ..., 

Q(x-c)-q, +g,(«-c)+ q,{z-cy + ..., 

where po, p,, ..., g„ g,, ... are constants; and these series converge in the 
domain formed by a circle of radius r (centre c) and its interior, where r is 
so small that c is the only singular point of the equation which is in Sc. 

Let us assume as a formal solution of the equation 
M =« (r - c)* + 2 On (r - c)" , 

where a, a,, a,, ... are constants to be determined. 

* The same ‘ tegular point ' ie due to Tbomd, Journal fSr Hath. uxxt. (1873), p. 366. 
Fnobe had previoualy need the phiaie ' point of determinateneee.’ 
t Frobeoitu oalle this the normal form of the sqsatioa. 
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Substituting in the differential equation (assuming that the term-by-term 
differentia, .ons and multiplications of series are legitimate} we get 

(z - c)* j^a (a - 1) + 2^ a„(a n)(a + n - 1) (s 

-t- (e — c)* - c) . I a -I- 2 On (a -t- n) (r — c)** 

L >»»i 

-t(r-c)*Q(r-c>j^l-l- 2 <i„ e)" j = 0. 

Substituting the series for P(z — c), Q(z — c), multiplying out and equating 
to zero the coefficients of successive powers of 2 — c, v e obtain the following 
sequence of equations • 

a- -(-(po — 1) a-t 0, 

a, [(a-t — l)(a + 1) + 94 +“P' 

a, ((a + 2)M (p„- l)(a -I- 2)-l-9„)-Ha, ((a + l)j». j,j + “P' + 9» = 

n„ |(u + n)’ -(- (p„ - 1 ) (a + n) -I- 9,,) 

« — I 

+ 2 an-m!(a + n-w»)pm+9m} + ajl>n + 9n = 0 

mal 

The first of these equations, called the indicial equation*, determines two 
values (which may, however, be equal) for a. The reader will easily convince 
himself that if c had been an irregular point, the indicial equation would have 
been (at most) of the first degree ; and he will now appreciate the distinction 
made between regular and irregular singular points. 

Let a = pi, a = p, be the rootst of the indicial equation 
F{a) = a» -I- (p„ - 1) a -I- 9 j = 0 ; 

then the succeeding equations (when a has been chosen) determine Ui, a,, ..., 

in order, uniquely, provided that F(a + n) does not vanish when n = l,2,3 

that is to say, if a = p,, that p, is not one of the numbers pi + 1, pi + 2, . ; 

and, if a = Pj, that p, is not one of the numbers p,+ I, p^ + Z 

Hence, if the difference of the eiponents is not zero, or an integer, it is 
always possible to obtain two distinct series which formally satisfy the 
equation. 

Example. Shew that if m ie not zero or an integer, the equation 

is formtU]|)r satisfied by two senes whose leading terms are 

16 (I 

determme the ooefficiODt of the general term in each series, and shew that the series 
convarge for all values of z. 

* The name is dae to Oaylej, Quarterly JounuUt xzz, (1886), p* 896. 

t The roots p| of the indioial eqoatioo are called the ewponenU of the dilterential 
eqaatioD at the point e. 
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KhSl. Convergence of the ecepaneion of § 10-3. 

If the exponents p,, pa are not equal, let p, be that one whose real part is 
not inferior to the real part of the other, and let p, — pa = s ; then 

(pi + n) = n (s + n). 

Now, by § 6'23, ,we can find a positive number M such that 

(p„i<ilfr-», (g'„|<Afr-", | p,p„ + $„ [ < iff-”. . _ 

t ' 

where M is independent of n ; it is convenient to take M'^1. 

Taking a = pi, we see that 


f 

l ]f’(p,T 1)1 ' r ! * + V^'r’ 




since 1*+ 1]^1. 

If now we assume | a„ | < when n= 1, 2, . .. ni — 1, we get 

1 1 j(p, + m- t)pi + (7tl + p.p„ + q„ 

|a»| = /-'- 


F{p, + m) 

« — 1 m~J 

2 la^t\.\p,pt + gt\ + lp,p,n + q,n\+ 2 ' lp,| 




< - 


(■«-! 

2 (m-t) 
I <=1 


ni I « + »« I 

- ril M”^-^ 


m’ 1 1 + sm“‘ I 

Since j 1 + j7«“’ 1^1, because B(s) is not negative, we get > ' ' ' 

I Om I < -ts— 

Jjjft 

and so, by induction, | a„ | < Ar“r~" for all values of n. 

If the values of the coefficients corresponding to the exponent pj be 
of, a^, ... we should obtain, by a similar induction, 

I a„' I < 

where « is the upper bound of |1— s|~‘, |1— ^sp', ( 1 — ; this 

bound exists when e is not a positive integer. 

We have thus obtained two formal series 


v^{e) = {z-cy’ 1^1 + 2 OnCx- c)"j . 

o, (x) - (x - c)^ 1^1 + 2^o»'(x- c)"J . 


The first, however, is a uniformly convergent series of analytic functions 
when jx — c|<rif~*, as is also the second when Ix — c] < provided 
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in each case tbat arg (z — c) is restricted in such a way that the series are 
one-valued ; consequently, the formal substitution of these series into the 
left-hand side of the differential equation is justified, and each of the series is 
a solution of the equation; provided always that pi — p, is not a positive 
integer or zero*. 

With this exception, we have therefore obtained a fundamental system of 
solutions valid in the vicinity of a regular singular point. And by the theory 
of analytic continuation, we see that if all the singularities in 8 of the equation 
are regular points, each member of a pair of fundamental solutions is analytic 
at all points of 8 except at the singularities of the equation, which are branch- 
points of the solution. 


10'32. Derivation of a second solution in the case when the difference 
of the exponents is an integer or zero. 

In the case when p, — pj = s is a positive integer or zero, the solution 
w, (z) found in § 10-31 may break downf or coincide with w, (z). 

If we write u = w, (z) ?, the equation to determine f is 

(z_c)»g+{2(r-c)-^^^> + (z-c)P(x-c)jf=0, 

of which the general solution is 


^^A + B 
= A+B 


= A+B 


J (z — (z) dz. 




dz 


where A, B are arbitraiy constants and g(z) is analytic throughout the 
interior of any circle whose centre is c, which does not contain any singu- 
larities of P (z — c) or singularities or zeros of (x — c)*'' Wi (x) ; also g(c) = l. 


Let y(x)=l -t- 2 g„.(z-c)\ 

Then, if « 0, 


? = A-I-b|* jl-l- i^ynCx-crjcx-cr'-'dx 


= A+B 



S — 1 Q 

- 2 -2l-(x-c)»- 
t.=i*-n 


+ g,log(x-c) 


+ 


i -ffa- 

-•+1 n — s 





* positive integer, k does not ezis4 ; if ^ , the two eolations are the same, 

t The eoefflcient a,' maj be indeteriDinate or it may be infinite ; in the former ease Vs (z) 
will be a solution eontaining tiro arbitrary const ants oo' and a/ ; the series of whioh a/ is a 
faetor will be a constant multiple of [*)• 
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Therefore the general solution of the differential equation, which is 
analytic at all points of C (c excepted), is 

A Wi {z) + B [g.Wi (z) log (z-e) + w (z)], 

where, by § 2‘53, t« (r) = (r — c) *'« | — ^ + 'S. hn(z — c)"| , 

the coefficients hn being constants. 

When « == 0, the corresponding form of the solution is 

A iVi (z) + 3 (z) log (r — c) + (r — c)e* ^ hn{z — c)“J . 

The statement made at the end of § lO’Sl is now seen to hold in the 
exceptional case when a is aero or a positive integer. 

In the special case when g, = 0, the second solution does not involve 
a logarithm. 

The solutions obtained, which are valid in the vicinity of a regular point 
of the equation, are called regular integrals. 

Integrals of an equation valid near a regular point c may be obtained 
practically by first obtaining w, (r), and then determining the coefficients in 

a function tc, (r) = 2 (2 — c)^+", by substituting w, ( 2 ) log (r — c) + w, ( 2 ) in 

n»0 

the left-hand side of the equation and equating to zero the coefficients of the 
various powers of 2 — c in the resulting expression. An alternative method 
due to Frobenius* is given by Forsyth, Treatise on Differential Equations, 
pp. 243-258. 

Example 1. Shew that integrals of the equation 
dtu 1 du 


regular near 2=0 are 


dr z dz 


y>i(z)=\+ I 


I 2^. in !)» 

^ ” m-z*‘ n 1 1 \ 

and 

Verify that these series oonvei^ for all values of 2 :. 

Example 2. Shew that iutegrals of the equation 


r^ular near are 


2(2-l)^ + (22-l)^+i» = 0 


and 


w.wiog2+4j_ ( -g , 

Verify that these series converge when | ^ | < 1 and obtain int^prals regular near «« 1. 
* Journal fUr JfatA. Lxxvi. (1874), pp. 214>-224. 
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Bxamplt 3. Shew that the hypergeometric equation 

<(1 -*) ^^+{e-(a+b+l)t}^ -aiu=-0 

la eatiafied by the hjpergeometria aeries of § S-3S. 

Obtain the complete solution of the equatiini when c» 1. 

10'4 SolvUona valid for large values of\z\. 

Let r=l/i,; then a solution of the differential equation is said to be 
Valid for ‘ large values of | ^ | ’ if it is valid for sufiBciently small values of | ^, | ; 
and it is said that ‘ the point at infinity is an ordinary (or regular or irregular) 
point of the equation ’ when the point a, = 0 is an ordinary (or regular or 
irregular) point of the equation when it has been transformed so that is 
the independent variable. 

Since 


cfu , , .du , , ,dhi (_ , . /1\) du /'1\ 


we see that the conditions that the point z= ac should be (i) an ordinary 
point, (ii) a regular point, are (i) that 2r — z’p (z), z*q (t) should be analytic 
at infinity (§ 5'()2) and (ii) that zp (r), (z) should be analytic at infinity. 


Example 1. Shew that every point (iDcluding infinity) is either an ordinary point or 
a regular point for each of the equations 

r(l-r)^+(«-(‘»+»+J)»}^-oi»=0. 


Ti- 


Z‘) 


dz^ 


- 2z ^+» (n +1) «->0, 
at 


T!flicr6 a, 6) c, 91 coDstantB. 

2. Shew that every point except infinity is eithw an ordinary point or a 
r^ular point for the equation 




• where n is a constant. 


Example 3. Shew that ^e equation 
• cf^u ifu 

has the two solutions 

, 1 ] , 3.41 . 3.4.6.61 . 

*^“3’ »»'''2.7»‘'''2.4.7.9r''^'"’ 

the latter oonvorging when { s | > 1. 


10'6. Irregular einguletritiee and confiaence. 

Near a point which a not a regular point, an equation of the second order 
cannot have two regular integrals, for the indicial equation is at most of 
the first degree ; there may he one regul^ integral or there may he none. 
We shall see later (&g. § 16*3) what is thd nature of the solution near 
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such points in some simple cases. A genefal investigation of such solutions* 
is beyond the scope of this book. 

It frequently happens that a differential equation may be derived from 
another differential equation by making two or more singularities of the 
latter tend to coincidence. Such a limiting process is called amjluence; 
and the former equation is called a confluent, form of the latter. It will be 
seen in § 10’6 that the singularities of the former equation may be of a more 
complicated nature than those of the latter. 


10'6. The differential equations of mathematical physics. 

The most general differential equation of the second order which has 
every point except a,, a,, a,, a^ and oo as an ordinary point, these five points 
being regular points with exponents a,, flr st OrCr = 1, 2, 3, 4) and exponents 
fii, ^ at 00 , may be verified^ to be 


du 

■Or ) dz 


+ 2 


^ u =! 0, 


(Z - Orf 


n (r — Or) 


where A is such thatj /i, and fh are the roots of 

+ /t I 2 (a, + 0r) - + % Or^r + - 0, 

\r*»1 ) r=l 

and B, C are constants. 


The remarkable theorem has been proved by Klein§ and B6cher|l that 
all the linear differential equations which occur in certain branches of 
Mathematical Physics are confluent forms of the special equation of this 
type in which the difference of the two exponents at each singularity is 
a brief investigation of these forms will now be given. 

If we put = a, + J, (r = l, 2, 3, 4) and write f in place of z, the last 
written equation becomes 


I (4 i — 2ar du f .♦ Or(ar + i) A^ + 2B^+C 

dr It, f- 0,7 df + trti (?- <V)’ ^ n /r _ ^ ■ 


* Some elementary inreetigaiione are given in Forsyth'e Differential Equatiom (1914). 
Complete inveetigatione are given in hie Theory of Differential Equationt^ it. (1902). 

t The ooeffioienta of ~ and u maet be rational or the; would have an essential singnlaritj 


% 4 4 . 

at some point; the denominators of p(s), q{z) mast be n n (c-o,)* respectively; 


patting p{e) and q {x) into partial fraotiona and remembering that p(«)ssO(r = 

as I e I CD , we obtain the required resolt withont diffiouUy. 

t It will be obeerred that iiit ptw oonheoted by the relation + S (ar+^)=3. 


9 Deber lineare D^fferentid^leiehisngeu der neeiUr Ordnunp (1694), p. 40; see also roHwtmp 
Uber Lam^eehen l>'ualbtioaefi. 

li Ueber die Setkenentwickelunffen der Potentialtkeorie (1694), p. 198. 
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where (on account of the condition /«« — = i) 

C 4 \» 4 4 

2 «,) - 2 a,»-f 2«, + tV-. 

«1 ' r-l r-1 

This differential equation is called the generalised Lami equation. 

It is evident, on writing a,>=as throughout the equation, that the 
confluence of the two singularities a,, a, yields a singularity at which the 
exponents a, 13 are given by the equations 

a + = 2 (oi + 0 ,), a/3 = a, (a, + i) + a, (a, + J) + D, 

where L = (jla,* + 25o, + (7)/((o, — a,) (a, — Uj)). 

Therefore the exponent-difference at the confluent singularity is not (f, 
but it may have any assigned value by suitable choice of B and C. In like 
manner, by the confluence of three or more singfularities, we can obtain 
one irregular singularity. 

By suitable confluences of the five singularities at our disposal, we can 
obtain six types of equations, which may be classified according to (a) the 
number of their singularities with exponent-difference J, (6) the number of 
their other regular singularities, (c) the number of their irregular singu- 
larities, by means of the following scheme, which is easily seen to be 
exhaustive*: 



(«) 

(t) 

{c) 


<1) 

3 

1 

0 

Lam^ 

(Iri 

2 

0 

1 

Malhieu 

(ill) 

1 

2 

0 

Legendre 

(IV) 

0 

1 

1 

Bmeel 

(V) 

1 

0 

1 

Weber, Hermite 

(VI) 

0 

0 


Stokes f 


These equations are usually known by the names of the mathematicians 
in the last column. Speaking generally, the later an equation comes in 
this scheme, the more simple are the properties of its solution. The 
solutions of (II)-“(VI) are discussed in Chapters xv-xix of this woric, andj 
of (I) in Chapter XXin. The derivation of the standard forms of the equations 
from the genemlised Lamd equation is indicated by the following examples : 

* For isstsnoe ths arruigomeot (a) S, (6) 0, (e) 1 u msdmisuble u it would naoeasitate rtx 
initial tingnlantiaa. 

t Plio eqnation of tbia typo was considsied by Btotee in his researchss on SiFiaetion, 
Cams. Phil. TruV, a- (IdSS), pp. 168-182; it is, however, easily transformed into a partionlsr 
ease of Bessel’s a4(iiM^n (example 6, below). 

t For propartisS of eqaations of type (I), see the works of Klein and Fonyth cited at the 
end of this ab%^,’ Todhnntor, The Functiofa 0 } Laplace, Lome and Bettel (1876). 
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Example 1 Obtain equation 

. f 4 i 1 rfa {«(n+l)f+A}« „ 

M.-". (7^)1 3f -«■ 

r=sl 

(where k and n are constants) by taking 

ai*oa*«8**ai*0, 8^=n(n + l)tt4, AC^ha^, 

and making a4-*> oo 

Exam/pU 2 Obtain the equation 

^ /| ^ _ {a-\9q+3iq()v. 

dC^Kr i-\) <K. 4f(f-l) 

(where o and q are oonatants) by taking <ii=0, Os = l, and making as=04-»-a> Derive 
Mathieu’a equation (§191) 

d*u 

+ (a + 1 6q cos 22) « =s 0 

by the substitution 

Example 3 Obtain the equation 

A fi I ^ W“_i_i f«(«+l) wi’* ) w ^ 

by taking 

ai=a2“flss=0> 04 = ^ 

Denve Legendre’s equation (^§ 16 13, 15 5) 

,, xy du { , , m* ) 

< 1 ) 3 ? ~ * + r ^ ^ " rr?} “ “ ° 

by the eubetitution 

Example 4 By taking ai=aj=.0, oj— aj=ijj=<i4=0, and making oj— o,-*-®, obtain 
the equation 

Derive Bessel’e equation (§ 17 11) 

dHi , rftt . , , „ 

by the substitution 

Example 5 By taking a]»:0, ai«EO2=as=a4«0, and making a^=ai=a^-^<x) ^ obtain 
the equation 

Denve Weber’s equation (^16 5) 

'^+(«+i-l»*)u-o 

the substitution 

Example 6 By taking ar»0, and making 2, 3, 4), obtain the equation 

d*w , 


By taking 


di 


r+(^C+^l)tt-0 


!i — (Bif + Cl) ^ + Ci»(|Bi2)^ , 


shew that 



206 


THE PBOCESSES OF ANALYSIS 


[chap. X 


Example 7. Shew that the general term of the generalised Lami equation is un- 
altered (i) by any homographio change of independent variable such that <c is a singular 
point of the transformed equation, (ii) by any change of dependent variable of the type 

Example 8. Deduce from example 7 that the various ooniluent forms of the 
generalised Lam^ equation may always he reduced to the forms given -in examples 1-6. 

[Note that a suitable homographio change of variable will transform any three distinct 
points into the points 0, 1, oo .] 

10*7. Linear differential equotione with three singularities. 

.. . d’u , ,du , . 

Let ^+p(z)^^+q(e)u = 0 


have three, and only three singularities*, o, 6 , c; let these points be regular 
points, the exponents thereat being a, a ; /8, , 8 ' ; y, y. 

Then p (x) is a rational function with simple poles at a, b, c, its residues at 
these poles being \ — a — a.',\— ^ — ^,\—y—y \ and as s -»- » , p(r) — 
is 0 («"*). Therefore 




-a- g' ^ 1 ^ 8 - ^ ^ 1-7 -y' 
z — a z~b r — c 


andf o-(-a'-i-/3-|-/8' -h'y + 7 ' = l- 

In a similar manner 


(aa! (a — b){a — c) , 00'(b-c)(h — a) yy' (c - a) {c - b) 
g(Z) = I + + 


1 

^ (z-a)(z-b)(s-c)’ 

and hence the differential equation is 

d*u jl — a — a' l — /3— 1— <y — 7 '! du 
ds' |s — a z~b z — c)dz 

, (oa'(a-fc)(a - c) . 00' (b-c)(b~ a) _ yy (c - a) (c - h)\ 

+ I ^ j 


(s-o)(r-h)is - c) 

This equation was first given by PapperitzJ 

To express the fact that u satisfies an equation of this type (which will be 
called Riemann's P-equation), Rieniaim§ wrote 

t a b c 
a 0 y z 
a' 0' 7 ' 

* Tbti point at infinity ib to be an ordinary point, 
t This relation mtfst be eatiefied by the exponents. 
t Math. (1S86), p. 313. 

^ Abh. d. k. (Ut. d. Witi. za Qbttingenz tii. (1857). It will be seen from this memoir that, 
although ISUemann did not apparently eonstxnct the equation, he must have inleixed its existenoe 
from the bypergeometrio equation. 
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Tbe singular points of the equation are placed in the first row with the 
corresponding-exponents directly beneath them, and the independent yariable 
is placed in the fourth column. 

Esoample. Shew that the h^pergeometric equation 
« (1 — 3 ) (a-t-6+ 1)*} 

is defined by tbe scheme 

(' 0 00 1 

i 0 a 0 « ■ . 

1,1— c b c—a — h 


10‘71. TraTiaformations of Riemann^s P~equation. 

The two transformations which are typified by the equations 


(II) p 



b 

c 

\ ( 

b 

c 



y 

H 

+ 

0-k-l 

y + l 

U' 

/S' 

y 

) [a' + A 

0'-k-l 

y + l 

la 

b 

c 

] \<h h 

e. 1 



/3 

y 

rV=PJa 0 

7 




y 

1 W /S' 

7 ' j 



(where r,, a,, bi, c, are derived from z, a, b, c by the same homographic 
transformation) are of great importance. They may be derived by direct 
transformation of the differential equation of Papperitz and Riemann by 
suitable changes m the dependent and independent variables respectively ; 
but the truth of the results of the transformations may be seen intuitively 
when we consider that Riemann’s jP-equation is determined uniquely by a 
knowledge of the three singularities and their exponents, and (I) that if 


fa 6 c 1 
u = p|a ^ 7 z\, 

W ^ i I 


then Ui 



u satisfies a differential equation of the second 


order with the same three singular points and exponents a + k, a +i; ; 
ffy- k — — k — 7 -f i, 7 ' + f ; and that the sum of the exponents is 1 . 


Also (II) if we write z = equation in x, is a linear equation 

of the second order with singularities at the points derived from a, b, 0 by this 
homographic transformation and exponents », a', /3, ^ ; 7 , 7 ' thereat. 
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10'72. The connexion of Riemann's JP-equation with tfie hyporqeometrio 
equation. 

By means of the results of § 10'7l it follows that 

J U-«/9^ + « + 7 

\a-a. /9' + a + 7 

where 

(z-b)(c -a)- 

Hence, by § 10'7 example, the solution of Riemann’s P-equation can 
always be obtained in terms of the solution of the hypergeometric equation 

whose elements a,b,c,x are a + /3 + 7 , a + y9' + 7. 1 + a — a', 7 ^ — ^ 

(e — o)(c — a) 

respectively. 

10'8. Linear differential equations with two singularities. 

If, in § 10'7, we make the point c an ordinary point, we must have 

, , „ , „ j aa' (a — 5) (o - c) , BB' (6 - c) (6 - a) . , 

1 - 7 - 7 = 0 , 77 = 0 and — i 4 - must be 

divisible by e — c, in order that p (z) and q{z) may be analytic at c. 

Hence a + a! + ff + = 0, aa' = R/T, and the equation is 

d'u fl — a — a' 1 + a + o') du ad (a — by u _ 

dz‘ I z~ a ^ z — b ) dz {z — afiz — by ’ 

of which the solution is 


lion involves elementary functi 
lution is 


that 18 to say, the solution involves elementary functions only. 
When a = a', the solution is 
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Miscellaneous Examples. 

1. Shew that two solutiona of the equation 

<f*u 




+aa=0 


are r— ^ 2 * + ,.., 1 - and inveatigate the region of convergence of these series. 

3. Obtain integrals of the equation 




regular near in the form 




16 1024 

2> 

U, = «, log2-jg+.... 




3. Shew that the equation 




has the solutions 


2n + l . 4n*+4n+3 , 
-4-^ + - 96 --^—’ 

Sa + l 4«»+4« + 7 

12 ^ 480 - 


and that these series converge for all values of t. 

4. Shew that the equation 

^ J .0, 

lr»l r-Or I tfe lr=I («-“.)* r»l*-OrJ 

where 

I (a, + /9,)-n-2, 2 Z),=0, 1 (a,Z),+a,|8,)=0, 2 (a,>Z), + 2a,a,/3,) = 0, 

r=l r«l r»l r=J 

is the most general equation for which all points (including v ), except Oi, o^, ... 0 ^, are 
ordinary points, and the points Or are r^ular points with exponents Ort |8r respectively. 

(RleinO 

6. Shew that, if /3 + y + /S' + y then 


(Kiemaon.) 


[The differential equation in each case is 

<f>u , 22(l-y-y)du . , rr' 1 4« 

S? + —^--1 — £ ?~i J 

« 6. Shew that, if y+r'*"! and if «, m* are the complex cube roots of unity, then 



00 

1 


QO 

1 ] 


0 

y 2 * 

~P- y 

iff 

y 

I 4 

0 

y 

y 

ig 

y } 


0 oj 1 p ■ o>* 

0 0 y *• »=P4y y y 

4 i y i . ly y y 


[The differential equation in each case is 

<i*a 2** du 9yy'tu 




■0.] 


(Riemann.) 


U 
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7. Shew that the equation 

I 

is defined hy the scheme 


(1 — (2a + l)2^ + /i(7i + 2a) tt«>Q 


p « -1 . 

'10 -« 0 
— a n + 2a ^ — a J 


and that the equation 
may be obtained irom it by taking a^ \ and changing the independent variable. 


(l+f’)*^+«(«+2)«=0 


3. Discuss the solutions of the equation 


>■^ + (2 + 1+™)^+ (^n+l+~m^M=0 
valid near 2:^0 and those valid near 2 =co . 

9. Discuss the solutions of the equation 

d^u 2a du . du ^ , . . 

valid near 2=^0 and those valid near 2 «ac . 

Consider the following special cases : 

(') /»“-!. (>>) (iii) >< + >'=3. 

10. Prove that the equation 


(Halm.) 


(Cunningham.) 


(Curzon.) 


has two particular integrals the product of which is a single-valued transcendental 
function. Under what circumstances are these two particular integrals coincident? 
If their product be F{z)i prove that the particular integrals ai« 

(±<^/V(rwt-(T-J)}( - 

where C is a determinate oonatant, (Linddmann \ see § 19'6.) 


11. Prove that the general linear differential equation of the third order, whose 
singularities are 0, 1, ao , which has all its integrals regular near each singularity (the 
exponents at each singularity being 1, 1, — i), is 

f2 2 1 _ g __ 3 l_\ ^ 

^^\z'^z-\]d^ V 2(2- 1) cfa 

, fl 3coe*o 3 sin* a 1 1 ^ 

i? “ ?(rrr) ~ ’ 

where a may have any oonatant value. 


(Math. Trip. 191«.) 
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INTEGRJiL EQUATIONS 


11 1 Definition of an integral equation 


An integral equation is one which involves an unknown function under 
the sign of integration , and the process of determining the unknown function 
IS called solving the equation*. 

The introduction of integral equations into analysis is due to Laplace 
(1782) who considered the equations 

f (n) = je^‘ <f> (t) dt, q(a;) — jt^~' (f>(t)dt 


(where in each case <j) represents the unknown function), in connexion with 
the solution of differential equations The first integral equation of which 
a solution was obtained, was Fourier’s equation 



cos (irt) <f> (<) dt, 


of which, m certain circumstances, a solution isf 



008 (luc) f{u) dm. 


/(x) being an even function of x, since cos (xt) is an even function 

Later, AbelJ was led to an integral equation in connexion with a mechanical 
problem and obtained two solutions of it, after this, Laouville investigated an 
integral equation which arose in the course of his researches on differential 
equations and discovered an important method for solving mtegral equations §, 
which will be discussed ui § 11 4 

In recent years, the subject of mtegral equations has become of some 
importance in various branches of Mathematics , such equations (in j nysical 
problems) frequently involve repeated integrals and the investigation of them 
naturally presents greater difficulties than do those elementary equations 
which will be treated in this chapter 

To render the analysis as easy as possible, we shall suppose throughout 
that the constants a, b and the variables x, y, ( are real and further that 


* Except lo the ease of Fooner'a mtegral (g 9 7) we praotioally aUoayi need oordxnuom 
eolations of mt^ral equations 

t If this valoe of ^ be substituted lu the equation we obtain a cesidt wbuh is, efEeatively, that 
of 8 9 7. 

X Solution dt quelquet prohUme* ft Vaxie d*int4grales dSi/inw (1828) See OeuvreB^ i pp 11, 97 

8 The numerical computation of solutions of integral equations has been inYcatigated recently 
by Whittaker, Proc, Royal Soe xciv (Ih), (1918), pp. 867-88^ 


U— 2 
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O' < y. f € & s^lso that the given function* K {x, y), wnich oocnraVS^er thp 
integral sign in the majority of equations considered, is a real function of 
X and y and either (i) it is a continuous function of both variables in the 
range (a ^h, a ^y ^h), or (ii) it is a continuous function of both variables 
in the range a < y ^ a: < 6 and K (x, y) = 0 when y>x ; in the latter case 
K {x, y) has its discontinuities regularly distributed, and in either case it is 

easily proved that, if /(y) is continuous when a^yih, f f(y) K («, y) dy is a 

J a 

continuous function of x when a^x'ih. 


11 -11. An eUgehraica^ lemma. 

The algebraical roault which will now be obtaiaed is of great importance in Fredholm’s 
theory of integral equations. 

Let (Xy, ^ 1 , Zi), (xjs ^ 2 , Z 2 \ ya> ^a) be three points at unit distance from the origin. 
The gieatest (numenca)) value of the volume of the parallelepiped, of which the hnes 
joining the origin to these points are conterminous edges, is +1, the edges then being 
perpendicular. Therefore, if (r=l, 2, 3), the upper and lower bounds of 

the determinant 

-^2 ya ^1 

^5 ya *3 1 

are ±1. 


A lemma due to Hadamardt generalises this result 
Let I flu, ^13, ... Oxn " 

1 Ofl, Oso, ... 

I 

I <*»!» “iw 


A 


where Ow- ie real and 2 a^mr— 1 ^ ; 1^ ^mr be the cofaotor of Owr in 2) and 

r=l 

let 4 be the determinant whose elements are A^y so that, by a weILknown theorem|, 


Since. i> is a continuous function of its elements and is obviously bounded, the 
ordinary theory of maxima and minima is applicable, and if we consider variations in 

s 3/> 

ai,(r«l, 2, ... n) only, D is stationary for euch variations if S where dovr,... 

r»l ^ir 

n 

are variaiions subject to the sole condition Z a],.dai,.n>0 ; therefore § 

p»i 

. dJ} - 

but 2 ajrAir^If, and so Ji2a^ir=^D ; therefore Ajr^^Dojr' 

* Bdoher in his imp<»iaBt work on integral equations (Comb, bfath. TracUy No. 10), always 
considers the more general case in which K (x, y) has disoontinnltiei regularlp diitiibutedy 
Le, the diseontinuities are of the nature described in Chapter iv, example 11. The reader will 
see from that example that the results of this chapter can almost all be gensraliaed in this 
way. To make this chapter more simple we shall not consider sooh generaluations. 
f bulletin det Sci. Math, (S), xvn. (1893), p. 240. 

X Bomside and Fanton, Theory of Bquatixme, n. p. 40. 

S By the ordinaiy theory of imdbtennmed maltipliera. 
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1. Shaw that, in the case of the equation that D is atationaiy for 

2, ... n ; r= 1,^, ... «). Consequently 
/ Hence the maximum and minimum values of JO ue ±1. 


a solution is 


. and subject only to the condition | Omr I < since 
S {cw/CnljOP^l, 


Example 2. Shew th^'““ of ] D | is (»4 

* equation and its tentative solution. 

'importaiiL iv.ivograi equation of a general type is 

,f> (a =/(a) +X rK(m, f) 4> (f) rff, 

TV Jo 

where /(x) is a given continuous function, \ is a parameter (in general 

complex) and K (x, f) is s^^j^t to the copd’tionsf laid down in § ll'l. 

K (x, f) is called the nucleus Se equation, i 
at we » ^ > 

This integral equation Vo functio as Fred/iolm’s eq nation or the integral 
equation of the second Idnd^ which observed by Volterra that an 

equat’.Oii of this type coufa be regarded as a limiting form of a system 
of linear equations. Fredholm’s investigation involved the tentative carrying 
out of a similar limiting process, and justifying it by the reasoning given 
below in § Hilbert (Gottinger Nach. 1904, pp. 49-91) justified the 

limiting process directly. 

We now proceed to write down the system of linear equations in question, 
and shall then investigate Fredholm’s method of justifying the passage to 
the limit. 

The integral equation is the limiting form (when t-e-0) of the equation 


<i> (i)=/(J^)+X^S^A (x, q, (x,) », 
where x,-x,_ 1=4, x.— o, x,=4. 

Since this equation is to be true when a < x ^ 6, it is true when x takes the values 
Xj , X., ... X. f and so 

-X4 5 Jr(Xp, x,)<#i(x,)+<^(xp)=/(x,) 2, ... »)■ 

t * Fredholm’s first paper on tbs subject appeared in the O/virtigt af K. VeUntkape-Akad. 
FBrhandUngar (Stoekhoba), ltd. (IfiOO), pp. 89-<6. His researches are also given in Acta Math. 
xxvn. (1«0S), pp. S64-390. 

t The reader will observe that if K (x, f)=0(I>'X), the equation map be written 
«(»)=/(*)+X 

This is called an equation with variaifU vpper iimit. 

X Another term ie kernel ; French noyau, German Sem* 

f 

i 
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r .. ‘ 7'''“" ft’oction* if («, y), wlucli ocouM Oder the 

This system uf equations for ^(Xp), (y--., , -• uv , . i • 

determinant formed by the coefficients of {x^) does not ftinotlon 01 

n 1 1 of Iwth variables in the 

A,(X)- l-XSX(^„x,) -\l>K(x„x,)... of variables 


- XS A (Xi, i'l) 1 -\tsK{Xi, X 2 ) ... - ; 


-Xd A'(ir„ 4-|) -XSIl (x„ x-t) ... I -X 


'r: in the latter case 
,id in either case it is 




= 1 - X 2 ftK (jtp, Xp) 

p^i 


\3 n 

- 3 -’ ^ 

* r, Vi r=l 


K {x^^ Xp) K (.Tpf Xp) K{ 

K (x„ Xp) K (x„ X,) E ' . (j-_. _ 
IX(x„x,) A’ 


on oipanding* in tiowers of X. intoOT«*.„ 

X'‘''‘«g>-«‘>o»8,weareth.u,]ed to 
Making 5-r-O, ji-^-oc , and writing the summations as ® 
consider the series ge8,i) ^(( 1 .( 2 ) | 

X» (» Cl Ab'S), thi) A(|j, f^) 


D(X)-1 


->/: 


u + 


;■ /;/;!?' 


Further, if xj) ib the cotVctor of 

the solution of the system of linear equation 


-^nfX) which involves A'fx 
' n ’ 


^{X,)= 1_. 

Now it is easily seen that the appropriate limiting form to be considered in association 
>yith Dn {Xpf Xp) is D {\) ; also that, if 


DpiXp^ Xt,)s=i\S 


A(x„,x,)-XSS ^(■Ae>*r) 

' " p.i E(Xp,x,) E{Xp,Xp) 


+ 2 tX’ 8 « S 


K (Xp, X,) K {Xp , Xp) K {Xp , x,) 

p.s=i j E {Xpy .Vp) E{Xp, Xp) E (Xp. x^) 

i A (x, , X,) E (x, , Xp) E (x, , X,) 

So that the limiting form for S'’ D (x„ , .x,) to be considered + is 


1 


D (Xp, Xp-. X) = \E(xp, X,)- X» 1“ I ^'1^-’ 


''|A{x„xv) E(Xp,(,) 

.) A(|,,{,) 


d(, 




I*' i ^ (Xp, Xp) A{x^, ^1) E (Xp, ^2) 

2! ia i.l A(i,,x,) A«,,f,) K(i,,^ 2 ) 

\K(^ 2 ,Xp) K(i 2 ,U) K(^,i 2 ) 

Cousequepbly we aj*e led to consider the |)oa8ibiljty of the equation 

4,(X)=/(X)+^-*^ J‘/)(x, f ; X)/(f) di 
giving the solution of the integral equation. 

* The faetorials appear because each determinant of « rows and columns occurs « t times as 
p, q\ ... take aU the v^ues 1, 2, ... n, whereas it appears only once in the original determinant 
for />, {X). 

f The law of formation of sncoessive terms is obvious from t>ioee written down. 
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Example 1. Shew that, in tbe case of the equation 

I»(X)=l-iX, D{x,y, 
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have 

1 a solution 


4'l-^h 


3-X' 


Example 2 Shew that, in the case of the equation 


</)(j:)=a + X / (xp+f)<l}j^)dy, 

/ 


we have 

*(X) = l-^X-T‘iX» 

X) = X (jy +y«) +X2 +• iy), 

and obtain a solution of the equation | 

11'21 Imieshgation of Fredholm’e solution 

So far the construction of the solution has been purely tentative , we now 
start ah mitio and verify that we actually do get a solution of the equation , 
to do this we consider the two functiopo D (X), D (j-. v, X' amved at in § 11 2 

We write the senes, by which P if.) was defined in § 11 2, in the form 


1 + 2 5?— so that 
n=l n 

r f 

a j a Jti 




A(fn, fl) 

since IC (x, y) is C(y,j,inudus and therefore bounded, we have | K (x, y) [ < M, 

where M is indepi^^Jent of x and y , since K (x, y) is real, we may employ 

Hadamard’s leuim i 11 11) and we see at once that 
o-X’ 


1 


la„l<ni"Jir (6-0)". 


Wnti^ n^”M^(b r ay* = n^bnt then 


nlU 


since ^ ^ "b **" ^ 




The 8€ 
and so (§ 1 


hn 


" IS therefore absolutely convergent for all values of X , 


X- 

sve 


>(X)- 1 -AX irr converges for all values of X and there- 


■» o„X» 

«1 

fore (§ 6'6«ion of thi rresponding mtogral daon of X 


Now w - 
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Then, by Hadamard's lemma (§ 11 'll), 

V (x t/^ I * 

and hence ” ' ’ ■ < c„, where c„ is independent of x and y and 2 ObX*+’ is 

nil •'»=() 

absolutely convergent. 

Therefore D{x,y \ X) is an integral function of \ and the series for 
D{x,y,X) — XK (x, y) is a uniformly convergent (§ 8‘34) series of continuous"* 
functions of x and y when aix%b, a ^y $ h. 

Now pick out the coefficient of K (x, y) in I) (x, y ; X) ; and we get 

II(x,y;X)^XD (X) Z (x, y) + £ {-)-X"+* , 

W 1 

wli0r6 

On(a-.y)= [*[*■■■[* I 

JaJ. .u|ir(f..y), 

I y). Kii,. fo, K{U f.). • ■ • ^(f». f») 

Expanding in miners of the first column, we get Q, (*, y) equal to the 
integral of the sum of n determinants-; writing f,, ... f, f„, ... 

in place of fi, f,, ... f, in the mth of <hem, we see that the integrals of all 
the determinants t are equal and so 

Qn(*,y) = -n[ [ ■■■[ K(x,y)P„di'i^,...d(„.„ 

. a J a } A 

wh0]!‘6 

P„=\K {X, f ). K {X. f.). ... K{x. f„_.) I 


ii-ffn..,?.), ... I 

It follows at once that 

D(x,y.X) = XD{\)K{x,y)+x \ D(a:, f;X (f. y)(if. 

. a 

Now take the equation 

(?) -/(?) + {" Kil y) .^(y)dy,o 

multiply by D (a, f ; X) and integrate, and we get _ | '*■“ 

r/(f)i)(a,f;>)df 

J a . 

rb rb ri H, b! Jj 

= <^(f)D(«, f;X)(if-X i?(<r, V 

J a J a J a 

the integrations in the repeated int' 


* It IB easy to verify that every tenr linsut of * --owe* anti oolninnB oocim^r D (x, y; X) 
is a continuous funotiou under either .feus it eppeere onij onoe in the origina) 

t The order of intet^r 'tion is ’ * 

s ot\ 9ive terinB is obTioue from th'ise 
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That is to say 

J a 

“f {D(x,y,X)-\D(\)K(x,y)\^(jf)dy 

J a J a 

‘=XD(\)f K{x,y)<f,(ij)dy 

J a 

= I)(\)(4,(x)-/(x)l 
in virtue of the given equation. 

Therefore if D (A) 4" 0 and if Fredholm’s ^nation has a solution it can be 
none other than 

4, (X) =/(x) + j'y(f ) - -if . 

and, by actual substitution of this value of <f>(x) m the integral equation, 
we see that it actually is a solution 

This is, therefore, the unique continuous solution of the equation if 

Z)(>.) + 0 


CaroUary If we put /(*)a0, the ‘ bomogeneous ’ equation 




tinuo»8 solutic ^ }ept ^( 0)^,0 unless 2 >(X)bO 
lUC 

mple 1 By ezp£ g the determinant mrol^ed in Qn(^f y) m minors of its 0r8t 
new that 

V(x,y,‘~ XDW K{x^ + X I * A (x, I) O (f, y , X) 

Example 2 By asm, fimdl&e 


i)(X)-l+ i “’^e i£«y, X)=X/)(X)A(x,y)+ S 

. /m »=* ^ 

no t 

ihat mberi f , X)rff =• -X 


,f, X)rff=.-X' 


SxampUS If x,yJWl (y^x), K(x,y)~0 (y>x), 

in b 

shew that E (X) *» exp { — (6 — o) X} 

a 

Example^ She jit, irir(x:, y)«a=/|(ir) /.(y), andjf 
%n \ 

f /i(x)/,(r)dx=A, 

then ^ “ 

>(X) - 1 - AX, Z) (*, y , X) - XA (x)/j (y), 

tel 

and the solubon of thf Irresponding integral equation la 


n* ^(x)=/(a)+^^ /y(l)/j(e)df, 
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Example 6. Show that, if 

then (X) and X) are quadratic in X ; and, more generally, if 

^ (■»> #)“ (y), 

then E (X) and D (x, y, X) are polynomials of degree « in X. 


11'22. Volterra’s reciprocal functions. 

Two functions K (x, y), k(x, y ; X) are said to be reciprocal if they are 
bounded in the ranges o « a, y $ 6, if any discontinuities they may have are 
regularly distributed (§ 11‘1, footnote), and if 

K{x,y)+k(x,y,X) = \j^k(x, f ; X) E’(f, y)df. 

Wc obserre that, eince the ngbt-hand aide is cootinuoiis*, the sum of two reciprocal 
functions is continuous. 


Also, a function A” (jr, y) can only have one reciprocal if i> (X) 0 ; for if there were two, 

their difference iy (x, y) would be a continuous solution of the homogeneous equation 


k {^, y : X)=^ f ' i-i (X, i;\)K {f, y) rff, 

J o 


(where * ia to be regarded a« a parameter), and by § 11-21 corollary, tbe only continuous 
Mdution of this equation is zero. 

By the use of reciprocal functions, Voli ' a obtained an elegant 
reciprocal relation between pairs of equations lolm’s type. 

We first observe, from the relation ndin ' 

ft (fw 

y ;X) = \D{X)K(x, y) + X ....)) A’’(f, y)df, 

° '(fj 

proved in § 11'21, that the value of k{x,y ,\)i the' ^ 


- D{x,y,\)l{\D{' 




and from § 11'21 example 1, the equation 

k(x, y;X) + K(x, y) = X f K(x^^)k(^„ ) eff 

J a j 

is evidently true. ’ 

. } 

Then, if we take the integral equation e 

V 

J t» 

when a < < 6, we have, on multiplying the equation 

<!> (f) =/(f) + A f V(f, f.) (fO V 

Y 

* By example 11 at the end of Chaptei’ r 
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by k(a, f ; X) and integrating, 

J a 

= rk(x,i; X)/ (I) d^ + xT rk(x, f ; X) IT (f, f.) 4 , (f.) d^,d(. 

J a J a J a 

Beversing the order of integration* in the repeated integral and making 
use of the relation defining reciprocal functions, we get 

[y(^.t,x)4>(s)d^ 

= f " fc («,, f ; x)/(f ) d? + f V (^. f .) + ^ ; >-)l <#> (f.) . 

J fl J a 

and so x[ fc (.r, f ; X)/('f) df = - X [ ^ (a-, f,) (/> (f,) dfi 

.'a a 

= -<^ W+/(^). 

Hence /(x) == <f> (x) + X f i (x, f , X)/{f) df ; 

' a. 


similarly, from this ''ouation we can derive the equation 

~ /k-^) + ^ f dv (x. f ) <#> (?) d?, 

/(x'l. 

so that either of thi [uations with reciprocal nuclei may be regarded as 
the soiutioi. of the o^l'*^® 


11'23. ffomoffene^^f integral equations. 

The equation <f>(x}—xf K (x, f ) ^ (?) d? is called a homogeneous integral 

> J a 

equation. We have seen (§ 11 21 corollary) that the only continuous solution 
of the homogeneous equation, when i)(X)4=0, is <j>(x) = 0. 

The roots of the equation D(X) = 0 are therefore of considerable 
importance in the t eory of the integral equation. They are called the 
characteristic numberi^ o f the nucleus. 


It will now be sh^wn that, when D (X) = 0, a solution which is not 
identically zero can b * obtained. 

Letj X = Xo be a • lot m time.s repeated of the equation D (X) = 0. 

^ Since J)(X) is an Integral function, we may expand it into the convergent 
series 


■D(M = c„ 'X - X„)'" + Cm+iIX-X^I^+'q- ... (m> 0, Cm + 0). 


* The reader will haTe no difficulty in extending the result of § 4*B to the Int^^ral under 
oonsideration. 

t French valeun German BiffenwertKe. 

X It will be proved ina. ^\887)» iir(x,y)s£^(y; 2 ), the equation D (X)— 0 has at least one 

root. ^ dot 
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Similarly, since I>{x,y ;X) is an integral function of X. there exists 
a Taylor series of the form 

+ - («>o, 

by § 3‘34 it is easily venfied that the series defining gn (®. y)> ^ ‘ ^ 

converges absolutely and uniformly when a^x^b, a^y^b, aiid thence that 
the series for D(x,y, \) converges absolutely and uniformly in the same 
domam of values of x and y. 

But, by § 11'21 example 2, 

now the right-hand side has a zero of order m — 1 at X,, whil? the left-hand 
side has a zero of order at least t, and to at have m—Hl. 

Substitutmg the series just given for D (X) and i) (®, y , X) m the result of 
§ 11'21 example 1, viz. 

D(x,y,\)- XD (X) K (*. y) + 7- fVcir, f) Z) (f, y ; 

J a 

dividing by <>.— XoV Awd tsakvng X -► V,, 

gi (®i y) = ^. f -S’ (®. 

J a ^ 

Hence if y have any constant value, gt{x, yy^’^aijifies the homogeneous 
integral equation, and any linear combination of sm.*, solutions, obtained by 
giving y various values, is a solution. ' \ 

Corollary. The equation 

<<)(*) =/(x)+X) (' K{x, di 

^ * j 

' has no solution or an infinite number For, if ^ (*) is a solut >n, so is 4> (*) (■*' y)i 

where c, may he any function of y. 1 

Example 1. Shew that eolations of I 

cos" (x -{)«<>({) iff 1 
} -» , 

are <(i (x)=co8(«-Sr) x, and <p{x)=sm{n-ZT)x ; where r assumes all positive integral 
values (zero included) not exceeding ^ 

I 

Example 2 Shew that ^ 

1 ^ (x)-X J” coe" (x+f) <f> (f) d£ j 

hnji the same solutions aa those given in example P that the corresponding 

values of X give all the roots of />(X)=0. *'®' ‘ \ 
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11 -8-1 1-4] 

ll'S. Integral equations of the first and second kinds. 

Fredholm’s equation is sometimes called an integral equation of the second 
kind', while the equation 

f(a) = \fK(x,^)4,(^)di 

J a 

is called the integral equation of the first kind. 

In the case when K(x, ^)=0 it f > x, we may write the equations of the 
first and second kinds in the respective forms 

f(a)^xiy(x.()d,(()d(, 

^ (^) =/(*) + ^ ^ (f) ' 

These are dosonbed as equations with variable upper limits. 
ll'Sl. Volterra’s equation. 

The equation of the first kind with variable upper limit is frequently 
known as Volterra’s equation. The problem of solving it has been reduced 
by that writer to the solution of Fredholm’s equation. 

Assuming that K (x, f) is a contmuous function of both variables when 
f X, we have 

f(x)^xrK(x,()4>(()d^. 

J a 

The right-hand side has a differential coefficient (§ 4-2 example 1) if 

exists and is continuous, and so 
die 

f (x) - XK («:, X) 4,(x) + X I* g q, (f ) df. 

This is an equation of Fredholm’s type. If we denote its solution by 
<f> (a), we get on integrating from a to a;, 

/ (*) - /(a) = X £ K(x. f) ^ (f) df, 

and so the solution of the Fredholm equation gives a solution of Yolterra’s 
equation if f (a) = 0. 

The solution of the equation of the first kind with constant upper limit 
can frequently be obtamed in the form of a series*. 

11'4. The LiouvUle- Neumann method of successive substitutions'^. 

A method of solving the equation 

<f> («) ■=/(«) + X if (x, f ) ^ (f) df, 

which is of historical importance, is due to Liouville. 

* S«e example 7, p. 2B1 ; a aolation valid ander fewer reatriotions is given by Bddhei. 
f Journal de Math. n. (i6fi7}» in. (Iddd). E. N6iuDanA*B inveatigatiose were later (ia7(^ ; 
•ee htt UnUrtuekungtn Uber dot logarithmUehe und NewUm*ieke PoumUaU 
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It consists in continually substituting the value of ^(ir) given by the 
right-hand side in the expression ^ (f) which occurs on the right-hand side. 
This procedure gives the series 

S(^)=/(®)-t-X f‘ K{x, ^)f{i)dt+ i X” {' Kix, ?.) [‘ f,) 

■la yn3>8 Ja . Ja 

- f ... df.. 

•> tt 

Since ) K (x, y) | and )/ (x) | are bounded, let their upper bounds be M, M'. 
Then the modulus of the general term of .the series does not exceed 

The series for S (x) therefore converges uniformly when 
1X|< M~'(b— a)~‘; 

and, by actual substitution, it satisfies the integral equation. 

If X(x, y)=0 when y>x, we find by induction that the modulus of the general 
term in the series for S {x) does not exceed 

X 1 "• Jf- Jf ’ (x -«)-»/(«, I) « I A 1"‘ Jf" If (J - o)"*/^ ' , 
and so the series converges uniformly for <dl values of X ; and we infer that m this case 
Fredholm’s solutiou is an integral function of X 

It IS obvious from the form of the solution that when j X 1 < M”' (i — o)“*, 
the reciprocal function k(x,^-, X) may be written in the form 

\) = -K{x, f)- I X”- r K(x, f.) f r(f., f,) 

m*2 J tt Ja 

... f K f) ... dfi, 

J a 

for with this definition of k(x, X), we see that 

S(®)=/(*;-x[‘i:(x, f;X)/(f)<if, 

J tt 

so that k{x, ^iX) is a reciprocal function, and by § 11-22 there is only one 
reciprocal function if D (X) 4= 0. 

Write 

£ (*. f) = f), £ K(x. r) (r. f) dr = iTe+i (®, r), 
and then we have 

-*(»,f:x)- 5 («, f). 

while j" (X, ri Kn (r, f) dt (<o. f ), 

J tt 

as may be seen at once on writing each side as an (to - b n — l)-tuple integral. 
The functions (x, f) are called iterated functions. 
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11-5, 11-51] 


11'5. Symmetric nuclei. 

Let Ki (a!, y) = Ki {y, m ) ; then the nucleus K (x, y) is said to be symmetric. 
The iterated functions of such a nucleus are also • symmetric, i.e. 
Kn y) = Kn {y, aj) for all values of »; for, if (a;, y) is symmetric, then 

i^n+.(^.y)=r JSr.(a:,f)ir„(f,y)df=fV.(f,*)jr„(y, f)(if 

j a J a 

= £ Kr, (y. £) K, (f, x) rff = (y, X), 

and'the required result follows by induction. 

Also, none of the iterated functions are identically zero; Tor, if possible, let 
ATp (x, y) = 0 ; let n be chosen so that < p ^ 2", and, since {x, y) = 0, it 
follows that (a:, y)sE 0, from the recurrence formula. 

But then 0 = iST,, {x, x) 

J a 

= £ (Ar,n-.(^. 

and so K^n.^Xx, f) = 0; continuing this argument, we find ultimately that 
Ki {r, y) = 0, and the integral equation is trivial. 


ll'fil. Schmidt's* theorem that, if the nucleus is symmetric, the equation 
D(\) — 0 has at least one root. 

To prove this theorem, let 

U„=j K„{x,x)dx, 

so that, when | A | < (6 — a)“‘, we have, by § 11-21 example 2 and § 11-4, 

D{\) d\ nt " ■ 

Now since f ( luJin+i (*■ f) + i (*. f))' d^dx > 0 
J QJ H 

for all real values of /i, we have 

M*C^sn+i + 2pI7i» + 9 ^ 

and so > IT*.*, £?»_,> 0. 

Therefore U^, Ut, ... are all positive, and if U,jU,<=v, it follows, by in- 
duction fimm the inequality Um+,U^, > U^', that {7n+i/ 7, > v"., 

OD 

Therefore when the terms of 2 do not tend to zero; 

n»l 

and BO, by § 6*4, the function ^ singularity inside or on the 

* The proof givei^s da» to Eneew, Palermo Aendiconti, zxn. (1906), p. 966. 
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circle but since D(X) is an inj^egral function, the only possible 


. .... .1 dD{\) 

smgulantiesof^^-^ 

inside or on the circle | X | = 


are at zeros of -therefore D (X) has a zero 

v-i. 


[Note. B; § ll'Sl, D (X) is either an integral function or else a mere polynomial ; in 
the latter case, it has a zero by § 6'31 example 1 ; the point of the theorem ia that in 
the former case V (X) cannot be such a function as e** which has no zeros.] 


11'6. Orthogonal functions. 

The real continuous functions <^i(x), (^(x), ... are said to be orthogonal 
and normal* for the range (a, b) if 

If we are given n real continuous linearly independent functions 
u, (x), u, (x), . . . Un (®). we can form n. linear combinations of them which 
are orthogonal, 


For suppose we can construct m — 1 orthogonal functions <^m-i such 
that is a linear combination of it,, u,, ... u, (where p = 1, 2, ... m — 1); 
we shall now shew how to construct the function such that 
are all normal and orthogonal. 


Let (^) ^ Cl.m <fh (it) + C»,s« (it) + ... + Om-1 (^) + *t„* {x). 

SO that is a function of u,, u ,, ... Un. 

Then, multiplying by <f>p and integrating, 

f i'^i»(*)^r(‘r)da: = Cp,„ + [ u„{x) dx {p < m). 

J a J 9, 

Hence J (<r) <f>p (®) dx = 0 

if Cp„ = -J Un(x)^pix)dx-, 

a function orthogonal to ^(a:), (a is therefore con- 

structed. 

Now choose a so that a‘J 1 ; b+i f ) 

and take (x) » a. (x). 

Then 

We can thus obtain the functions in order. 


* They are said to be orthogonal if the first equation only U «a‘ * l)-tuple integral, 
of such fonotions ia due to Uor]^, Ccaab. Phil. Trtau. rr. (USS; 
pp. 118-148, SlA-384. 
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The membera of a finite set of orthogonal functions are linearly inde- 
pendent. For, tf 

{®) + <««<^ («)+••• + a»<^n («) = 0, 

we should get, on multiplying by <^p(x) and integrating, = therefore all 
the coefficients etf vanish and the relation is nugatory. 

It is obvious that <r ~ ^ ooa tiuc, ir ~ 1 sin mx form a set of Donoal orthogonal functions 
for the range ( — fr, ir). 

ExamfiU 1. Prom the functiona 1, jr, ... oonatruct the following set of functions 
which are orthogonal (but not normal) for the range ( — 1, 1) : 

1, X, x*-J, x’-ix, x>-^x‘ + ^ 

EsampU S. From the functions I, x*, ... oonatruct a set of functions 

/o(-*)i/i («)./«(*).— 

which are orthogonal (but not normal) for the range (a^ h ) ; where 

■/-(*)■= «*-“)*(*- W- 

[A umilar investigatioD is given in § 1514.] 


11'61. TAe cmnemion of orthogonal funcUonB with, homogeneous integral 
equations. 

Consider the homogeneous equation 

■ a 

where A, is a real • characteristic number for If (at, f); we have already seen how 
solutions of it may be constructed ; let n linearly indepeudeut solutions be taken 
and construct fium them n orthogonal and normal functions 


Then, since the functions ^ are orthogonal and normal, 

fT I ^(y)rir(4t,f)^(f)dfTdy= 2 

J a Lw**l J 9 J mi^lJ o L J a J 


and it is easily seen that the expression on the right may be written in the 
form 


irforming the integration with regard to y ; and this is the same as 

S f ^(«,y)^(y)dyf /ir(e.f).^(f)(if. 

Ml»l s/« V • 



ifore, if we write K for K (x, y) and A for 


i ^(y)f2f(4r,f)^(f)df, 

fl»*l <f m 


M seen immsdutel; that the ohsnetsristio Dmabsni of a s/mmetrio nooleiu an all 


15 
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we have 

and so 

Therefore 


j A*<iy — J KAdy, 

r A>dy - f K»dy -[\k- A/dy. 
•'a J « J a 


andso X,-« i (a;)}> S [ (x, y)^ dy. 

M«1 </ a 

Integrating, we get 

^ n«vf f {£^(3!, y)j’dyda;. 

J aJ a 


This formula gives an upper limit to the number, n, of orthogonal functions 
corresponding to any characteristic number X,. 

These n orthogonal functions are called characteristic functions (or auto- 
functions) corresponding to Xo. 

Now let {x), (x) be characteristic functions correspondmg to 

different characteristic numbers X», X,. 

Then (*) (*) = X, J” Z («, f) (x) <f,»> (f) df, 

and so 

[%»(«)<#.'» (a) d* =. X, f‘ rif(ar, f)^l'»(a:)^n>(f)dfda; ,..(1), 


and similarly 

f (a;)dx>= X, f / if (x, f) (f) (a;) df d® 

y a J a J a 

£(l <r)<^"(a;)«W(f)da:df ...(2), 

on interchanging a; and 

We infer from (1) and (2) that if X, X, and if K {x, f) = if (f, x), 

J (h”' (x) (x) dx = 0, 

and so the functions (a), (a) are mutually orthogonal. 

If therefore the nucleus be symmetric and if, corresponding to each 
characteristic number, we construct the complete system of orthogonal 
functions, all the hinctions so obtained will be orthogonal. 

Further, if the nucleus be symmetric all the characteristic numbers are 
real ; for if X,, X, be conjugate complex roots and if* «, (a) = ® (a) + iio (a) be 


* V (x) ud w(x) beicg naL 
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a solution for the characteristic number X,, then u, («) = a (®) — iw (x) is 
a solution for the characteristic number X,; replacing (a), (x) in the 

equation 

[ (x) (a:) dx = 0 

J a 

by V (®) + iw (x), V (if) — iw (x), (which is obviously permissible), we get 

j [ (« (*))’ + f*" <^ = 0. 

which implies v (x) = is fa;) = 0, so that the integral equation has no solution 
except zero corresponding to the characteristic numbers X,, X,; this is 
contrary to § 11‘23; hence, if the nucleus be symmetric, the characteristic 
numbers are real. * 

11'7. The development* of a symmetric nucleus. 

Let (a:), (x), d>, (x), ... be a complete set of orthogonal functions 

satisfying the homogeneous integral equation with symmetric nucleus 

.^(a;) = xj‘fi'(a;.f),^(f)df, 

the corresponding characteristic numbers beingf X,, X,, X,, .... 

Now suppose^ that the series 2 is uniformly convergent 

when x^ b. a^y %b. Then it ivill be shewn that 

K(x.y)^ i 

»=i x„ 


For consider the symmetric nucleus 

a (®. y) = •K' (a;, y) - i 


<#>n (*) 4>r> (y) 


If this nucleus is not identically zero, it will possess (§ ll'5l) at least one 
characteristic number p. 

Let •<^{x) be any solution of the equation 

ylr(x)=pf H(x, ()->fr{^)d^, 

J a 

which does not vanish identicsJly. 

Multiply by (s;) and integrate and we get 

£ ir (x) (X) dx^p f ‘ {if {x. f) (t) (*) dxdi ; 

* Thil inyestigakio& is doe to Sohmidt, the resalt to Hilbert. 

t These nambera ate not all diflereot i/ there m more than one orfchogoiMj fanotion to eaeh 
oharaoteristio number. 

t The euppoeitioD is, of course, a matter for Teriioation with any particular equation. 

16—2 
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since the series converges nnifonnly, we may integrate term by term and get 

J* + (*) (s) = (f) ^ (f) df - ^ (f) (f) d( 

= 0. 


Therefore is orthogonal to ...; and so taking the 

equation 

^ (ir) - M (^. e) - yjr (f) df, 

we have = K {x, f) (f) df. 


Therefore is a characteristic number of K (*, y), and so V'' ('*') must be 
a linear combination of the (finite number of) functions ^ (x) corresponding 
to this number ; let 


■<lr (x) = 'S, a„<f>^(x). 

m 


Multiply by ^ (x) and integrate ; then since ylr(x) is orthogonal to all the 
functions <(>„ (x), we see that a„ == 0, so, contrary to hypothesis, yjr (x) = 0. 

The contradiction implies that the nucleus If (x, y) must be identically 
zero ; that is to say, K (x, y) can be expanded in the given series, if it is 
uniformly convergent. 

Examplt. Shew that, if X<, be a charact«ititio number, the equation 
<<.(a)=/(*)+X,|* ff(x,f)«(|)d« 

certainly has no solution when the nucleus is symmetric, unless / (.r) is orthogonal to all 
the characteristic functions con^ponding to Xg. 


11’71. The solution of Fredholm’s equation by a series. 

Retaining the notation of § 11'7, consider the integral equation 

4. (<c) =/(«)+ X f K{x, t) 4. (f) df, 

J a 

where K (x, f) is symmetric. 

If we assume that 4> (f) can be expanded into a uniformly convergent 

OB 

series 2 a„it>n (f). have 

i =/(*>+ I 

BO that / (x) can be expanded in the series 

2 On ^ (x). 

»=i 

Hence if tke function f{x) can be expanded into the convergent series 
2 (x), then the series 2 (x), if it converges uniformly in 

mml 1»«1 ^ ~ ^ 

the range {a, b), is the solution of Fredholm’s equation. 
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To determine the coefficients 6* we observe that 2 (x) converges uni- 

formly by § 3'35*; then, multiplying by 4>„(x) and integrating, we get 

= J </>n (®)/(®) dx. 


11*8. Solution of AhtiCt inUgtal equation, 

Thifl equation is of the form 

/(•») = (0</i<l, a^x^b), 

where/' (j;) is continuoua and/(a)s=0; we proceed to find a contimious solution u{x). 


Jjet u ({) tiff, and take the formula t 

JT f“ dx 

sin 


multiply by u ({) and integrate, and we get, on using Dirichlet’s formula (§ 4-51 corollary), 

' _ Id. (.)-♦(«)}= /'df /'( 


sm fin 


f(2-x)'-H (X-fy 

.(‘dxT - 

j. 

fix)dx 


■/. 




Sinoe the original expraaaion has a continuous derivate, so has the final one ; therefore the 
continuous solution, if it exitt, can be none other than 

and it oan be verified bj substitution | that this function actually t> a solution. 

11 * 61 . ScAldmdoA’t^ inteqral equation. 

Let fix) have a oonHnuout differentud ooefident when -n%x^w. Then the wafion 
f{x)=- ^(xaiDd)dd 

hat one mdution with a eontinuous differentuU coeficient when - n ^x ^ namely 
^ (jr) »/ {0)+x f (x siu 6) d0. 

From § 4*8 it follows that 

S f 

/' (x*) * - I sin 0^' (r sin 0) d0 

n J ^ 

(to that we have ^ (0) »=/ (0), (0) Jir/' (0)). 


* Since the numbers X« are all real w« may arrange them in two sets, one negative the 
otharpositivef toe memb^s m each set being in order of magnitode ; then, when j | > X, it is 
evident that - X) is a monotonia weqaenoe in the ease of either set. 

t This follows from S 6*34 example 1. bj writing (s - a)/(x - f) in place of x. 
t For the details we refer to Btober’s tract. 

I ZeiUekrift fUr Math, und Pkqt, n. (1667). The reader will easily see that this is ledacible 
to a case of Volterra’s equation with a disoontinooBS nucleus. 
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Write JTSin ^ for ar, Mid we have on multiplying by x and integrating 

ein {x sin 6 sin d$^ dyjt. 

Change the order of integration in the repeated integral (§ 4*3) and take a new rariable x 
in place of defined by the equation sin ;(=8in ^ sin 


Then 


:r [*'/' flin I f xAl 06. 

Jo ^ J 0 U 0 cos^ j 

Changing the order of integration again (§ 4*51), 

/." "I ■'«- 


But 
and 80 


/: 


8111 6 ctB 




^/(cos* X ~ ^ 

/ ^ i 1 * 

■* r <<>' (■* sin x) cos 

-Since (^(0)”/(0), we must have 

<i>{x)=f{0)+x /* f'{xem^)dy(t ; 

/ 0 

and it can be verified substitution that this function actually is a solution. 
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Miscellaneous Examples. 

1. Shew that if the time of descent of a particle down a smooth curve to its lowest 
point is independent of the starting-point (the particle starting from rest) the curve is a 
cycloid. (Abel) 

* The reader will find a more complete bibliography in this Bqxirt than it is possible to give 
here. 
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2 Shew that, if f{x) is coDtinuous, the solutioo of 

j cos (24«) (^ (») (f J 

f(x)+\ I /(») cos {2i») dt 

“ rrps; ■ 

assuming the legitimacy of a certain change of order of mtegiation 

3 Shew that the Weber Hermite functions 

satisfy <p(x) = X 

for the characteristic values of X 


(A Milne ) 


4 Shew that even periodic solutions (with period 2ir) of the differential equation 
d 

satisfy the integral equation 


i) (f>(j.) = 0 


) (ir)*=X 




roMZCo«« 


<f>(4)d* (Whittaker^ see § 19 21 ) 


5 Shew that the characteristic functions of the equation 

<]b(*)-x »-y|| <^)(«')efy 

are 4> (x) *» cos mx, sin ms, 

where and m is any integer 

6 Shew that <#> W ’ f*- 1 <#> (i) rf? 

has the discontinuous solution (Bdcber ) 

7 Shew that a solution of the integral equation with a symmetric nucleus 


/«-/; 




18 <^(j)= I o,X.<^.(a:), 

provuied that this senes ooDrergee UDifonnfy, where A,, <^{x) are the oharactenstic 

numbers and fuDOttons of K (x, {) and 2 a,^(x) is the expansion of /(x) 

»— 1 

S Shew that, if | A | < 1, the oharactenstic functions of the equation 

»W°2w/!, I-2AoL~(f- - x)^A - » ^^«-^ 

are 1, oosmx, sin rax, the oorresponding characteristic numbers being 1, l/A", 1/A”, where 
m takes all positive mtegral values 
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CHAPTER XII 


THE GAMMA FUNCTION 


12'1. Definitions of the Gamma-function. The Weierstrussian product. 

Historically, the Gamma-function* r( 2 ) was first defined by Euler as the 
limit of a product (§ 1211) from whicb'can be derived the infinite integral 

j t’~^e~‘dt ; but in developing the theory of the function, it is more con- 
venient to define it by means of an infinite product of Weierstrass’ canonical 
form. 

Consider the product ser^ H |^l-H-^e "|, 

where 7 = lim -)- g -H ... -t - - log ml = 0-5772157.,. . 

[The constant y is known as Euler’s or Mascheroni’a constant , to prove that it 
eiists we observe that, if 

“* J„n(n + t) n n ’ 

«n is positive and less than / ^ i ; therefore 2 w, oonveraee, and 
jo » »*i 


lim + -log ml = lim | 2 tt«+log 
I* * ^ J '•»i 


w + l[ * 
-- 1 - I 

‘ ■»! 


The value of y has been calculated by J. C. Adams to 260 places of decim^] 

The product under consideration represents an analytic function of z, for 
all values of z ; for, if N be an integer such that | z | S i A, we havef, if n>N, 




11 + 


...} 


^4 n» l^'^2'^2*'^ ■■■} n> • 


Since the series 2 lJVY(2n*)) converges, it follows that, when ] ^ | ^ J j\r, 


* The notation F (r) was istrodooed by Legendre in 1814. 
t Taking ^e principal valoe of (1 + s/a). 
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2 n) ”■ absolately and uniformly convergent series 

of anal}rtic functions, and so it is an analytic function (§ 5'3); con- 
sequently its exponential 11 |^1 + « *| is an analytic function, and 

so n 1 + s " IB an analytic function when 1 x 1 $ JV, where N is 
any integer ; that is to say, the product is analytic for all finite values of I. 
The Gamma-function was defined by Weierstrass* by the equation 

from this equation it it apparent that r(£) is analytic except at the pmnts 
2 = 0, — 1, —2, ..., lahere it has simple poles. 

Proofs have been {nibliahed b; Holderf, Moore}, and fiames§ of a theorem Icnown to 
Weierstrasa that the Qamma-ftmction does not satisfy an; differential equation with 
rational coefficients. 

BaampU 1. Prove that 

where y is Euler’s constant. 

[Justify differentiating loganthmicall; the equation 




1 

r(r)’ 


-wl* 




by 4*7, and put aft«r the diSerentiationa ba^e been pe rfo rmed.] 
Example 2. Shew that 


i+i+j+..+ 


» jo t 


-(!-<)• 




and hence tiiat Euler’e ooustant y le given by |I 


Example 3. Shew that 


..it\ *+»/ 1 r(f-ar+i)- 


* JoumAl/Hr Muth, u. (1856). Thia ftwmala for had been obtained from Eoln^a fonnnla 
(5 13*11) in 1848 by F. W. Newmao, Cambridge owf IhfiUn Math, Journal, m, (1848), p. 60. 
t Math. Ann. ZKvnr. (1887), pp* 1-18. 

X Math. Awn. xLvin. (1897), pp< 70-74. 

8 Metter^er of Math. jxa,. (1900), pp. 133-138. 

]| The reader will see later (| 13*3 exunide 4) that thi# limit may be written 
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12-11, 12-12] 

12-11. Euler’s formula for the Oommaf unction. 
By the definition of an infinite product we have 


rW 


r ( ^ + 4+ ■ ■‘‘i 

r f / «\ “ “1 "1 

lime'^ * ” 1 \ 

lim n (i + ^)z " 


nci [x. jj 


= s lim r m~‘ n ( 1 + - )1 

»♦* L ' ^) \ 

= zlim [“n (l + iy' n (l+-)1 

H““ 

This formula is due to Euler* ; it is valid except when z = 0, — 1, — 2, . , . . 
Example. Prove that 


r(«)<= iim — L- ^ — B*. 


(Euler.) 


1212. The difference equation satisfied by the Qamma-function. 

We shall now shew that the function Ffz) satisfies the difference equation 

r(z + l) = rr(z). 

For, by Euler's formula, if z is not a negative integer. 


r(z+i)/r(z). 


lim 


ly+r 


1PI-»0D ii*l B 1 


1 -0+^* 
i lim n — 


X + 1 ■(.Ba « = 1 t z + n + 1 / 


: z lim 


m + 1 


■ Va z + m + 1 

This is one of the most important properties of the Qamma-function. 
Since F (1) «■ 1, it follows that, if z is a positive integer, F (z) = (z — 1) !. 
* It wM given in 1739 in a letter to Qoldbaoh, printed in Fuse’ Csrreq). Math. 
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Exan^ple. Prore that 

^ I . 1 . i 

r(*+i) rCe+2)'^r(*+3) r(j)U iIj.+i S!<+2 
[Consider the expression 


1 1 




» «(f+l) *(«+l)(*+ 2 ) 2 (* + l)... (« + m) 

lit 

It can be expressed in partiiJ ftactions in the form S where 

Noting that S — rr;i prove that S ( t S -rr"*"® 

ni-»<s when » la not a negative integer.] 


12'13. J%e evaluation of a general class -of infinite products. 

By means of the Gamma-function, it is possible to evaluate the general 
class of infinite products of the form 

nu.. 

n»l 

where ttn is any rational function of the index n. 

For, resolving u„ into its factors, we can write the product in the form 

n (n-o, ) (n-ai)... (y t-Ot) ] 

,-i 1 (n-bi) ...(n~bi) )’ 

and it is supposed that no factor in the denominator vanishes. 

In order that this product may converge, the number of factors in the 
numerator must clearly be the same as the number of factors in the 
denommator, and also .d = 1 , for, otherwise, the general factor of the product 
would not tend to the value unity as n tends to infinity. 

We have therefore i = f, and, denoting the product by P, we may write 
P= n 

».i {('i-bi) ••• (»- Wi ■ 

The general term in this product can be written 

, ai + a, + ... + at — bi — ... -^bt . 

= 1 +d„, 

where dn is 0 (m"*) when n is large. 

In order that the infinite product may be absolutely convergent, it is 
therefore necessary further (§2^) that 

Oi-f- ... -po*-6i — ... — it — 0. 
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We can therefore introduce the factor 

exp {n“‘ (a,+ ... +ot — 6,— ... -6*)) 

into the general factor of the product, without altering its value ; and thus 


we have 


p= n .( 

K-l 






But it is obvious from the Weierstrassian definition of the Gamma- 
function that 




r)e-r'' 


„ fc.r(-i.)i,r(-6.)...6*r(-6*) * r(i-6«) 

QiQQ flO i — > n . V ~ n / \ * n / ^ .. \ J 

a formula which expresses the general infinite product P in terms of the 
Gamma- function. 

Example 1. Prove th&t 

n 'f'fLtl’+i} r(a-t-i)r(t+i) 

,=i(a+«)(4+»)'“ r{a+b+l) 

Example 2 Shew that, if a cos {inlv ) + 1 sin {2n/n ), then 

* (i -I) -“{-r(-xS)r(-a*»)...r( -a-' *<•))->. 

12'14. Connexion between the Gamma-function and the circular functions. 

We now proceed to establish another most important property of the 
Gamma-function, expressed by the equation 

rwr(i-x)=^-. 

We have, by the definition of Weierstrass (§ 12'1), 


t Sin rrz 

by § 7’5 example 1. Since, by § 12' 12, 

r(l-x) = -xr(-x) 


we have the result stated. 
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CmMcay If 'wft udgn to » the 7«liie ^ this fonauUi gi'«e ; sinoe, h 

the formula of Weierstnaa, r (J) ie poeitive, we have 

r(i)-w*. 

OoroUary 8. If + (a)=r'(«)/r(<), then (1 -»)-^(f)-iroot «■«. 

12-16. The miilHjdieation-theorem of Govts* and Legendre. 

We shall next obtain the result 

r (r) r (r + 3 r (* + 3 - r (* + ^)- ( 2 vr)*<- n* - “ r(w). 


For let 


^ nVine) ' 


Then we have, by Euler's formula (§ 12-11 example), 
*-i 1.2...fni— II.' 


<#«(*) = 


«“ n hm — 




V n/ V 

n J \ n J 


«.»> mine + 1) ... (tit + nm — 1) 


.. ((fn — 1)11 m 
|{ni ii 

(flTO — 1) ! 


It is evident firom this last equation that <p (e) is independent of e. 
Thus <l> ie) is equal to the value which it has when x = - and so 

Thmfcre jrg)r(i-3} 

n 


. w . 27r . (ti — l)i 

8in - am — ... sin^ ^ 

n 71 n 


ThuB, since (n"') is positive, 

i.e. r (x) r (a + i) . .. r (a + = »* - " (2w-)* ‘>r (na). 

Corollary. Talcing we have 

2 *-' r (») r (a + j)- IT* r ( 2 »). 

Thia ia railed the dujplicatton formula. 

* Werhe, m. p. 149. The oaee in whiah n=3 was given bj Legendre. 
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riF)r(?) 


r(p+q) ' 


Exam^. If 
shew that 

B{np, nq)^n-’» B(q, q) n(^, q) ... B {{n- l)q, q] ' 
I2'16. Expantiont for the logarithmic denvaXet of the Oamma-function. 


We have 


|r(.+ i))-=a>-n_{(i + g 


Differentiating logarithmically (§ 4-7), this gives 
(ilogr(t+l) 

i ■■ “ 


'=-r+^ 


1 (r + l) 2(2 + 8) 3(2+3) 
Therefore, since log r ( 2 + l)=log 2 +r( 2 ), we have 

1 


+ .... 


d 1 ** 

^log r(z)= -y — +z S —7 : . 

dt ° ' ' z ,^in(2 + n) 


Differentiating again, ^ log r( 2 + 1)= |- 


( 2 + 1 ) 2(2 + 2 ) 

-.-L +-.!_ + 
( 2 + 1)»^(2 + 2 )»+-- 




These expansions are occasionally used in applioations of the theory 


12'2. Euler's expression of F («) as an infinite integral. 

The infinite integral j e~’t‘~'(it represents an analytic function of s when* 
J 0 

the real part of x is positive (§ 5’32); it .is called the Eulerian Integral of the 
Second Kind\. It will now be shewn that, when R(x)>0, the integral is 
equal to F (z). Denoting the real part of z by x, we have x>0. Now, if t 

n (.,,)./;( i - 3 V -.*. 

we have 11 ( 2 , n) = n'l (1 — T)"T*~'fiT, 

JO 

if we write t= nr; it is easily shewn by repeated integrations by parts that, 
when X > 0 and n is a positive integer, 

I (1 — T)"T*~'dT = 7^(1 — t)"J (1— T)”~'T*dT 


■-‘-T./V-Sr, 

n — l)j0 


and so 


n ( 2 , n) = 


2(2 + 1). ..(2 + 




2(2 + 1) ... (2 + n) 

Hence, by the example of § 12T1, 11 ( 2 , n) F ( 2 ) as n 00 . 


* If the reel pert of i is not positive the mtagrel doee not oonrerge on eoMOnt of the siiigQ' 
lanty of the integrand at (sO. 

t The name wan giv«) bj Legendre ; see | ld‘4 for the Eulerian Integxml of the Pint Kind. 
t The many-valued fonotion je made preoiee by the equation log t bein^ 

pnrely real. 


W. M. A. 


16 
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Consequently F (2) = lim f ( 1 — i^di 

And so, if j 

have 


we have 


lim I e~*t*”‘d( — O, 


since | e~^^'dt converges. 

Ja 


To shew that zero is the limit of the first of the two integrals in the 
formula for Fi (z) — F (2) we observe that 




[To etftAblish these loequalities, we proceed &a follows: wheo 0 < I, 

l+y<a»«(l-y)->, 

from the Miiefl for ^ and (1 Wntiog tjn for we have 

and so A--'l 

..-.(ioV, 

Now, if O^a^l, (l'-a)*^l-n<i hj iiiductioD wheu na<l and obviously when 
m > 1 ; and, writing fi/n* for a, we get 

and so* <«■*<*/», 

which is the required result.] 

From the inequalities, it follows at once that 

Kn-'j — 0 , 

as n 00 , since the last integral converges. 


* Thia aaUyoii is a modification of that gives by Bohlfiailwh, Compendium der Mhersn 
Anal^$i$, n. p. S48. A ^mple method of obtaining a less preeise iaeqoaUty (whioh is saffieient 
for ^ objeot required) is givoi by Bromwich, InfiniU Serfs#, p. 459. 




Consequently Fi (z ) » F (z) when the integral, by which F, (z) is defined, 
converges, that is to say that, when the real part o/ « is positive, 

r(z)-f 

Jo 

And so, when the real part of z is positive, F (z) may be defined either by 
this integral or by the Weierstrassian product 
Example 1 Prove that, when ll U) le positive, 

rW-JJ(iogiy 'dx 

Example 2 Prove that, if R{z)>Q and R («) 0, 

( j:--' 

Example 3 Prove that, if («) > 0 and R (a )>\^ 

+ + ^r{4)U 

Example 4 From § 12 1 example 2, bj usmg the mequahtj 

dedace that 

12 21 Extennon of the la/inite tnte^al to the case tn which the arffument of the 
Oamma-function u negative 

The formula of the last article is no longer applicable when the real part of z is 
negative. Cauchy^ and SaalscbutzV have shewn, however, that, for negative arguments, 
an analogous theorem exists 1 hia can be obtained id the following waj 
Consider the function 

r,(2)=j’^ +(-)*♦■ p)*, 

where k is the integer eo chosen that — it>ar>— i;-l, x being the real part of z 
By partial integration we have, when ; 1, 

The integrated part tends to zero at each limit, since x-^k is n^ative and 1 is 

positive so we have 

rjW=^r,(r+i) 

The same proof applies when x lies between 0 and and leads to the result 

r(»+i)-«rj(r) ( 0 >j>-i) 

The last equation shews that, between the values 0 and ~ 1 of x, 

r,(*)«r(z) 

* Exercieea de Math, n. (1827), pp 91->92 
t ZexUehrift f^r Uathn und Phye xxxu. (1887), xxxm (1888) 

16—2 
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The preceding equation then shews that T^{z) is the same as r( 2 } for all native 
values of R (z) less than — 1. .Thus, for all negative values of R (z), ^e have the result of 
Cauchy and Saalachutz 

where k is the integer next less than — R (z). 

Example. If a function P C/a) be such that for positive values of /a we have 



and if for negative values of /a we dehne P^ (ji) by the equation 

Pi W= ^e-*-l+x- ... + (-)**' p) dx, 

where k is the integer next less than —/a, shew that 

P. (^)_P W_1 + _ )*-. ^ . (Sm^lschutz.) 

12 22. HankeVs expressioji of P {z) as a contour integral. 

The integrals obtained for r(«) m ^ 12'2, 12'21 are members of a large 
class of definite integrals by which the Gamma-function can be defined. 
The most general integral of the class in question is due to Hankel * , this 
integral will now be investigated. 

Let D be a contour which starts from a point p on the real axis, encircles 
the origin once counter-clockwise and returns to p. 

Consider I (— t)‘~'e~‘dt, when the real part of z is positive and r.is not 
J D 

an integer. 

The many-valued function (— t)*”' is to he made definite by the convention 
that lori-ti and log(— <) is purely real when t is on the negative 

part of the real axis, so that, on Z), — S arg (— t) % w. 

The integrand is not analytic inside D, hut, by § 5 2 corollary 1, the path 
of integration may be deformed (without affecting the value of the integral) 
into the path of integration which starts from p, proceeds along the real axis 
to S, describes a circlp of radius S counter-clockwise round the origin and 
returns to p along the real axis. 

On the real axis in the first part of this new path we have arg (—<) = — tt, 
so that*(— ty~' »• e'"'" t‘~' (where log t is purely real) ; and on the last 

part of the new path (— ty~' 

On the circle we write —t = &'*; then we get 

Jd ! /, J -w 

. 1 .- 17 -' + I 

= - 2i sin (irz) l'e->e-‘dt + tS' j’ 

* Zeitichrifi fUr Math, tmd Phyt. ix. (1864), p, 7. 
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This is true for all positive values of S^p; now make S-^0, then S' 0 
and j -» J e'^^M since the integrand tends to its limit 


uniformly. 

We consequently infer that 




f (—ty~‘e~'ilt = — 2t sin (■ns) f t‘ ^e~^dt. 

Jo Jo 

This is true for all positive values of p ; make p-^ x , and let C be the 
limit of the contour D. 



Then 

Therefore 


Now, since the contour 0 does not pass through the point 1 = 0, there 
is no need longer to stipulate that the real part of z is positive ; and 

I (~ty~'e~‘dt is a one-valued analytic function of z for all values of z. 
J c 

Hence, by § 5'5, the equation, fist proved when the real part of z is positive, 

persists for all values of z with the exception of the values 0, + 1, + 2 

Consequently, for all except integer values of z, 

T{z) = -„~ [ (-ty-'e-^dt. 

zisintrz ' c 

This is Hankel’s fonnula; if we write 1 — s for ^ and make use of § 12T4. 
we get the further result that 

r(o+) r 

We shall write / for / > meaning thereby that the path of inte- 
^ c 

gration starts at ‘infinity’ on the real axis, encircles the origin in the positive 
direction and returns to the starting pt'int. 

Example 1. Shew tb&t, if the real |>art of 2 be positive and if a be any positive 
constant, tends to zero os when the path of integration is either of 

the quadrants of cirdes of radius p + a with centres at - a, the end points of one quadrant 
being p and — a+f(p+a), and of the other p and -o-i(p+a). 
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Deduce that lim f " ^ lim j (— 

p-^* J —a+tp p-^tn J c 


and henc€, by writing — a - I'w, shew that 




fThifi formal was given by Lapiaoe, Artaiytique des Pr(^hilit4i (3S22), p. 234, 

and it is substantiallj equivalent to HaiikeVs formula involving a contour integral.] 

Example 2. Bj taking a=»l, and putting ~ tan 6 in example 1, shew that 


jo 


COS (tan <9 - 


Example 3. Bj taking as contour of integration a parabola whose focus is the origin, 
shew that, if a > 0, then 


/■*> 

r( 2 )c=-r / + ^)^“*co8{2a^ + (2z— 1) arc tan r} fff. 

' sill ir^ j 0 

(Boniguet, Acta Math, i.) 

Example 4. Investigate the values of x for which the integral 

2 f* 

- ) /*' * HUl t dt 

^ J 0 

converges; for such values of .r express it in terms of Gamroaofunctions, and thence shew 
that it 18 equal to 

(Rt John's, 1902.) 

Example 6. Prove that f (log <)”* (& converges when m > 0, and, by means 

Jo * 

of example 4, evaluate it when m»»l and when m^2. (St John’s, 1902.) 

12*3. Gauss’ Sicpression for iJie logarithmic derivate of the Gaminorfitnction 
as an infinite mtegral*. 

We shall now express the function ^ log F {z) = ^ infinite 

integral when the real part of z is positive; the function in question is 
frequently written ^ (a). We first need a new formula for 7 . 

Take the formula (§ 12*2 example 4) 

where A = since / --*=log ,-^0a8d-*-0. 

J A * I 


where A = 1 — e~\ since 


*“0 as d-*-0. 


Writing <»1 in the first of these integrals and then replacing k by ^ we have 

T'"'} ”/” {r^r-. 

This is the formula for y which was required. 


ITer^, m. p. 159. 
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To get Gauss’ formula, take the equation (§ 12'16) 

i 5 /I 1 


and write 


r(^) I z + mj’ 

— = f «-«('+»)*, 

z + m Jo 


this 18 permissible when m = 0, 1, 2, .. if the real part of z is positive. 

It follows that 

^-y-T e-‘‘dt+ hm f* S (e^‘ - e-(»+')‘)d« 

* {^) Jo Jo mel 

. /■“ e-* - <r** - ^ 

r^‘ 

- [” (~ - dt- hm r luflf e-(«+»‘ dt 

<0 \t 1 -try 1 -e ' 

Now, when 0 <f ^ I, | j — — ^ j w a boaoded function of C whose hmit a« t-*~0 is finite , 

ami when j . 


Therefore we can find a number K independent of t such that, on the path of integration, 

andao i f” rft I < A" f <*-jr{n + l)'’-*“0 as n—oo 

]Je l~e-‘ ( Jo 

We have thus proved the formula 

which IS Gauss’ expression of ifr(x) as an infinite integral. It may be 
remarked that this is the first integral which we have encountered connected 
with the Gamma-function in which the integrand is a single-valued function 
Writing l»ilog(l+i) in Gauas’ result, we get, if a—** — 1, 

-?.S,{/rT‘*-/aa(lT^)*)’ 

since y=log^-y.^-^a8 

Henoe Inn /” |«— — > 

r(*) 4-*o/a ( (l+rn 

m> that r (.)- r C.) ^ , 

an equation due to IIizioMet* 


Wtrkt,i p 376. 
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Exam^pli 1 Prove that, if Uie real part of s la poaitire. 

Example 2. Shew that y« 






(Oaius.) 

(Diriohlet.) 


12'31. Binet’s first expression for log r(i) in terms of an infinite integral. 

Binet* has given two expressions for logr(e) which are of great 
importance as shewing the way in which log F (s) behaves as j * | -► oo . To 
obtain the first of these expressions, we observe that, when the real part of 
* is positive, 

r'(^ + i) 


■nT-/r,h 


r(r + l) 

writing i + 1 for z in § 12'3. 

Now, by § 6‘222 example 6, we have 

re-‘-e-“ 


and so, since 
we have 


\oge~f 
Jo 

(2z)-> = [le-'^dt. 


dt, 


|logr(z+l) = i + logz-/^ |1— 

The integrand in the last integral is continuous as and since 

1 ^ is bounded as < -► oo , it follows without difficulty that the 

integral converges uniformly when the real part of z is positive; we may 
consequently integrate from 1 to z under the sign of integration (§ 4’44) and 
we getf 


logr(z + l) = (z + |)loge-z + l+/^ 

Since |^ ~ j + ^rirx| 7 “ continuous as f 0 by § 7.'2, and since 
log r (z + 1 ) = log z + log r (z), 


dt. 


we have 


logr(z) = (^ - J) 1 +l {I - J 

'Jo (2 t 


dt 


* Journal de V^eoU Polyteehnique, m. (1S89), pp. 18^148. > 

t Iiogr(i>fl) meass fom of th« priooipai values of the logarithme in the faotore of 
the WeientnasUo product 



12 '31] the gamma function 

To evaluate the second of these integrals, let* 

80 that, taking in the last expression for logr(z), we get 

i log IT =4+./'-/. 

Also, since /— / - - + -t?- — ) -r" 

y 0 \2 t — t 
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T"*' 

1 e*‘ \ 


And BO 


"'jo V t «'-lj t 

-/: 1-1, 'f'H' 




dt 


-i+iiogj. 

Conaequentlj /= 1 — ^ Iog(£ir). 

We therefore have Binet’s result that, when the real part of z is positive, 

log r W = (* - i) log^-s + \ log(2,r) + Q - 7 + V 

If 2 = a; + ty, we see that, it the upper bound | ~ 7 7 1 i"®®* 

values of t is K, then 


log r (z) - (r - log X -pz - 1 log ( 2 ir) < '«' e’*” 


dt 


= Ke-' 


so that, when a: is large, the terms logz - z + ^ log ( 2 ir) furnish ai 

approximate expression for log 1 ’ (z). 

Example 1. Prove that, when K (z) >0, 

Iogr(i)-J^ {*!-«-< (MalmsWn.) 

Example 2. Prove that, when R (») >0, 

logr(z)-J__ (Fiaui.) 


This artiAoe ia due to Pringabeiis, Math. Ann. mi. (1888), p. 478. 
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ExcmjAe 3. From tbe formula of § IS‘14, >bew itmt, if 0 ^x< I, 

2 ’og r(x)- log ir+log»in rx- T ' 

(Eummer.) 

Example A B; ezjnDding <iDb(i— x)< 1— Sx in Fourier sine sories, shew from 

example 3 that, if 0<«<1, 

logr(x) — llogT-^logsinirf+S 2 a,sin2)tirx, 


where 


■/:i: 


Sflir nix ^ 

l*+ 4»*ir* d»«r| t * 


Deduce from example S of § 2£'3 tfaa6 

a, - (y+log 2ir + log n). 

(Kummor^ Journal fur Math. XXXV. (1847), p. 1.) 

12-32. Binet’s iecond tatpresgion for log F (x) tn ferme of an infinite 
integral. 

Consider the application of example 7 of Chapter vil (p. 146) to the 
equation (§ 12-16) 

The conditions there stated as sufficient for the transformation of a 
series into integrals are obviously satisfied by the function 
if the real part of x be positive ; and we have 
dP 
d^‘ 

where 




2i5 (0 . 


1 


(z + if)* (x-tt)*‘ 

Since | j(f, x+7i)| is easily seen to be less than Kjtjn, where Kj is inde- 
pendent of t and n, it follows that the limit of the last integral is zero. 

4tx dt 


Hence r(x) + 1 +J‘^ 


(x‘ + f>)' S«-l' 


Since 


2x 


does not exceed if (where K depends only on 5) when the 


real part of s exceeds S, the integral converges uniformly and we may 
integrate under the integral sign (§ 4'44) from 1 to z. 

We get 

a '»* r <•) — 5 + log . + u - » /; 5rrr$=^, ■ 

where C is a constant. Integrating again, 

log r (X) - (x - i) log r + (C7 - 1) X -hO' + 2 J" 
where O’ is a constant. 
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12-32, 12-33] 


Now. if « is real, 0 $ arc tan tjz $ </«, 

and so 

|logr(i)-(^-i) log^-(C'-l)^-0'j<?j'^ 

But it has been shewn in | 12-31 that 

jlogr(z)- ^ir-|)logz + i-|log(27r) -*0, 
as 0 -► 00 through real values. Comparing these results we see that C = 0, 
a'=|iog(2w). 

Henc^for all values of z whose real part is positive, 
logr(2) = (2-|)log^-i! + |log(2or) + 2 


where arc tana is defined by the equation 


arc tan v. 


f“ dt 

Jo 1 +~(‘' 


in which the path of integration is a straight line. 

This is Binet’s second expression for log F (z). 

EmmpU. .lustify differentiating with regard to z under the sign of integration, so as 
to get the equation 

r' W.log r- 2 f " 

r{J) * 22 jo (jn + r’it/'*-!)' 


12-33. The ASYMPTcnc expansion of the logakithm of the Gamma- 
function (Stirling's series). 

We can now obtain an expansion which represents the function log F (z) 
asymptotically (§ 8-2) for large values of , 2 :, and which is used in the 
calculation of the Gamma-function. 


where 


Let us assume that, if z = x + iy, then a: ^ 8 > 0 ; and we have, by Binet’s 
second formula, 

log r 0) - (^ - ^) log * - ^ + 1 loglsw) + * (i). 

Now 

, ,,, , t 1 I «' ^ (-)"- «•"- ^ (-)" r* u^dti 

arc tan (tz) = - — = j+r-; — ••• + o r I iTl. • 

' z 3 z’ 5 z’ 2n — 12 “ ‘ 2 “ 

Substituting and remembering (§ 7‘2) that 

r tV'-'dt Bn 
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where B,, ... are Bernoulli’s numbers, we have 


<^(r)= 2 


(-y-'Br 


2r(2r-l)r»“^ f“- 


f di 

!“-* ‘o I 0 u! + W e"'-l 


Let the upper bound* of 


!«• + *’ 


for positive values of u he Kf 


Then 




K.B^ 


Hence 


2(-)»p f dt ‘ 

Jo tiou'+r*! e"'-!. 


4(n + l)(2n + l)|rr 


2(n + l)(2« + l)lr|“+‘’ 
and it is obvious that this tends to zero uniformly as { z j co if 1 arg z | ^ tt — A, 

where > A > 0, so that < cosec 2A. 

Also it is clew that if | arg z [ < Jw (so that = 1) the error in taking the 
first n terms of the senes 

I (-'T'^r 1 

rti 2r (2r - f) z«-> 

as an approximation to <f) (z) is numerically less than the (n + l)th term. 
Since, if | arg « | < Jrr — A, 

I z«- \<p (z) - 2 1 < cosec* 2A . j z |-* 

I r' 2r (2r - 1)1 I 2 (n + 1) (2» + 1) ' ' 

-*0, 

as z 00 , it is clear that 

Bi B^ Bt ^ 

1.2.Z 3 4.z*‘^5.6.z* ■■■ 

is the asymptotic expansionf (§ 8'2) of <^(z). 

We see therefore that the series 

(z - ^) log z - z + 1 log (2w) + 2^ 

is the asymptotic expansion of log F {z) when ] arg « | $ -Jir — A. 

* i8\he lov&i bound of and is conseqoently equal to 

izh/*, 

t Th« derelopment is asjrmptotio ; for if it oonrerged when | by § 3*6 we could find K, 
auoh that J9,c(2n-l)2nJirp*"; and (beo the a^nes 2 ^ y - would define an lateral 
fooetion ; this is oontrary to g 7*2. 
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This is generally known as Stirlir^'s series. In § 13’6 it will be estab- 
lished over the extended range | argx | ^/ir — A. 

In particular when z is positive (= a:), we have 


0 < 2 




* u™du 


dt 




'-t-ar') e“‘-l 2 (n l)(2n + !)«?>■ 

Hence, token x>0, the value of 4>(x) always lies between the sum of 
n terms and the sum of n+\ terms of the series for all values of n. 

B 6 

In particular 0 < (^ {x) < *'^*^*' W ~ where 0 < < 1. 


Hence 


r(*) 


X - A 

= or * / 




Also, taking the exponential of Stirling’s series, we get 


r (x) = e~'‘ x^' + 


I 

12a:' 


1 


288a:* 


139 

■ 51840a^‘ ■ 


571 


2488320a:‘ 




This is an (isympiotic formula for the Oamma-f unction. In conjunction 
with the formula r(x+ 1) — xr(x), it is very useful for the purpose of com- 
puting the numerical value of the function for real values of w. 

Tablefl of the function log,<, r (x), correct to ]2 decimal places, for values of .r between 
1 and 2, were constructed in thin way by Legendre, and pubhshed m hjs Exerace* de 
Catcnl Integral, ll, p 85, in 1817, and bis Trait4 des fonctions elliptiques (1826), p. 488. 

It may be observed that r(x) has one minimum for x>ositive values of x, when 
t'- 1 4C16321..,, the value of logi„ r(x; then bemg 1*9472391.... 


Example. 

where 

m which 
and generally 


Obtain the expansion, convergent when R{z)>Os 

log, r r?) -= (r - J) log, 2 - s-hi log, (2n-) +y ( 2 ), 

7, , 1 , Vg 4. ^2 + 

' V-l-1 2(2-(.1)(2 -k2)'^3(2-H)(2-h2)(2-(-3)'^-", 

Ci = I. «s = i. r4=W. 

I (z + lHa: + 2) ... (z+n- 1) {Sx-1)xdx. 


(Binet.) 


12'4. The Eulerian Integral of the First Kind. 

The name Eulerian Integral of the First Kind was given by Legendre to 
the integral 

■S (p. 9) = ( (1 “ ®)’~' 

which was first studied by Euler and Legendre*. In this integral, the real 
parts of p and q are supposed to be positive; and (1 —xyi~' are to be 
understood to mean those values of and which correspond 

to the real determinations of the logarithms 


Euler, Hov. Comm. Petrop. xn. (1772); Legendre, Exeteiea, i. p. 221. 
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With these stipulations, it is easily seen that B (p, q) exists, as a (possibly 
improper) inte^l (§ 4'5 example 2). 

We have, on writing (1 — *) for x, 

B (p, q) = B (q. p). 

Also, integrating by parts, 

(1 - + 1 ly (1 - *)’-■ 


so that B(p, q-i-1) •‘^B (p+ 1, q). 


Example 1. 

Shew that 


y) = fi(j>+l, j) + 5(f, j (-1) 

Example 2. 

Deduce from example 1 that 


(p. s + 1) (y. ?)• 

Example 3. 

Prove that if nie a positive uit^er, 


T> ! .-tv 1.2. ,11 

"p(p+l)...(p+n)’ 

Example 4 

Prove that 


Example 5. 

Prove that 


r(*)»> lim n‘S{i, n) 




12'41. Expression of the Eolervm Integral of tlie First Kind in terms of 
the Oamma-f unction. 

We shall now establish the important theorem that 

^ ' r(m + «) 

First let the real parts of m and n exceed i , then 


r (fn) r (n) — [ e~* a:”-* dx x f e~* y”"‘ dy. 
Jo Jo 


On writing for x, and for y, this gives 

r (m) r (n) » 4 lim I ac^~'^ dx x ) dy 

M^mJo Jor 

rR rs 

-41im / I x^-^y^-^dxdy, 

Jo 

Now, for the values of m and n under consideration, the integrand is 
continuous over the range of integration, and so the integral may be con- 
sidered as a double integral taken over a square iSft. Calling the integrand 
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12-41] 

f{w, y), and cidling Qe the quadrant with centre at the origin and radius R, 
we have, if the part of Sr outside Qr, 

j / L 

“l//r 

< \fix,y)\da;dy 

^IL I I ^ 

0 as R-^oo, 

since jj i/(®, y)\dxdy converges to a limit, namely 

2 [ «-*■ I «“-* I i® X 2 F e-* I y““‘ | dy 
Jo Jo 

Therefore 

lim // f(a,y)dxdy=^ lim // f{x,y)dxdy. 
n-.JJa. ii-«JJe. 

Changing to polar* coordinates (* => r cos y = r sin d), we have 
IJ /(®, y) dady -* J e~-'(rcoB^)**-'(rsinff)**"‘rdrd^. 

Hence 

r (to) r (b) = 4 J g-r*^(i>o+«)-t dr J cos""”' sin**”* Bd8 

fl' 

- 2r (m + n) j cos*™-* 6 8in"*-> OdB. 

Writing cos' d « u we at once get 

r (to) r (n) -»r(«* + n) . B (m, n). 

This has only been proved when the real parts of m and n exceed J ; but 
it can obvioasly be deduced when these are less tbaa J by § 12-4 example 2. 

This result, discovered by Euler, connects the Eulerian Integral of the 
First Kind with the Gamma-function. 

£xam^pU 1. Shew thet 

I' ^ (i-rw)v-« () • 


* It it tetily pxoTed by the methods ol ^ 411 Umt the erett m S ®*td be reet- 
aQgles proyided only thit their greatest diameters oan be made arbitranly small by taking the 
number ol aroM ■uffioiently large ; so the areas may be taken to be the regions boonded 
radii yeetores and eireiiiar arob. 
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EiampU 2. 6h«w tb«t, if 

/(^.W ^ ya;+l+ 2! «+2 3! x + 3^ ’ 


then 

where x and y have such valuefl that the series are convergent. 


(Jesus, 1901.) 


Examjtle 3. Prove that 

J’ J’/(^)(i-xr-y‘(i -y)— JVwd -*r*'-*. 

(Hath. Trip. 1894.) 


12’42. Evaluation of trigonometrical integrals in terms of the Gamma- 
function. 

/•i' 

We can now evaluate the integral j co8”*~’a:8in“~'a:<£*, where m and n 
are not restricted to be integers, but have their real parts positive. 

For, writing cos'® = t, we have, as in § 12'41, 

co8"'~'iic 8in“~'®<ix = ^ 


r(im)r(in) 
r dm + in) 



The well-known elementary formulae for the cases in which m and n are 
integers can be at once derived from this result. 

Exampl*. Prove that, when j i | < 1, 

cog''8gin"8(f8 ft* ooa’"'* ’»8cM 

Jo (l-isin’fl)! T(Ji»+ia+f)^ir Jo ( 1 -i sin* 

(Trinity, 1898.) 

12'4S. Pochhammer’s* extension of the Eulerian Integral of the First 
Kind. 

Yfe have seen in § 12'22 that it is possible to replace the second Eulerian 
integral for F (s) by a contour integral which converges for ail values of z. 
A similar process has been carried out by Pocbbammer for Eulerian integrals 
of the first kind. 

Let P be any point on the real axis between 0 and 1 ; consider the 
integral 

/•(l+.(H-,l-.0-) 

e-.4(«+s) j ^ f-> (1 - 1)»-’ d( = e {a, 13). 

The notation employed is that introduced at the end of § 12-22 and 
means that the path of integration starts fi:om P, encircles the point 1 in the 
positive (counter-clockwise) direction and returns to P, then enoiroles the 
origin in the positive direction and returns to P, and so on. 


* Jtfafft. sina. xzxv. ^390), p. 495. The cue of the double oireait integnUe of this MOtioa 
seems to be due to Jord^ Cotin d’dnalyM, in. (2887). 
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12-42, 12-48] 

At the starting-point the arguments of t and 1 — t are both zero; after 
the circuit (1 +) they are 0 and 27r ; after the circuit (0 -^) they are 27r and 
27r ; after the circuit (1 — ) they are %ir and 0 and after the circuit (0 — ) they 
are both zero, so that the final value of the integrand is the same as the 
initial value. 

It is easily seen that, since the path of integration may be deformed in 
any way so long as it does not pass over the branch points 0, 1 of the 
integrand, the path may be taken to be that shewn in the figure, wherein 
the four parallel lines are supposed to coincide with the real axis. 



If the real parts of a and ore positive the integrals round the circles 
tend to zero as the radii of the circles tend to zero* ; the integrands on the 
paths marked «, b, c, d are 

f-'(l f- 

( 1 _ glBn(a-l) (J _ 


respectively, the arguments of t and 1 — t now being zero in each case. 

Hence we may write e (a, 0) as the sum of four (possibly improper) 
integrals, thus ; 

e(R, t’~' (I - ty-'dl + J°f-’<1 - t/-'e»'‘«dt 


Hence 


+ I ' f-‘ (1 - iy>-‘ dt + (1 - dtj 

£ (a. (1 - e»“)(l - e*^) j’ f-' (1 - t/-' dt 

= - 1 sin (ott) sin (/Stt) 

-4ir» 


r(i-a)r(i-/a)r(a.+ f9)- 

Now £ (a, yS) and this last expression are analytic functions of a and of $ 
for all values of a and /9. So, by the theory of analytic continuation, this 
equality, proved when the real parts of a- and /9 are positive, holds for all 
values of a and /8. Hence far all values of a and & we have proved that 


W. M. ▲. 


“ The reader ought to have do difficulty in proving this. 


17 
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12 ' 6 . Dirichlet's integral*. 

We shall now shew how the repeated integral 

I “ jj... j/(ti+ t«+ ... + t„) dtn 

may be reduced to a simple integral, where /is continuous, ar>0(r — 1,2, ...n) 
and the integration is extended over all positive values of the variables such 
that f, + tj+...+tnSl. 

To simplify { [ f(t+ T+\)t‘~‘T^~‘dtclT 

Jo Jo 

(where we have written t, T, a, 0 for <j, a^, a^ and X. for t, + t, + ... +<«), 
put t = r (1 — v)/v , the integral becomes (if X ^ 0) 

,-1-1 ri 


/i-i/i 


f(\ + Tjv) ( 1 - V)—' »-•-> dvdT. 


I r/d-i) 

Changing the order of integration (§ 4‘51), the integral becomes 
n 


+ TIv) (1 - v)-‘v-— ' y+^- 

1 


dTdv. 


Putting T = VTi, the integral becomes 
n ri-i 


j" j /(X + Tj) (1 — v)"~‘ v^~‘ T, dr, dv 


Hence 

I = jj j/(-^» + <!i+ ■•• + <«) ... td^-’dr^dt, ...dtn, 

the integration being extended over all positive values of the variables such 
that Tb + f, + ... -1- ^ 1. 

Continually reducing m this way we get 

/ = • • ■ n®") j /(t) dr. 

r (ai + Oa + . . . + On) ’ 0*^ 

which i8 Dinchlet’s result. 

Example 1. Keduce 

III ©"+ ©1 

to a simple integral ; the range of integration being extended over all positive values 
of the variables such that 

it being assumed that a, 6, c, a, jS, y, r are positive* 

• Werke, u pp. 976, 391. 


(Dinchlet.) 
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Example 2. Evaluate J j dxdy^ 

Th and n being poeitive and 

^>0, (Pembroke, 1907.) 

• Example 3. Shew that the moment of inertia of a homogeneous ellipsoid of unit 
density, taken about the axis of 2 , is 

^ (a* + fc*) trade, 

where a, d, c are the semi-axes. 

Example 4, Shew that the area of the epicycloid .r'® is 


HEFKRENGES. 

N. Nielbbn, Haiuibuch der TheorU der Qamma-fanktuyn^. (Ldfpsig, 1906 ) 

O. ScHLOMlLca, Compendium der koheren Analyeie, li. (Brunswick, 1874.) 
E. L. Lindelof, Jje Calcvl dee lUsidtu, Ch. iv. (Pans, 1905.) 

A. PiiiNoaHElM, Math. Anu. Illl. (1888), pp. 455-481. 

Hj. Mellin, Mat/i. Ann. LXVIH. (1910), pp. 305-337. 


Miscellaneous Examples. 

1 , Shew that 


(1 ^>(1 + 2)0 5) (‘+ 4 )-^rYi+T»]r(frp]- 




(Tnnity, 1897.) 

Shew that 


(Trinity, 1885 ) 

Prove that 


(Jesus, 1903.) 

Shew that 



!r(i)i‘ 5“-i 7' 9»-i ii‘ 

16re' ""a*-!' 5» 7*-l ■ 9* ■ n*-l • ••■ 

(Trinity, 1891.) 

Shew that 




6. Shew that 


(Trinity, 1905.) 
(Peterhouse, 1906.) 


i, ■■©-“(*)■ 


7 . Shew that, if «=if where ( is real, then 

8. When x is positive, shew thatt 

rij)r(i) ” 2«' ^ 

r© + l) »=0 2**. « ! re ! ic + Ji' 


^Trinity, 1904.) 


(Math. Tnp. 1897.) 


* This work contains a oomplste bibliography. 

t This and some other examples are most easily proved by the result of § 14*11. 

17—2 
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9. If a is positive, shew that 


r(8)r(a + l; _ ' (-)»g(a-l)(a-2)... (g-n) '1 
r(i + a) “.Jo «! z + n' 

10. Ifj:>0and 

■ P(x)-j'e-'P-'dt, 

ew that 

1 1 _J_ JL_L 1 ^ 

I ! j:+i + 2' jr+2^3! j + 3'*'"*’ 
d 

7^(x+l) = xP(x)-e”'. 

1 1 Shew that ifX>0, a;>0, “i* <« then 

( (*“* e-A(co#« co»(Xf8ina)di=X“*r(ar) coaoar, 

Jo 

I ^-A?co#«siii (X<8iD a)rffo»A“*r(j:) Mnor. 

Jo 

1 2. Prove that, if i > 0, then, when 0 < 2 < 2, 


(Euler ) 


and, when 0 < 2 < 1, 


f co»&c(^z)jT iz\ 

Jo ^ 

j dJt; = " * aec (^irz)fr ( 2 ) 


13. If 0< n< 1, prove that 

(1 + 0 :)— ooe x</x= r (») jcos (?| - 1 ) - — j j - •••} • 

(Peterhouse, 1895 ) 

14. By taking as contour of integration a parabola with jte vertex at the ongiii, derive 
from the fonnula 

the result 

r(a)« — ^ — f j:*”* (1 +^)*®[3HmlJ?+aarccot (-.r)} 

' 2 8ina»rjo 


the arc cot denoting an obtuae angl^' 


+sin { 4 : + (a - 2) arc cot ( - j)}] dir, 
(Bourguet, Acta Math. 1 . p. 367.) 


15. Shew that, if the real part of ae poftitive and Z l/o«* le convergent, then 




18 coDvei^SDt when m>2, where logr(r). 


(Math. Tnp. 1907.) 


16. Prove that 


di Jq !-«-• ' 

= f”{(l + o)--(l + o)-}--7 

Jo o 

*=r '(ir-y. 

Jo ' 


(Legendre.) 
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17. Prove tliat, when R (z) >0, 

'“8 

18. Prove that, for all values of z except negative real values, 

log r (i) — (a - i) log 2 - « + i log (2jr) 

f 1 * 1 _2_ “ _1 . • 1 1 

**’^2*3 i-li (2 + »')*'^3 4^=i(2 + rp 4 . 5 r-i (a + r)^'*’'“f 

19 Prove that, when ^(z) >0, 

S *"* '' “'“8 * 


20. Prove that, when R (z) > 0, 


shew that 


1 „/v (*‘xe~^dx 

j logr(0<i(“K, 


du , 

3,=lo8r. 


and deduce from § ) 2 33 that, for all values of z etcept negative real valoee, 
u =z log z - z + J log (2fr). 

\Vlaa'cie, Joamot ftc' Math, ii’t 'j 

22. Prove that, for all values of z except negative real values. 


logr(z)-(z-i)logz-z+ilog(2jr)+ S ( 

n=lj 0 


dx s ill 2nr.g 
0 x + z nn 


23 Prove that 


(Bourguet* ). 


^(P. P)B(P+*.P+t) = 2*^p- 

24. Prove that, when - / < r < #, 

nr/. # \ ^ coeh (2ru) cfu 

26 Prove that, when j > 1, 

^(Pi v) + fl(p + l, 9) + 5(P + 2, j) + ... = fl(p, j-V) 
26. Prove that, when p - a > 0, 


27. Prove that 


28. Shew that 


g(p-«. «9 . g( a+l) 9(9 + l) 

B{p,q) P+?^l 2-(P+y) {P+9 + 1)^"’ 

3lt 

B ip, q) B {p+q, r) = B{q, r) B (j+r, p). 

.t 

/•y-zg ^r(g)r(6) 

;« ^ ^ (v+p)*-"* r(o+6) ( 1 +y)*^’ 


;« (v+p)*-"* r(o+6) ( 1 +y)*^’ 

if g > 0, 6 > 0, JO > 0. (Trinity, 1908.) 

* This result is attributed to Bourguet bv StielQes, Joum-al de Hath, (i), v. p. 433. 
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29- Shew that, if > 0, « > 0, then 


/, 


^ (1 (1 > ^ r w r (n ) . 

_1 (l + a:*)"-'-'* r(m-f-n) * 

and deduce that, when a is real and not an int^er multiple of in-, 

• pT /cos + 8in tf\“****^^ w 

y _^\ooa^ — aind/ 2 sin (jr cos* aj ‘ 

30. Shew that, if a>0, ^>0, 


and 


/, 


1 T ii+^a) v m 

(i+«)log/“ »r(ia)r(4+i8)' 


(St John’s, 1904.) 


(Kummer.) 


31. Shew that, if a > 0, o + i > 0, 

umlEMi- . _ 

/o 1 ■*" . 2 ? <-^o I r* r (0+6+5) 

Deduce that, if in addition a+c>0, a+6+<;>0, 


'(5) r(a+6)r(5y 




/: 


(jx=log (« + * + <^) 


(l-j:)(-logx) r{a+6) r(a+c) ' 

32. Show that, if a, 6, c be such that the integral converges, 

r(i+<;+l)r(c+a+-l)r(a+b+-l) 

/o (1 -ar) (-log*) ” ® r(<« + l)r (6 + l)r(c + l) r(o+6 + c+'l) ■ 

33. B; the substitution cos S==l - 2 tan |(f>, shew that 

de , |r(4))« 


/: 


(St John’s, 1896.) 


’« (3 - 0086)4 ■ 

gjjjj) jp 

34. Evaluate in terms of Qamlu«»•^lnctions the integral f dxy when ^ is a 

J9 ^ 

f^tion greater than unit^ whose numerator and denominator are both odd int^ers. 
[Shew that the int^al is ^ sinP ^ ^ ( * )" 


33. Shew that 


(Clare, 1898.) 


(1-4 sin’*)" *<ic= — ——i 1 

JO 


&■ 


,0 2r ! (n - r) 1 


{^my 


36. Prove that 


(Euler.) 


37. Prove that, ify>0,/i+»>0, then 

nil, n I I I . ) /BineLl 

•S(P,P + ») 2- V'''2(2/>+l)'''2.4.(2p + l){2p+3)^"7’ 

38. The curve a’^coeeitf is composed of m equal closed loops. Shew that 

the length of the arc of half of one of the loops is 

fi* --i 

(looBit)* dr, 

Jo 

and hence that the total perimeter of the curve is 
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3&. Draw the straight line joining the points and the semicircle of 1 2 {«! which 
lies on the right of this line. Let C be the contour formed hy indenting this figure at 

-1,0,1. By considering y* shew that, if p+g'> 1, 5 < 1, 


/ C08P*«'"*^COS — 

Jo 




Prove that the result is true for all values of p and q such that p'\-q'>\ 


(Cauchy.) 


40 If 4 is positive (not necessarily integral), and shew that 

. 1 r(s-hl) f, a a . *U~2) ^ , 1 

{rTi.+T)P j > 

and draw graphs of the senes and of the function cos*x. 

41. Obtain the expansion 




COS 3ar 




and find the values of x for which it is applicable. (Cauchy.) 

42. Prove that, if p > j, 

2 »r-> r 2o* ( 1’ l*.3> 

+ l 2 ( 2 p + 3) ■*■ 2 T 4 . (8p + 3) ( 2 p + 5) J ' 


(Binet.) 


43. Shew that, if r<.0, x+2>0, then 

r(-x) f-x (-x)(l-x) . (-x)(l-x)(2-x) ) 

r(2) \ 2 2(1+2) 2(1+2)(2 + 2) '^••7 


r(. 




and deduce that, when .r+r> 0, 


£ w L^f . 1 I x(j:-1) (j:~8) _ 

dz ™ r(z) "* 2 * 2{c+l) ® z (2 + I)(2 + 2) 

44. Using the result of example 43, prove that 

a — a* 


log r (r + a) « log r («) + a log r - • 


2s 


- S 


aj' t(l-t)(2-t)-(”-t) dt-j’ e (1 - 1) (2 - 0 -. (n - 0 * 

(» + l)*(«+l; («+ 2 y... (T+n) * 


investigating the r^ion of oonvergence of the series. 

(Binet, Journal dt Vioole polytocknique^ xv7. (1839), p. S&6.) 

46. Prove that, if y> > 0^ y > 0, then 
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M (p, s)=2p 


/: 


dt 


if+O.P’1 


and p^=}^-¥q^+pq. 

46. If P-2**/r(l-ijr),_ 

and if the function F{x) be defined by the equation 


F(x)- 




(W 

dx 




shew (1) that Fix) satisfies the equation 

(S) that, for all positive integral values of x, 

^3) that Fix) IS analytic for all finite values of x, 

(4) that 
47 Expand 

{r(«))- 

aa a aeriee of ascending powers of a. 

(Vanoua evaluations of the coefifioients in this exjianeion have been given by Bourguet, 
Bv,U.d*tSei. Math. v. (1881), p. 43; Bourguet, Acta Math, ii (1883), p 261 , Schlomiloh, 
ZaUckrift fwr Math und Phyt. rxv. (1880), pp 3S, 351.) 


48. Prove that the (7-fhnction, defined by the equation 


is an integral function which satisfies the relations 

<?(r + l) = r(r)<i'(i!), 0(1) = 1, 

(k I)*/(7(»+l)=l>.2*.3’...n*. (Aleieiewsky.) 


(The most important properties of the G'-function are discussed in Barnes’ memoir, 
Qvacterly Jowmal^ xxxi.) 


49. Shew that 


and deduce that 


50. %ew that 


<?'(*+!) 

<f(s+I) 


= ilog(2w) + i-r+r 


r(s)’ 


f (f+x) “ /, Wtdz-I log (2ir). 



r i « + 1 ) (ft = log (2ir) - i» (» + 1) + * log r (* + 1 ) - log <? (x + 1 ). 



CHAPTER XIII 

THE ZETA FUNCTION OF EIEMANN 


13‘1. Definition of the Zeta-function. 

Let « = <r + it where <r and t are real*; then, if 8 > 0, the senes 

“ 1 
«=i m* 

is a uniformly convergent series of analytic functions 2‘33, 3‘34) m any 
domain in which a- > 1 + 8 ; and consequently the series is an analytic function 
of s in such a domain. The function is called the Zeta-function ; although 
It was known to Eulerf , its most remarkable properties were not discovered 
before Riemann;[ who discussed it in his memoir on prime numbers ; it has 
since proved to be of fundamental importance, not only in the Theory of 
Prime Numbers, but also in the higher theory of the Gamma-function and 
allied functions. 


13T1. T/ie generalised Zeta-fumction^. 

Many of the properties possessed by the Zeta-function are particular cases 
of properties possessed by a more general function defined, when o- > 1 -I- 8, 
by the equation 


' «=o(a + n)* 


where o is a constant For simplicity, we shall supposej] that 0 < a 1, and 
then we take arg (o + n) = 0. It is evident that f (s, 1) = f («) 


13'12. The expression of ? (s, o) as an infinite integral. 

Since (a + «)“• r (s) «= / *(ir, when arg sc = 0 and <r > 0 (and 

Jo 

a fortiori when <r ^ 1 -t 8), we have, when <r > 1 -h 8, 
s /■» 

r(s)f(s, a)= lim 2 af-ie-w+wvda: 


= lim j r <^-1“ 1 • . 

jv-. (Vo 1-fl-* .'o 1-e-* 


* The lettere t will Iw used in this sense throughout the chapter. 

Commentattonee Acad. Set. Imp. PetropoUtanaCy ix. (17S7), pp. IGO-lSS. 

^fferUwr MonaUberichtty 1869, pp. 671-680. Qe*. Werke (1876). pp. 136-144. 

6 The definition of this funetion appears to be due to Hoiwita, ZeiUcknft filr Blath. und 
Pky$. xxvn. (1883), pp. 86-101. 

II When a has this rao^e of valaec, the properties of the function are, in gen^stl, mooh 
simpler than &6 oorreeponding properties for oUier values of a. The results of g 18'14 are true 
for all values of a (negative integer values excepted); and the results of gS 18*13, 18*18, 18*3 are 
tone when JR (a) >0. 
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Now, when a: > 0, e* > 1 + «. and so the modulus of the second of these 
integrals does not exceed 

f h ay-^r(a- — l), 

Jo 

which (when <r > 1 + 8) tends to 0 as JV oo . 

Hence, when <r > 1 + 8 and arg a: = 0, 

this formula corresponds in some respects to Euler’s integral for the Qamnta- 
function. 

IS'lS. TAs expression* of ? (s, a) as a contour integral. 

When <T > 1 + 8, consider 

the contour of integration being of Hankel’s type (§ 12'22) and not containing 
the points + 2nvi (n — 1, 2, 3, ...) which are poles of the integrand ; it is 
supposed (as in § 12'22) that | arg(— «) | $ w. 

It is legitimate to modify the contour, precisely as in § 12'22, whenf 
er > 1 + 8 ; and we get 

M0+) (_ 

•L l-e“* 


t r • g-a* 

. (ir = 

JO * 


Therefore 


f(». “) = - 


r (1 - g) f<»+) (- sy~'e 

2-rri 1 — e~ 


. — ds. 


Now this last integral is a one-valued analytic function of s for all values 
of s. Hence the only possible singularities of f (s, o) are at the singularities 
of r(l — g), i.e. at the points 1, 2, 3, ..., and, with the exception of theae 
points, the integral affords a representation of f (s, a) valid over the whole 
plane. The result obtained corresponds to Hankel’s integral for the Gamma- 
function. Also, we have seen that f (g, u) is analytic when <r > 1 -t- 8, and 
so the only singularity of f (g, a) is at the point g •» 1. Writing g « 1 in the 
integral, we get 

1 f<®+> e-“ , 

2sriJ^ l-er‘ 

which is the residue at x = 0 of the integrand, and tbis residue is 1. « 

f (». a) 


Hence 




— L 


* Given bj filemann for the ordinox^ Zete-fanotion, 

t If 0* < 1, the integral, tahen eioog may straight line op to the origin does not eonverge. 
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Since F (1 — «) has a single pole at « = 1 with residue — 1, it follows that 
the only singularity of {■(«, a) is a simple pole with residue + 1 at s •• 1. 

Example 1. Shew that, when R («) > 0, 

"fw/o 

Example i. Shew that, when A («)> 1, 

(2*- l)f (,).{(*. J) 

2 * j 

<^-1 


Example 3. Shew that 




2>— r(i-*) 
2wJ(2'--l) j, 


e*+l 




where the contour does not include any of the points +jri, iSm, ±5irt, 

1314. Values of f (i, a) for special values of s. 

In the special case when s is an integer (positive or negative), 




1 -e-^ 

18 a one-valued function of z. We may consequently apply Cauchy’s theorem, 
27rtL l-«~ 


so that 


dz is the residue of the integrand at r b 0, that 


(—)•"* e~“ 

is to say, it is the coefficient of z~’ in . 

To obtain this coefficient we differentiate the expansion (§ T’2) 


■1 


n! 


term-by-term with regard to a, where ^n(«) denotes the Bemoullian poly- 
nomial. 


^ e~ 


(This is obviously legitimate, by § 4-7, when |»|<2)r, BiDce^_jj_-j can be expanded 
luto a power series in t uniformly convergent with respect to a.) 


Then 


— 1 ,=i n I 


Tj^efore if s is zero or a negative integer (■» — ra), we have 
?(- ira, a) - - ^'*+,(o)/((7» + 1) (to -b 2)}. 

In the special case when a — 1, if g=^ — m, then ^{s) is the coeBBcient 

, (— )*. TO !i 


of «*“• in the expansion of - 


s'-! 
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Hence, by § 7'2, 

f(-2m) = 0, f(l-2m) = (-rfi„/(2m) (m = 1, 2, 3, ...), 

r(0) = -5. 

These equations give the value of f («) when s is a negative integer or zero. 


13'15. The formula* of Hurwitz for f («, a) when a- <0. 

Consider ^ , — dz taken round a contour C consisting of 

a (large) circle of radius {'2^+1)^, {N an integer), starting at the point 
(2Ar + 1)^ and encircling the origin in the positive direction, arg (— *) being 
zero at « = — (2N + 1) ir. 

In the region between C and the contour (2J\^Tr + ir ; 0 +), of which the 
contour of § 13'13 is the limiting form, (— 2 )*“'e““ (1 — e~^)~' is analytic and 
one-valued except at the simple poles i 2?ri, ± 4nri, ± 2Nvi. 

Hence 


±.f 

2inJ( 


(-s)’-‘e- 
• l-e-‘ 


■ dz • 


-.f 

27n j i 


«>+) 

(Mr+i)« 




1 - e— ,.i 

where R^, are the residues of the integrand at 2mn, — 2n7ri respectively. 
At the point at which — r =« 2nve~^**, the residue is 
(2nw)*-*«-*’"(*-l)e 

and hence R„ -t- R^' = {2n-iry~^ 2 sin Q sir 4- ZiranJ 

Hence 


J_ /■(»+) (-zy-'e-<" ^ 

l—e~‘ 

_2sinisw ^ co8(2'7ron) ^ 2cosis7r ^ sin(2waii) 

“ ^ «>" T2V)‘^„ti 


1 f {-zf-'e-** 
2irijc 


dz. 


Now, since 0 < a ^ 1, it is easy to see that we can find a number K 
independent of If such that | e“" (1 — «“*)”" | < K when z is on C. 

Hence 


1 f (-s)^e-« 
2'7ri Jo 1 — e"' 


dz 


l{(2iV+l)7r)'e^|dtf 

<jr{(2Ar + i)^]'e'>l 

-♦OasiV-^oo if<r<0. 




ZsiUekri/t /Or Math, nd Pkft. uvu. (1882), p. 96. 
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Making JV -► 00 , we obtain the result of Hnrwitz that, if <7 < 0, 

2r(l-*)f . /I \ 2 C0B(2'jran) /INS Bin( 27 r 07 i)' 
r (». <^) = -^Ynr.- {«n + cos sw) 2^ 

each of these series being convergent. 


13 161. Riemann’s relation between f (s) and f (1 — s). 

If we write a = 1 in the formula of Hurwitz given in § 13'16, and employ 
§ 1214, we get the remarkable result, due to Riemann, that 

2 '-‘ r («) f («) cos svrj = .jr* f (1 - «)• 

Since both sides of this equation are analytic functions of s, save for isolated 
values of s at which they have poles, this equation, proved when <r < 0, 
persists (by § 5 5) for all values of * save those isolated values. 

Ejximple 1 If m be a positive inte^r, shew that 

( (2m) = 2*— » » 

Example 2. Shew that r (i«) C («) m unaltered by replacing « by I - « 

(Riemann.) 

Example 3. Deduce from Rieinann’e relation that the zeros of ( («) at ~ 2, - 4, - 6, ... 
are zeros of the first order. 


13'2. Hernnte 8* formula /or^{8,a). 

Lict ue apply Plana’s theorem (example 7, p. 145) to the function 
0 [z) = (a 4* zf, where ari? (a + z) hae its principal value. 

Define the function q («, y) by the equation 


y) 


2f 


((a + x + iy)-’ 


-{a + x- iy)-‘} 


= — {(a + x)''+ y“) sin |» arc tan . 

Since t I arc tan ■■ does not exceed the smaller of Air and ^,we 
1 a: -f a I a; + a 

have 


\li^, ylkK^ + a-l'+y*]* i'ljrMsinh |5W|S||, 

’ 9 (®. y) I « 1(« + + y*r ^ ' I Isinh I . 

Using the first result when | y | > a and the second when j y i < o it is 


* Annali di Matetwitica, (8), v. (1901), pp, 57-72. 
t 1/ f > 0 , arc tau j ^ tAni< dt. 
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evident that, if a > 0, I q (w, y) (e^ — 1)~‘ dy is convergent when ai'^O a 
Ja 

tends to 0 as IE 00 ; also (o + *)■■•«?« converges if <r > 1. 

JO 

Hence, if <r > 1, it is legitimate to make ir, oo in the result contained 
the example cited ; and we have 

f («, o) « ^ a~* + (a + x)~’ dx + 2 j (a* + y*)"i' jsin arc tan 
So 

f (s, a) = ^ a-‘ + + 2 (a> + y*) ’ i* jam (s arc tan ■ 

This is Hermite'a formula*; using the results that, if y > 0, 


arc tan y/n $ yja 


(y<lav) 


arc tan y/<i < , vr 



we see that the integral involved in the formula converges for all values of 
Further, the integral defines an analytic function of s for all values of s. 

To prove this, it is sufficient (§ S'31) to shew that the integral obtained by diSerentiatin 
under the sign of integration converges uniformly; that is to say we have to prove that 

/o [ " ^ (« are tan J 

+ j arc tan ~ C 08 arc tan ^ 

converges uaiformly with respect to « in any domain of values of s. Now when 
where ^ is any positive number^ we have 

j (o*+y)"*'arc tan ^ cos arc tan j <(a*+y^)*^ ^ cosh (^irA) , 
since «/„ 

converge, the second integral converges uniformly by § 4 431 (1). 

By dividing the path of integration of the first integral into two jiarta (0, 

{\ira^ 00 ) and using the results 

j sin arc tan j < shih ~ , | sin arc tan j < sinh JttA 
in the respective parts, we can similarly shew that the firt^t integral converges uniformly. 

Consequently Hennite’s formula ie valid (§*5’5) for all values of s, and 
it is legitimate to differentiate under the sign of integration, and the 
differentiated integral is a continuous function of s. 


The corresponding formula when asl had been previously given by Jensen. 
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13 - 21 , 13 - 3 ] 

13 * 21 . Deductions from Hermite's formula. 

Writing « = 0 in Hermite's formula, we see that 

f(0, a) = \-a. 

Making s 1, from the uniformity of convergence of the integral involved 
in Hermite’s formula we see that 

hm If (*. a)- -m . )im “r*' ^ ^ + 2 / " 

,*il »-“! 2a Jo (a" + y»)(e*^- 1) 

Hence, by the example of § 12 32, we have 

Further, differentiating* the formula for f(», a) and then making s—~0, 
we get 

d I I- r 1 a‘-‘iogo a'-‘ 

+ 2 j I - j log (a’ + y") . (a* + y') ~ sin arc tan 
+ (o'+ y’l'l'arc tan | cos arc tan ^j| 

/ 11 1 of” arc tan (y/a) , 

= (« - ..j 'eg « - a + 2 i ^y- 


Hence, by § 12'32, 
Ids 


f (s, a) = log r (a) — log (27r). 
•=o ^ 


These results had previously been obtained in u different manner by 
Lerchf. 

Corollary. liin |f (s) - = 7. f' (0) = - 1 'og (27r) 

13 ’ 3 . Euler s product for ^(s). 

Let o- > 1 4 S ; and let 2, 3, 5, . . p, . . . be the prime numbers in order. 
Then, subtracting the senes for 2~*f(s) from the senes for f (s), we get 

f(s).(l-2-) = i43\ + ^.4l + ..„ 


* This was jastified in § Id'S. 

t The formula for a) from which Lerch derived these results is given in a memoir 
published by the Academy of Sciences of Prague. A summary of his memoir is contained tn 
the Jahrhuck iiher die Forucktitte der Math. 1893-1894, p. 484. 
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all the terms of %n~‘ for which n is a multiple of 2 being omitted ; then in 
like manner 

?(s).(l-2-*)(l-3-) = i + i + f.+ .... 

all the terms for which b is a multiple of 2 or 3 being omitted ; and so on ; 
so that 

? (s) . (1 - 2-*) (1 - 3-‘) . . . (1 - p") = 1 + S'n-', 

the denoting that only those values of n (greater than p) which are prime 
to 2, 3, ... p occur in the summation. 

OD 

Now • I $ $ 2 n~'~* ^0 as p oo . 

n=p+i 

Therefore if a ^ 1 + &, the product f («) fl (1 — p~‘) converges to 1, where 

p 

the numher p assumes the prime values 2, 3, 5, ... only. 

But the product II (1 —p~‘) converges when o > 1 + 8, for it consists of 

T 

•D 

some of the factors of the absolutely convergent product IT (1 — n~'). 


Consequently we infer that f (s) has no zeros at which o- ^ 1 + 8, for if 
It had any such zeros, 11 (1 — p~*) would not converge at them. 

p 


Therefore, if <r > 1 + 8, 



This IS Euler’s result. 


1 

f(«)’ 


13 31. Riemann’s hypothesis concerning the zeros of f («). 

It has just been proved that f (s) has no zeros'at which <7 > 1. 

From the fonnula (§ 13151) 

f (s) = 2*-‘ (r («))-■ sec STT^ ?(!-«) 

it is now apparent that the only zeros of f (s) for which a < 0 are the zeros 

of jr(s)|~' sec Q sirj , i.e. the points s= — 2,-4, 

Hence all the zeros of f(«) except those at — 2, — 4, ... lie in that strip of 
the domain of the complex variable s which is defined by 0 ^1. 

It was conjectiUted by Riemann, but it has not yet been proved, that all 
the zeros of ^ (*) in this strip lie on the line <7 = | ; while it has quite recently 
been proved by Hardy f that an infinity of zeros of f (s) actually lie on <r — ^ 
It is highly probable that Riemann’s conjecture is correct, and the proof of 
it would have far-reaching consequences in the theory of Prime Numbers. 

* The first term of 2' Bt«rta with the prime next greater than f, 

CompUt Renduf^ clttij. (1914), p. 1012 ; eee p. 280. 
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IS'^. Riemam'a integral for f{«). 

It is easy to eee that, if <r > 0, 

n~*r tc^'~^dx. 

Hence, when o- > 0, 

?(«)r fL'\7r”**= f ^ e-”‘’'^xi‘-^dx. 

\ / y-m^gbJo n = l 


* . 

Now, if V (d;) w X f eince, by example 17 of Chapter vi (p. 124), 

1 + 2w (x) = [1 + 2«r (!/»)), we have lim x^ zt (x) <= 1 ; and hence 

X-^(i *' 

r* 

dx converges when <r > 1. 

Jo 

Consequently, if <t >2, 

f (s) r fi 7r~^* “ hm ( zr (x)xi‘~^ dx— f - e~’‘'^^xi'~^dx~\ 

\ J JT— bLJo Jo t>-Jr+i J 

Now, as in § 13‘12, the modulus of the last integral does not exceed 

r» ( m \ (N+ 1 )*T* ~i<r -> 1 

Jo li.=w+i ' U 1 — e (•^+*1” 

^0 

= {n (N+ !)<-> 1(N»+ 2N) wp " 4' F g <r - 1 ) 
-► 0 as J7 -► 00 , smce <t > 2. 

Hence, when <r > 2, 

f («) r ir'i* = J w(a:) j;4*“^<ii 

“J I — ^ + ja:"4 ^ a;- J a:4«-l ^ »(a:)a:4*“* (ir 

= — ^+^-^+1 xiar(x)x~i’+^ dx + J w(x)xi'~^dx. 

Consequently 

f(*)r^j«^7r-** - = (xi(^-’) + xi>)x-^zr(x)dx. 

'Now the integral on the right represents an analytic function of s for all 
values of «, by § 5'32, since on the path of integration 

K 

n-O 

Consequently, by § 5’6, the above equation, proved when <r>2, persists for 
all values of s. 


W. X. A 


18 
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If now we put 

* = 2 + it, = 

we have 

f (<) “ J ~ i)J 

Since j a:~^w(3;) log x| cos ^2 ® + 1””') 

satisfies the, test of § 4'44 corollary, we may differentiate any number of times 
under the sign of integration, and then put t = 0. Hence, by Taylor’s 
theorem, we have for all values* of t 

((t)= 2 

ttsO 

by considering the last integral 0 ^ is obviously real. 

This result is fundamental in Riemann*s researches. 


13 ‘5. InequaXiU.^ satu/i-e'l by a) u/Aen <r> 0. 

We shall now iuvestigate the behaviour of {"(«, a) as ± » » for given values of <r. 
When <r> 1, it is easy to see that, if JV be any integer, 

~ (1 -■*) (X+a'r ' ~ 


where 

/. (')“j f^n + l+a)' 

fn+i n-n 

/ 1 * 4*1 _ 71 

— r»T> 

« («+oy*^* 

/ •*+! 

. 

” I *U« 

A 

Therefore the senes I /„ («) is a uniformly convergent seriee of analytic functions 

when ir > 0 ; so that 2 (#) is an analytic function when <r > 0 ; and consequwitly, by 

n=rf 

§ 5*5, the function ( (c, q) may be dehned when a > 0 by the series 

f (., (,). 

Now let [<] be the greatest integer in | ^ [ ; and take . Then 

W ® _ , 

If (*,'»)!« s I («+«)—i+n(i -*)-*([«]+“)*■*) 1+ s i«i(»+o)~' 

««o •=[<! 

< S (o+nr' + l«l''([«]+<»)'~'+l*l * 

* )[& this particular piece of analysis it is convenient to regard t as a complex variable, 
defined by the eqoation « ^ ^ 4 - ; and then A (^) ^ en integral fonction of t. 
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Using the MwSaurin-Cauchy gam formula (§ 4‘43), we get 

/W f * 

) J {t\-l 

Now when d $ (r < 1 - ft where i > 0, we have 

Bence f («, a) * 0 (| <» |*~^), the constant implied in the symbol 0 being independent of s. 
Buty when 1 — 8^<r^l + d» have 

If(«, a){ = 0(|it*“®‘)+ J* dx 

/W 

{a+x)-\dx, 

since + when a->l^ and (a+jr)“^^{a+[i])’'^(a + Jr)"' wh^n 

(T ^1, and so 

C(*, a)=0 IJ- 

When ff > 1 +8, 

\C{s, a)l€a“‘'+ i {a+nr^~^=^0{l). 

nsi 

13*51. Inequalities satisfied by ((Sy a) when <r ^0. 

We iient obtain inequalitiea of a similar nature when «t $ In the case of the 
function ( (s) we use Riemann’s relation 

^(«) = 2 * ir*"'r(l -<)C(I “*) sin (Jiff). 

Now, when <r < 1 -d, we have, by § 12 liS, 

r(i 

and so 

C (<) = 0[exp {Jff i f i + (^ — <r — »/)log 1 1 - « l + t arc tan ^/(l - ff)}]f(l -«). 

Smoe arc tan 1/(1 ^e)— ±J«’ + 0 (<"*), according as ^ is positive or negative, we see, from 
the results already obtained for ( (i, a), that 

f(.)=0{|<|*-}f(l-.). 

In the case of the function f («, a), we have to use the formula of Hurwits (§ 13*15) 
to obtain the generalisation of this result ; we have, when a- < 0, 

f (., O) - - (2g) r (1 f. (1 - f (1 - 

■where f. (1 - •) = ■ 

ir 

Hence (1 -.*'<•) f,(l -.)=«^+ 2 (n- 

+ (»-!) S 

»«2V+I J »•! 

BiQoe the senes on the right is a uniformly ooovergent series of analytic functions 
whenever <r < 1 - d, this equation gives the oontinuation of (1 - s) over the range 
O^o-^l — d; so that, whenever tr ^ 1 — d, we have 

smirof.(l-»)|<l+ 2 {»*“* + (n-ir"‘} + |»-l| 2 f* vT^du. 

•»S n-jr+ljn^t 


18—2 
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Taking we obtain, as in § 13’5, 

= 0(ltriog|tl) (-a<<r<«). 

And obTiously 

f. (!-*)= 0(1) 

Consequently, whether a is unity or not, we have the results 
f(a, (o«a) 

= 0 (|/l*) (8igcr«l-a) 

=0(i<|*iogit|) {-a«<r€a). 

We may combine these results and those of § 13 5, into the single formula 

f(.,a)- 0 (l«r>''Mogl.<|), 

where* 

T(<r) = J-(r, (o-^O); T(<r)=J, (0 $ <r $i); t(o)= 1 - ir, (J ■§»$!); r(<r) = 0, 
and the log | < | mav he suppressed except when - a $ or < a or when 1 — a$ff$l+a. 


13‘6. The asymptotic expansion of log F (i + a). 

From § 121 example 3, it follows that 

V a/ S =1 IV a + n/ j r(« + a) 

Now, the principal values of the loganthms being taken, 

= i r/ \ — 5—1 + £ (-)"- * £• 

B=J LVn (a + n )/ m (a+n)"'J „ti w a”' 
If |ri < a, the double series is absolutely convergent since 


[_n(a + n) " \ a+n/ o+nj 


converges. 

Consequently 


log 


e-y‘r(a) z 
r(s + a) 


2 

“ »=i »(» + ») 


+ 2 


(-)” 




Now consider j ~ ? {*< ®) fhe contour of integration being 

similar to that of § 12'22 enclosing the points s = 2, 3, 4, ... but not the 
poinU 1, 0, — 1, — 2, the residue of the integrand at s = m(m^2) is 
(-)'* 

r"* f (wi, o); and since, as or -► oo (where s =* <r + it), ^ {s, a) = 0 (1), the 
integral converges if j ^ | < 1. 

* It can be proved that t(v] may be taken to be ^ (1 - v) when 0<v <1, See Landau, Pnm- 
lahUn, § 287 . 
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Consequently 

, e-i»r(£i) z • az 1 f w 

loRrr; — = 2 r — s— ^ t(s,a)ds. 

• r(i + a) a „„in(a + n) ZTrijcssimr* 

Hence 

, r(a) r'(as) If TTZ* . , 

r(.+-7) “ - " rfe - 2^ I, ^ (*■ 

Now let Z) be a semicire’' of (large) radius N with centre at « = f , the 
semicircle lying on the right of the line a = %. On this semicircle 
f («, a) = 0(1), 1 I = I r and so the integrand is* 0 [] ^ 

Hence if ) « | < 1 and — tt + S ^ arg z^ir -Z, where S is positive, the integrand 
is O(|z|'e”*''0i *^^<1 hence 

f f (s, <i) ds 0 

J 1)8 sm TTS ' 

aa N cc . It follows at once that, if | arg r | $ tt — S and ) ^ I < 1, 

, r(a) r'(a) . 1 wr* ,, 

°^r(i + a)“ ^ r(a)'''27rtij_*,«8in7r*^^*' 

But this integral defines an analytic function of z for all values of | r | if 
I arg a I 5 vr — 6. 

Hence, by § 5'5, the above equation, proved when ] r| < 1, persists for all 
values of 1 z I when | arg « | $ w — S, 

Now consider / ^ 1 (s, a} ds, where n is a fixed integer and 

J -It- j±E.»sin its’' 

R is going to tend to infinity. By § 13'51, the integrand is 0 

where — and hence if the upper signs be taken, or if the lower 

signs be taken, the integral tends to zero as iZ oo . 

Therefore, by Cauchy’s theorem, 

, r(a) r'(a) , 1 + wzf’ 

log„, , \ = T'-r^ + s— -I f(s, a){t«+ A Rn, 

“r(z + o) r (a) 27ni j _oe, ssiUTTS 

where Rm is the residue of the integrand at « = — m. 

Now, on the new path of integration 

^(s,a)\<Kz-’'--ie-*>‘ 

« Sin 7r« ’ ' ' I ' 

where K is independent of z and t, and r( 0 ’) is the function defined in 
§ 13-61, 


The eonatante implied in thf> avmbol 0 ere independent of « and x thronghont. 
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Consequestly, since j e"*'*' i converges, we have 

, r(o) r(a) " 

, r(.-T^) = - ^ rfe *). 

when 1 r 1 is large. 

Now, when m is a positive • Rm = ’ - , and so 

by §1314. = where d>^ ' denotee the derivate of 

m iwi + 1 ) (wi + z) 

Bernoulli’s polynomial. 

Also Rc is the residue at « = 0 of 

+ ^+ ... j (1 + *logr + ...) |J - a + sf'(0, a)+ ...|, 
and so JZo = log.r+ f' (0, a) 

= (g - a) log r + log r (a) - J log ( 2 w), 

by § 13-21. 

And, using 1 13-21, ii_i is the residue* at /Sls= 0 of 


_ , r' (a) 

iJ_. = -^logr + #^^-^ + r. 


Hence 

Consequently, finally, if | arg « | 5 tt — 6 and | z | is large, 


logr(r + (f)» + a — jjlogr — i + ^log(27r) 

„“i m(7n + 1) (to + 2)r”* 


+ 0(z-"-4). 


In the special case when a = 1, this reduces to the formula found 
previously in § 12-33 for a more restricted range of values of arg z. 

The asymptotic expansion just obtained is valid when a is not restricted 
by the inequality 0 < a S 1 ; but the investigation of it involves the rather 
more elaborate methods a-hich are necessary for obtaining inequalities satisfied 
by f(*, a) when a does not satisfy the inequality 0<a^ 1. But if, in the 
formula just obtained, we write o = 1 and then pat z + a for z, it is easily 
seen that, when | arg (r + o) | $ tt — S, we have 


logf (« + a + l) = ^-* + a-+- 3 jlog(z + o) — X — a + ^ log (2'7r)+ o (1); 


Writing «=S+1. 
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subtracting log(* + a) from each aide, we easily see that when both 
I arg (s + a) I < 7r — S and | arg z | < ■tt - 8, 
we have the as 3 nnptotic formula 

logr(z + a)=^e + a~^lagz — z + }^log(2w)+o(l), 
where the expression which is o (1) tends to zero as i z ]— ♦ x> 
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Miscellaneous Examples 


1 


2 


Show that 

(2' - 1 1 f (*) = j- ‘j* + 2 (i +y“)”*' sm (« arc tan 2y) 

(Jensen, L IntertnediaiTe de$ Math (1896), p 346 ) 

Shew that 

fW-f i~^'f (l+y*)'l'8m(Aarctaiiy) 

«r' + l 

(Jensen ) 


3 Discuss the asymptotic expansion of log{?(z + a), (Chapter zil 
aid of the generalised Zeta function 


example 48) by 
(Barnes ) 


4 Shew that, if tr > 1, 


logf(A)=S S 

]>*t_l 


the summation extending over the prime numliersy>«2, 3, 5, 

(Uinchlet, Journal de Math iv (1839), p 407 ) 


5 Shew that, if <7-> 1, 


f (»)^ " A(n) 
f(») «• ’ 


where A (?i)b= 0 when n is not a power of a prune, and A(n) = Iogj) when n is a power of a 
prime p 


6 Prcivethat 


/ r(i«)y„ 


dx 


(Leroh, Krah6w Botpraw^^ 11 ) 


See the Jahrlmch Sber die ForUehntU d^r Math 1893-1S94, p. 483* 
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7 If 


0(«, *)= I 


where { ^ | < and the r^l part of $ is positive, shew that 


and, if «< 1, 


-?tT 


hm x) — r(l-») 

(Appell, Comptet Rendut, Lxxxvii ) 


8 If X, o, and » be real, and 0 <a < 1, and <> 1, and if 


shew that 


and 


,, ,1 /•“e-“2»-'<ii 

rie*— 


<^(x, a, 


2<w) 


i^(-a, X, a) ] 

1-x, «)j 


(Lemh, Acto Math xi > 

S By evaluating the residues at the poles on the left of the straight line taken as 
contour, shew that, if i > 0, and j arg y | < ^ir. 




‘Ai+dot 




and deduce that, if ir > 


and thenoe that, if a is an acute angle, 

(Hardy ) 

10 By differeutiatuig tn times under the integral sign in the last result of example 9, 
and then uudung a ^n-, deduce from example 17 on p 124 that 

f* cosh iir< ^ . (“)*’>’ w 


By taking n large, deduce that there is no number in such that ^ {t) is of fixed sign 
when t > and thenoe that ({m) has an infinity of zeros on the line 

(Hardy ) 

[Hardy and Littlewood, Pfoe, Zondon Math Soc xiz (1920), have shewn that the 
number of xeros on the line for which 0 < t < T' is at least 0{T) T~*‘ oo , ^ the 

Biemann hypothesis is true, the number is^ T’log ^ (log T) , see 

l^audau, Pt'xmsahleni i p 370] 



CHAPTER XIV 

THE HYPERGEOMETRIC FUNCTION 
14'1. The hypergeometric series. 

We have already (§ 2‘38) considered the hypergeometric series* 

0. 6 _ o(o + l)6(6 + l) o(o + l)(o+ 2)6(6+ 1) (6 + 2) 

1. c l.l.c(c+l) 1.2.3.c(c + l)(c + 2) 

from the point of view of its convergence. It follows from § 2'38 and § 5'3 
that the series defines a function which is analytic when I r | < 1. 

It will appear later (§ 14‘53) that this function has a branch point at z=l 
and that if a cutf (Le. an impassable barrier) is made from + 1 to + oo along 
the real axis, the function is analytic and one-valued throughout the cut 
plane. The function will be denoted by /"(a, 6; c; z). 

Many important functions employed in Analysis can be expressed by 
means of hypergeometric functions. Thus}; 

(1 +z)’' = F(-n, 
log(l + ^)=zif’(l. I; 2; - x), 
e^ = lim J''(l, <9 ; 1 , z/$). 

Example. Shew that 

^ /'(a, b ; C', z)^~ E{a + \y 6 + 1 ; c + 1 ; z). 

14*11. The valued of F {a, b ;c; 1 ) wheri (c — a — 6) > 0. 

The reader will easily verify, by considering the coefficients of in the 

* The name waa given by WaHie in 1656 to the series whose nth term is 
aja + 6}{a + a6} . {« + («-!)&}. 

Eul^ need the term bjpergeomeirio in this sense, the modem use of the term being apparentlj 
due to Eommer, Journal fUr Math, xr, (1896). 

t The plane of the variable z is said to be cut along a oorre when it is convenient to consider 
onlj such variations in z which do not involve a passage across the curve in question ; so that 
the cot may be regarded as an impassable barrier. 

X It will be a good exercise for. the reader to construct a rigorous proof of the third of these 
results. 

% This analysis is doe to Gauss. A method more easy to remember but more difficult 
to justify is given in 1 14*6 example 3. 
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[chap. XI^ 


various series, that if 0 $ a: < 1, then 

c (c — 1 — (2c — o — 6 — 1) *1 ^'(a, 6 ; c ; a:) + (c — a)_(c — 6) xF(a, 6 ; c + 1 ; a) 

= c (c — 1) (1 — a-) (a. b ; c — l;x) 

= c(c-l)|l+ 

where is the coefficient of a" in F{a, fe ; c — 1 ; *). 

Now make x—*l. By § 3‘71, the right-hand side tends to zero if 

eo 

1 -t- S (un — u»_,) converges ti> zero, i.e. if u„-»0, which is the case when 
»=1 

fi (c — a — 6) > 0. 

Also, by § 2'38 and § 3'7l, the left-hand side tends to 

c(a + b ~ c)F(a, b; c; \ )+ (c — a)(c - b) F(a, 6, c-l- 1 ; 1) 
under the same condition ; and therefore 


Repeating this process, we see that 
F(a. i ; c ; 1) = fn f-' “ + 


jA’(a,6; 


c + w ; 1) 


(c + n>(c-a-6 + n)) 

= j lira n fr; c + »»; 1), 

».o (c -h n) (c -.o - 6 -t- »)J 

if these two limits exist. 

But (§ 1213) the former limit is if c is not a negative 

integer ; and, if «„ (a, 6, c) be the coefficient of x" in A' (o, 6 ; c ; x), and 
TO > 1 c I, we have 

I A'(a, 6; e-(- to; 1) — 1 j $ X | k„ (o, 6, c -t- to) | 


^ X «„(|a|, |6|, TO-|c|) 

“ n«(|al + l. l&l + l, TO 4-1-1 c|). 

w — j C I 

Now the last series converges, when m > jcj -t la, -h (hj — 1, and is a positive 
decreasing function of to ; therefore, since (m — 1 c j}"'— »0, we have 

lim F(a, b; c + m; 1) = 1 ; 


F(a,b-,c;l} = 


r(c)r(c-a-i) 

r(c — a) r(c - b) ‘ 


and therefore, finally, 
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14-2, 14-3] 

14 2. Tlte differential equation latiafied by F (a, b ; c; z). 

The reader will verify without difficulty, by the methods of § 10'3, that 
the hypergeometric series is an integral valid near « = 0 of the hypergeometric 
equation* 

z{l — z) ~ + {c — (a + 6 + 1 ) — aba = 0 ; 

from § 10'3, it is apparent that every point is an ‘ ordinary point ’ of this 
equation, with the exception of 0 , 1, oo , and that these are ‘ regular points.’ 

Example. Shew th&t an integral of the equation 

(4+*) (4-^) 

IS 

i*F(a4*a, a — /3 + 1; i). 


14'3. Solutions of Riemann's P-equation by hypergeometric functions. 

In § 10'72 it was observed that Riemann’s differential equation-f' 

d'u (1— a— a' I — /9 — /S' 1 — 7 — y'ldu 
dP \ z — a z — b z — c)dz 

(aa' (a - 6 ) (a — c) , (b — c)(b — a) . 77 ' (c -a)(c- 6 )) 

+ z-b ' z-c f 

^ (z-a)(z-b)(z-c)‘‘ 

by a suitable change of variables, could be reduced to a hypergeometric 
equation ; and, carrying out the change, we see that a solution of Riemaim’s 
equation is 




+ a- 


, (z-o)(c -&) 
•(z-b)(c-a)j‘ 


provided that a — a' is not a negative integer ; for simplicity, we shall, 
throughout this section, suppose that no one of the exponent differences 
a — a', S — 0, 7 — 7 ' is zero or an integer, as (§ 10'32) in this exceptional 
case the general solution of the differential equation may involve logarithmic 
terms ; the formulae in the exceptional case will be found in a memoirj by 
Lindelof, to which the reader is referred. 


Now if a be interchanged with o', or 7 with 7 ', in this expression, it must 
‘Still satisfy Riemann’s equation, since the latter is unaffected by this change. 


* Thifl equation wee given by OauM. 

t The oonstante ere eubjeet to the condition + = 

t Acta Soe. Seimt. FeHnicae^ us. (1898). Bee alio Elein'e Utbographed Ijeeturee, Ueher 4ie 
hypergeomttritehe Funktion (L«ipzig» 1694). 
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We thus obtain altogether four expressions, Jiamely, 


|« + ^ + 7. a + ^ + T; 
^|a' + ^ + y. o' + yS' + y; 
(^3^) -P |a + ^ + y'. a + ^' + y' ; 
*’(—)' -F{a' + /3+y'. a' + y3' + y'; 



1+a-a'; 


(c-b)(z-a) \ 
(c-a)(«-6)) ■ 


1 + a' - a ; 
1 + a — a' ; 


(c-6)(s-o) | 
(c - a)(z - 6)] ■ 
(e-b) (g-a) j 

(c-o){i!-6)J ’ 


1 + a' - a ; 


(c — b)(z — a) 
(c~a)(z — b) 


which are all solutions of the differential equation. 

Moreover, the differential equation is unaltered if the triads (a, a', a), 
(yS, yff, b), (y, y, c) are interchanged in any manner. If therefore we make 
such changes in the above solutions, they will still be solutions of the 
differential equation. 

There are five such changes possible, for we may write 
(6, c, aj, {c, a, 6{, {a, c, bj, (c, i, a), (6, a, c) 


’Jti turn in place of jo, b, c), with corresponding changes of a, o', /3, y, y. 

We thus obtain 4 x 5 = 20 new expressions, which with the original four 
make altogether twenty-four particular solutions of Riemann’s equation, in 
terms of hypergeometric series. 

The twenty new solutions may be written down as follows : 


“•=C— c)*(^)* ■P{/3+y + «.y8-h7'-(-a; l+i3-;8'; 

^j^+T+O+y'+a'i i+^-/9'; 

^'+V-Ha'; 1 + ^-^; 
+ « + A y-ba’q-^; 1 + y-y'; 
(^) ^’{'y'+« + y9.y'-)-a'q-y3; l + y'-y; 

(^) ^{ 7 +«+^'.y+»'+^: 1 + 7 -y'; 

.““"(sy (^/ F{v+a+^,y+«'+^; l+y'-y; 


(a -c)(z- i)1 
(a-b)(z-c)} ’ 

(a -c)(z- i) ] 
(n-i)f«-c)j' ’ 

(a-c)(z-b) ) 
(o-6)(x-e)j ■ 

(o-e)(g-&) ) 
(a-A)(x-c)) ' 

(b - o) (x - c) | 

(6-cK*-<i)j ’ 
(b - a) (x - c) j 
(l)-c)(r-a)j ’ 

(b-a)(z-c) l 
(b-e)(z-o)j ’ 

(b-c)(^-o)) ’ 
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“"■(i^) (j^)’ '■j«'+7+«'. “■+’'•» jS-i !+.■-.! jfrJ/,'-I^j}, 

“'■(/3|)’(j^l f jr+iS+t 7+S'+"i ‘ + '»-'>’'^ 

O’ |:::;‘;:S). 

“■ ■ (Ir;)’ C-rj)’ f {«■+.+ r. «-+ •'+vi i +«- fl ; j-^ (JO) ’ 

-O’ O)' ^ oo-il ■ 

, - O)' O)’ OO-!} • 


By writing 0, 1 — C, A, B, 0, U—A — B, x for a, a', B, B'> 7> y', 
^ respectively, we obtain 24 soliit’ons of the hypergeoinetric 
equation satisfied by F {A, B; C,x). 

The existence of these 24 solutions was first shewn by Knmmer*. 


14'4. Relatioru between particular tolutiom of the hypergeomtiric equation. 

It has just been shewn that 24 expressions involving h 3 rpergeometric 
series are solutions of the hypergeometric equation j and, from the general 
theory of hnear differential e<juation8 of the second order, it follows that, if 
any three have a common domain of existence, there must be a linear relation 
with constant coefficients connecting those three solutions. 

If we simplify Ui, u«, u,, u^; u,,, u,,; 1 %, in the manner indicated at 

* Journal fUr Uath, xt. (1836), pp. 39-83, 127-178. The; are obtained ia a dillerent manner 
in Foiejth’e Tr4Mtiit on Differmtial Equalioiu, Cbup. n. 
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the end of § 14*3, we obtain the following solutions of the hypergeometri 
equation with elements A, B, G,x: 
yi =F{A, B\C,x), 

y, ={-xf-<=F{A-C + \,B-C+l-,2-C-,x\ 

y, ={l-xf-^-^F(G~B,C-A-,C-,x). 

y, = (- - *)«--*-« jPll -B.l-A;2-C;x), 

y„ = F(A,B-, A + B~G+l;l-x), 

y^ = (l-xf-^-‘F(C-B,G-A; C-A-B + 1; l-x), 

. (- *)-» jP(A, 4 - (7+ 1; .1 - + 1; x~'), 

ya = F(B,B-0+\;B - A + 1; O- 

If |arg(l - ®) I < IT, it is easy to see from § 2'53 that, when j a: j < 1, the 
relations connecting y,, y„ y,, y, must be y, =y„ y, — yi, by considering the 
form of the expansions near a; = 0 of the series involved. 

In this manner we can group the functions into six sets of four*, 

viz. It,, M,. u,,. It,,; u,, w,,, It,,; ti,, ti,, u„, u„; u,, rt,, ««, u,, u„, it,, ; 

u„, Ua, u,,, «»), such that members of the same set are constant multiples of 
one another throughout a suitably chosen domain. 

In particular, we observe that u,, u,, u„, u„ are constant multiples of a 
function which (by §§ 5'4, 2'.53) can be expanded in the form 

(r - a)* |l + e„ {z - a)"| 

when jz — o| is sufficiently small; when arg(z — a.) is so restricted that 
(z — af is one-valued, this solution of Kiemann’s equation is usually written 
Pi*'. And P'*'; P<^’, P**’; P”’’, P'’’’ are defined in a similar manner when 
|z — a|,|z — 61 j|z — e| respectively are sufficiently small. 

To obtain the relations which connect three menfbers of separate sets 
of solutions is much more difficult. The relations have been obtained by 
elaborate transformations of the double circuit integrals which will be obtained 
later in 1 14'61 ; but a more simple and singularly elegant method has recently 
been discovered by Barnes ; of his investigation we shall give a brief account. 

14'5. Barnet' contour inttgrdU for the hypergeometric functi(m'\. 

2inJ_.( r(e-l-s) ' 

where 1 arg (— z) | < w, and the path of integration is curved (if necessary) to 
ensurethatthepolesof r(a-(-«)r(6+»), viz.s = -a — n, — 6-n(»»0, 1, 2, ...), 

* Tlie ipMsU! fonnol* 

F{4,liC,x)=^F{c~A, 1 ; 0 ; 

vhieh is deriv^le from the reUtion oonDertiag •»] with Vis, disoovered in 17S0 bj Stirling, 
Jifet/u>d«i» IHfferentiaiU, prop. th. 

t Proe. London MntK Boe, (2), ti, (1908), pp. 141>177. BefenDeai to previoQg irork on ■imiUr 
topibs by FiB<diarle, MeUin end Bemea are there given. 
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lie on the left of the path and the poles of r(— «), viz. s -lO, 1, 2, lie on 
the right of the path *. 

From § I3'6 it follows that the integrand is 

exp {-arg(- x ) ./(«)- tt j /(«) |j] 

as «— > 00 on the contour, and hence it is easily seen (§ 5'32) that the integrand 
is an analytic function of x throughout the domain defined by the inequality 
I arg X I $ TT — S, where S is any positive number. 

Now, taking note of the relation r(— «)r(l + «) = — or coseC sir, consider 

1 f r (g 4 s) r (h + a) or (— x)‘ 

27ri ic r(c + all’ll +«) sinsor 

where C is the semicircle of radius ^ on the right of the imaginary axis 
with centre at the origin, and N is an integer. 

Now, by § 13'6, we have 

r (a 4 s) r (fc + s) 7r(- x y ^ ^ ( - 

r (c 4- «) r (1 4-s) 8in.»7r ' sin sir 

as .N— ♦ oo , the constant implied in the symbol 0 being independent of args 
when s is on the semicircle ; and, if s = e*' and x | < 1, we have 

(- x)* cosec sir = 0 exp 4- ^ cos ^ log | x ] — ^77 4- sin 6 arg (— x) 

- (77 4- TT I sin j|] 

= 0 exp 4 - cos 6 log | x | — 4 - 6 1 sin l|^ 

0 j^exp |2-4^77 + *^ log|xj|J 

0 [^exp|-2-4«(i7 4-^)|j jirsltfl^^Tr. 

Hence if log|x| is negative (i.e. |x|< 1), the integrand tends to zero 
sufiBciently rapidly (for all values of 0 under consideration) to ensure that 

[ —*0 as N'—*ao. 


f*' f 

r-(sr+J)» r fw* ) 

-■ 


+ 1 

J —aei i 

J J 



by Cauchy’s theorem, is equal to minus 2irt times the sum of the residues 
of the integrand at the points » = 0 , 1 , 2. ... AT. Make J7— 400 , and the last 

* It IB MSQmed that a and b ara such that the contour can be drawn, i.e. that a and b 
are not negative integere (in which case the bypergeometrio eeries is merely a polynomial). 
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three integrals tend to zero when | arg (— z) j ^ w — S, and 1 * | < 1, and so, in 
these circvimstances, 


1 /■»•• r{o + »)r(6+s)r(-s), 
TT^TT) 


lim 


T r(a + n)r(b + n) ^ 
nasO r (c + ») . n I ’ 


the general term in this summation being the residue of the integrand at 
s — n. 


Thus, an analytic function (namely the integral under consideration) ewists 
throughout the domain defined by the inequality \ argi | < nr, and, when | z | < 1, 
this analytic function may be represented by the series 

£ r(g + it )r(6 + n)^ 

M=o r^c + n).nl 

The symbol F(a, b\c‘,z) will, in future, be used to denote this function 
divided by F (o) F (fc)/F (c). 


14 61. The continuation of the hypergeometric series. 


To obtain a .representation of the function F(a, b; c ; z) in the form of 
series convergent when l«i>l, we shall employ the integral obtained in 
§ 14'5. If i) be the semicircle of radius p on the left of the imaginary axis 
with centre at the origin, it may be shewn* by the methods of § 14'5 that 





as p— »ao , provided that | arg (— z) [ < w, | r | > 1 and p-rao in such a way 
that the lower bound of the distance of D from poles of the integrand is 
a positive number (not zero). 


Hence it can be proved (as in the corresponding work of § 14-5) that, when 
I arg (— z) j < TT and | z ( > 1, 


1 r F (g + s) F (6 + g) F(- z) 
2sri J F (c + g) 


(-z^dg 


“ F(g + n)F(I— c + g + w) gin(c— a — n)jr 
«_o F (1 + n)F(l — 6 + g + n) cos mr sin (6 — o — n) tt'' ' 

f, r (fc + «) F (1 — c + h + ») sin (c-b~ n)rr , 

F(1 + n) r(l — g + 6 + n) oosn')r8in(g-^ — n)7r* ' 


the expressions in these summations being the residues of the integrand at 
the points s = —a~-n,s = ~b — n respectively. 

It then follows at once on simplifying these series that the analytic 


* In oonndering the u^mptotio exp»n«ioo of the integrand whan 1 1 1 ia large on the sontoor 
or on D, it U simplest to transfonn T (a+<), F (6+s), r{c+«) b; the relation of { U'li. 
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wntiouation of the series, by which the h, U«t mtegral be evaluetod bjr the 

denned, is given by the equation luoe that 


r(<i)r(b) 

r(o) 


F(a,h-, c 




where jarg(-^)| < v. 


r(a)r(a-b) 

r (a— c) 




r 1-z) 

-a,e~b; c-a-b + l; 1-z), 


r (6 — c) ' ^ ' c ; ») at j = 1. 


\ aa then 


It is readily seen that each of the three terms in this e 
of the hypergeometric equation (see § 14-4>. ^ion, the result is 

This result hae to be modified wfaeo a— ^ is an or zero, aa bqjzi 

r(a+«)r(6+«) are double poles, and the nght-hand aide then may invoi^« reaulf still 
terms, in accordanoe with § 1 4*3. 


CoroUary Putting i « c, we see that, if | arg ( - 2 ) | < ir, 


where (1 - 1 as 2 -» 0 , and so the value of | arg (1 - 2 ) ; which is leas than w always 

has to be taken in this equation, in virtue of the cut (see g 141) from 0 to +00 caused 
by the inequality | arg ( - j) | < ir. 


14*52. Barneif lemma that, if the path of integration, it curved to that the polet of 
r (r-«)r(«-<) Ue on the right of the path and the polet ofT (o+»)r (B + t) lie on the left* 
then 

Write I for the expression on the left. 

If <7 be defined to be the semioirole of radius p on the right of the imaginary axis with 
oentre at the origin, and if p-»-« in such a way that the lower bound of the distance of 
(7 from the poles of r (y - ») r (8 - ») is pontive (not zero), it is readily seen that 


r(o+»)r(/3+s)r(y-«)r(8- 


r(a+e)r(/3+t) 

C(l-y+t)r(l-»+l) 


Tr't coeec (y - 1 ) ir cosec (8 — ») *• 


as I X l-w-oo on the imaginary axis or on C. 

Hence the original integral converges ; and y^-»-0a8p-e® , whon/f(o + jS + y + 8- 1)<0. 

Thun, as in § l4-6, the integral involved in 7 is - 2ir» times the sum of the residues of the 
iut^pand at the poles of r(y-x) r (8-») ; evaluating these residues we getf 

/„ 5 r-(^ty+»»)r (g-hy+») «■ ; r(o+8+^G9+8+n) , 

»-or(n+l)r(l+y-8+n)sin(8-y)ir ,ior(»+l) r(H-8-y+n) Sn(y-8)w' 


It u supposed that a, y, 8 are such that no pole of the flrit eet eoineidee with any pole 
of the eeeond eet. 

t These two eeriee converge (j 3-B8). 

W. M. a. 
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.y, by § 14-11 : 

+ 1— y+ft; 1) 




r(I-« + y) 

r(«+»)r(fi+S) r(o+y)r(/S+y) | 

(i-«-y)r(i-s-y) r(i-o~»)r(i-^-«)J 

. 

-sin (a + i)irflin(^+A)iri. 
.*+y) wsiD (/3+y) IT — 2sm(a+i>) jrain (3 + ^)ir 
«» cos (o — ^) IT - COB {a+fi + %y) ir — cos (a — j8) ir + COB (a + ^ + 2ft) ir 
'■ * =3 sin (y — ft) w sin (a + ZS+y+ft) IT. 

The«fo« /- L<“±^> +r) r (o+»ms+») 

^(a + ^+y+*) ’ 

which is the required roeult ; it hes, however, only been proved when 

A(o + ^+y + »-l)<0; 

but, by the theory of Analytic continuation, it ia true throughout the domain through 
which both aides of the equation are analytic functions of, say, a ; and hence it ia true for 
all values of o, S, y, i for which none of the poles of r {o+») T 03+t), quo function of », 
coincide with any of the poles of r(j—4)r(S-t). 

CoroUary. Writing s+i, o-i, y+t, i+i in place of /, a, A y, 4, we soe that 
the result is still true when the limite of integration are - i ± oo », where k is any real 


14*53. The connanon between hypergeometric functions of s and of \^z. 
We have seen that, if ] arg ( - j) | < e. 


r(a)r( l») 

r(c) 




[-i)'ds 


r(c-o)r(c-i)'^’ 

hy Barnes’ lemma. 

If 1 be so chosen that the lower bound of the distance between the < contour and the 
t contour is positive (not zero), it may be shewn that the order of the integrations* 
may be interohanged. 

Carrying oat the interchange, we see that if arg (1 -s} be given its principal value, 

r(<!-o)r(c-4)r(a)r(6)/'(o, i; c; s)/r(e) 

“sb r (O + 0 r (6+0 r (e- O- i- 0 1 ‘ ^ r (f - 0 r ( - <) ( - r)* *| dt 

T{a + t)T(b + t)T(e-a-b~t)r{-t)(l-ifdt. 

«rt j .ib-wt 


* Methods simiUr to thoee of | 4*61 nuiy be asedy or it mmy be proved without maoh difficulty 
thftt ooiiditioikB eeteblished by Brotnwichy Infinite f 177, Me Mtlsfled. 
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14-53, 14-6] 

Now, when | lerg (I - <) { < Sw and 1 1 - 1 1 <1, tbie last integral may be evaluated by the 
methoda of Bamee’ lemma (§ 14-5S1 ; and ao we deduce that 

r(e-a)r(e-61r(a)r(4)E'(a, b; e; t) 

=r(e)r(o)r(4)r(c-a-4)/'(<i, 6; a+4-c+l: 1-a) 

+ r(c)r(e-a)r(c — 4)r(a + 4-c)(l— c — 6; c-o-4 + 1; l-z), 
a reault which ahewa the nature of the aingolanty of /-(a, 4 ; c ; a) at i=l. 

Thia reault baa to be modified if c— a — 4 ia an integer or aero, aa then 
r(o+t)r(4+t)r(c-a-4-«)r(-f) 

has double polea, and logarithmic terma may appear. With thia exception, the reault is 
valid when | arg ( - a) | < tr, | arg (1 -x) |<w. 

Taking | x | < 1, we may make x tend to a real value, and we see that the reault still 
holds for real values of x such that 0 < x < 1. 

14'6. SoliUton of RieTn/mns tquaitcm hy a contour integral. 

We next proceed to establiah a result relating to the expression of the 
hypergeometric function by means of contour integrals. 

Let the dependent variable « in Riemann’s equation 10'7) be replaced 
by a new dependent variable I, defined by the relation 

tt (x — a)* (x -v4)^ (r — cy> I. 

The diflerential equation satisfied by / is easily found to be 

(a — o z — h z — c j dz 

(g + ^ + 7 ) (( g + / 3 + ■/ + 1) X + So (g + -h 7 ' — 1)1 , _ „ 

{z — a)(z — b)(z — c) ~ ’ 

which can be written in the form 

Q(*)^^-((X-2)Q'(x)+B(x)lg 

+ (X - 2)(X- 1) 0" (z) + (X - 1) R (a)l 7-0, 
where / X = 1 - n - 7 = o' d-yT + 7 '. 

■! 0 ( 4 ) = (x - o)(x - 5) (x - c), 

(b (x) = S (g' + yS + 7 ) (x — b) {z — c). 

It must be obeerved that the function 1 is not analytic at m , and consequently the 
above difierential equation in 1 is not a case of the generalised hypergeometric equation. 

We shall now snew that t/us differential equation can oe satisfied by an 
integral of the form 

I (t — o)*'+x+»*' ff — 6)*+^’+r -* (t — cZ+x+r'-i (* _ ty-^s-y 

JO 

promded that O, the contour of integration, is suitably chosen. 


19—2 
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t'or, if we substitute this value of / in the differential equation, the con- 
ditioQ* that the equation should be satisfied becomes 

f (t- oV>'+^+y-i (t - (t - c)*+^+y'“* (* - = 0, 

J c 

where 

if = (\ - 2) |q (r) + (t - r) Q' W -I- i (t - r)> Q" (r)| 

+ (« — r) {B (z) + (t — z) R' (r)) 

= (X-2) {g(«)-(t-ir)*)+(t-r) {B(0-(«-^)“2(«' + ^ + 7)) 

= - f 1 -(- a -t- >9 -t- 7 ) (< - a) (< — t) (t - c) 

-f- 2 («' + /9 -(- 7 ) ~ “ «) (* ~ *)• 

f dV 

It follows that the condition to be satisfied reduces to J df=0, where 

V = {t- aY**+y (t - by+>‘ -^r (t - (t - «)-i>+*+^+Ti. 

The integral 1 is therefore a solution of the differential equation, when 
C is such that V resumes its initial value after t has described C. 

Now 

V~{t- a)' +«+r-> (t - 6)‘+»’+r-* {t - c)‘+»+» (r - U 

where U = {t- a) — — c) (z — t)“'. 

Now {/ is a one-valued function of t ; hence, if C be a closed contour, it 
must be such that the integrand in the integral / resumes its original value 
after t has described the contour. 


Hence finally any integral of the type 

(z-ay(z-bf(z-c)r f 
J c 

where C it either a closed contour in the t-plane such that the integrand 
resumes its initial value after t has described it, or else is a simple curve such 
that V has the same value at its termini, is a solution of the differential equation 
oj the general hypergeometric function. 

The reader is referred to the memoirs of Pocbfaammer, MaUi. Ann. xxxv. (1890), 
pp. 496-{i26, and Hobson, Phil. Trans. 187 A (1890), pp. 443-S31, for an account of the 
methods by which integrals of this type are transformed so as to give rise to the relatione 
of §§ 14-M and 14’&3. 

ExatnpU 1. To deduce a real definite integral which, in certain circumstanoes, 
represents the hypergeometric senes. 


* The difierentiations under Oie sign of integration sre legitimate (| 4*3) if the path C does 

not depend on r and does not pass throng tile points a, t, e, i ; if C bo sn infinite oontonr or if 
C psseee through the pomti a, i, c or t, fu^wt eonditions are oeeseeaty. 
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Tho hypergeometrio series Fia, 6 ; c ; *) is, as already shewn, a solution of the differential 
equation defined by the scheme 

/■ 0 «> 1 

/>! 0 a 0 

il-e b c~a-b 

If in the integral 

{i - a)* - ly (2 - c)T (I - ay ^1 - - c)*+^+r'-i (< - z)-— -y rft, 

which 16 a oonstaDt multiple of that ju»t obtauiedf we make b-*-cc (without paying 
attention to the validity of this process), we are led to consider 


L 


r* - ' (< - 1 ^ - 2) - “ rf/ 


Now the limiting form of V in question is 
and this tends to zero at t=\ and oo, provided R{c)> R{h)>0 




We accordingly consider 
greater tliau I 

In this integral, wnte ; the int^al becomes 


whore z is not* positive and 


(1 - (I - 


We are therefore led to expect tfuit thut integral may be a solution of the differential equation 
for the hyperyeometrxe eerue 


The reader will easily see that if /E(c)> A (6)>0,and if arg u^arg (1 - w)*=0, while the 
branch of l-uz is specified by the fact that (1 — w) * • ♦ 1 as the integral just 

found IN 


r(6)r(c~6) 

Tic) 


F{ay 6 , c , z) 


This oan be proved by expandmgf (!--««)-• m ascending jxiwers of z when | z | < 1 and 
using § 12 41 


Exanifle 2. Deduce the result of § 14'11 from the preceding example. 

14*61. Determination of an integral which repreeenttt 

We shall now shew how an int^Tal which represents the }>articular solution 
14'3) of the hypergeometnc diflfereixtial equation can be found 

We have seen (§ 14*6) that the integral 

/=(2-a)*(2-6y(2-c)''y^{«-ay+T+*'-'(<-6)T+*+^->(<-c)*+^+y-i(«-2)-— 

satisfies the diifeKmtial equation of the hypeigeometric function, provided C is a closed 
contonrsuch that the integrand resumes its initial value after ( has described C. Now the 
singularities of this integrand in the <-plane are the points a, 6, c, 2 ; and after describing 
the double drouit oontour (§ 12'43) symbolised by(6+,ei-,6-,c— ) the integrand returns 
to its original value. 


* This easares that the point 1 = 1/2 is not on the path of integntion. 
t The justifisation of this prooess by f 4'T is tett to the leader. 
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Now, if 2 lie in a circle whose centre is a, the circle not containing eithw of the points 
6 and c, we can choose the path of integration so that t is out^de this circle, and so 
I r— a |< I r-a I for all points t on the path. 

Now choose arg(2-a) to be numericallj less than ir and arg(2~6), arg(s-c) so that 
they reduce to* arg(a-d;, arg(a — c) when fix Arg(f~a), arg(^-cr) at 

the point N at which the path of integration starts and endb ; ,^so choose arg (< — z) to 
reduce to arg (r — a) when z^a. 

The.. (,_4)»_(a_6y + 

and since we can expand into an absolutely and uniformly convergent series 

(r-ar-''-’{l-(a+3+y),^^+...}, 

we may expand the int^ral into a senes which converges absolutely. 

Multiplying up the absolutely convergent senes, we get a series of integer powers ot 
z — a multiplied by {z - a)* Consequently we roust have 

I=(o - 6)" (,a-c)y /"•' y^'^' ‘ ■' *~\<-a)<‘+r+*'-’ (< - 6)y+.+/i'-i (<_ c).+?+ir'-l 

We can define Z*^, Z*^, I^'*\ by double circnit integrals in a Bimilar 
manner. 

14'7. Relations between contxgwrue hypergeometnc funclwns. 

Let P{/) be a solution of Riemann’s equation with argument t. singularities 
a, h c, and exponents o, o', R, R', y, y. Further let P{$) be a constant 
multiple of one of the six functions P**', P“^ P**', P<>’', P'»''. Let 
Pi+i,iit-i(«) denote the function which is obtained by replacing two of the 
exponents, I and m, in P (x) by i + 1 and m — 1 respectively. Such functions 
Pi+i,m-i (*) “Te said to be contiguo’us to P(*). There are 6 x 5 = 30 contiguous 
functicte, since { and m may be any two of the six exponents. 

It was first shewn by Biemannf that the function P(x) and any two of 
lie contiguom functwne are connected by a linear relation, the coefficients in 
which are polynomials in z. 

There will clearly be ^ x 30 x 29 435 of these relations. To shew how 
to obtain them, we shall take P (x) in the form 

P (x) = (x - o)- (x - RfXt - e)y I (t- a)»+>'+*'-i (t - -> 

(t _ e).+X+T'-> (« _ «)— *-r 

where C is a doable circuit contour of the type considered in § 14'6l. 

* TIm vaiSM of ug (a - h), srg (a - e) being fixed. 

t ^6%, der k. Get. der Wizz. gu OStUnggn, 1857 ; OmtiM hftd prarioosly obtained 16 rrietions 
between notaigQO&s hypergeometric fonciioiis. 
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14-7] 

First, since the integral round C of the differential of any function which 
resumes its initial value after t has described C is zero, we have 

0 = f 4 l(t - ay+f+y (t - by+o'+y- 1 (t - c)*+'>+V- * (t - z)— ^ -r) d<. 

3 oo* 

On performing the differentiation by differentiating each factor in turn, 
we get 

+ + (a + / 9 ' + 7— + (a + ^ + 7' — 1) P.'+i,y_i 

_ (a + ^ + 7) j, 

Considerations of symmetry shew that the right-hand side of this 
equation can be replaced by 

(a + ^ + 7) r> 

These, together with the analogous formulae obtained by cyclical inter- 
change* of (a. a, a') with (6, y 9 , j8') and (c, 7, 7'), are six linear relations 
connecting the h5rpergeometric function P with the twelve contiguous 
functions 

P«-H,^‘-lt Pz+l.y— 1» Pyfl,*'— 1, P«+I,y’— 1, Ps+l,a'-l> Py+ 1,S'— It 

P«'+i,S'— It P«'+i,y-i, Ps'4-i,y-it Pji'+i,«'— It P y+i,«'-it P y+i,s'-i' 

Next, writing t — o = (f — 6) (6 — a), and usings P,'_i to denote the result 

of writing a’ — 1 for a' in P, we have 

P = P + (6 — a) P .-j. 

Similarly P = P.._,_y+, (c - o) P..,. 

Eliminating P.--, from these equations, we have 

(c - 6) P -f (a - c) P._,.s’+i + {b-a) P. -i,y+i = 0. 

This and the analogous formulae are three more linear relations con- 
necting P with the last six of the twelve contiguous functions written above. 
N ext, writing (t — z) = (t — a ) — (z — o), we readily find the relation 

P -^Ps+.,y_.-(z-o)‘«(*-6)‘(*-c)’' 

X f (t-ay+y+*'-^(z -a)y+‘+>^-'{z - by+>+y'-^t-z)-'-i>-y-'^dt, 

3 a 

wjhich gives the equations 

(z - ar (P - (* - b)-' P,+..y-.) = (z - h)-> IP -'(z - c)- Pyy,.._.} 

- (z - c)-‘ (P- (z - a)-‘ P.+i,s'_ij. 

* The interohume is to be made only in the integruids; the coatonr C is to nmaia 
nnaltcred, 

t is Qot a fonetion of Biemann’s type sinoe the ram of its aipoaents at a, 6, e is not 
unity. 
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These are two more linear equations between P and the above twelve 
contiguous functions. 

We have therefore now altogether found eleven linear relations between 
P and these twelve functions, the coefiBcients in these relations being rational 
functions of z. Hence each of these functions can be expressed linearly in 
terms of P and some selected one of them ; that is, between P and any two of 
the above functions there exists a linear relation. The coefficients in this 
relation will be rational functions of z, and therefore will become polynomials 
in z when the relation is multiplied throughout by the least common multiple 
of their denominators. 

The theorem is therefore proved, so lar as the above twelve contiguous 
functions are concerned. It can, without difficulty, be extended so as to be 
established tor the rest of the thirty contiguous functions. 

Corollary. If fuDotiona be derived from P by replacing the exponents a, a, J3, y, y 
by a+p, a' + q, $ + r, y+t, y'+«, whore p, q, r, x, H, « are integers satisfying the 

relation 

i) + ?+r+«+<+«— 0, 

then between P and any two such functions tnere exists a linear relation, the coefficients 
in which are polynomials in x. 

This result can be obtained by connecting P with the two functions by a chain of 
intermediate contiguous functions, writing do4ri, the linear relations which connect them 
with P and the two functions, and from these relations eliminating the intermediate 
contiguous functions. 

Uany theorems yrhich will lie established subsequently, e.g. the recurrence-formulae 
for the Legendre functions (§ i5'21), are really cases of the theorem of this article. 
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Hiscellanbous Examples. 

1. Shew that 

F{a, fr-pl ; e; t) — F{a, i; e; *)=^/'(o + l, 6-t-l ; o+l ; *). 

2. Shew that if a is a negative integer while B and y are not integera, then tiie ratio 
F(a, 0; a+0+l-y; 1 -jr)'i-F(a, 0; y; *) is independent of z, and find its value. 
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3. If F « be a hypeigeometric ftmotion, express its derivatee ^ and ^ linearly in 

terms of Pand oontiguoiu, functions, and hence find the linear relation between P ^ 

. d*P . . ’ * ’ 

'd?’ ’ ^ satishea the hypergeometric differential equation. 

Ptl 1 *'****^{i' i i \i 4r(l-j)} satisfies the hypergeometric equation satisfied by 

4,1: 4 Shew that, in the left-hand half of the lemniscate |s(l -r) |,= i these two 

lemniseate. the former function is 

with ® ^ 1 ■4, determine the 16 hnear relations 

with ^lynomutl^ffioients which connect F(a,b-, c, 4 with pairs of the six functions 

nr, n-, nr, n- 

6. Shew that the hypergeometric equation ' 

is sstiafied by the two ititegralB (suppoeed convergent) 

7 Shew that, for values of * between 0 and 1, the solution of the equation 
*(l-4S+i(«+^+l)(l-2r)^-a^y=0 

where vf, Nare arbitrary constants and F(a, represents the hypergeometric seriea 


B. Shew that 


(Math: Trip. 1896.) 


lim ^;x)_ J f-i.£(°_±^zr:^ny -°+")r(y-3+n)r(y) -j 

^ a! r(y-o)T(7:-^)r(a)r(« (i-x-i'+y • 

_ r(y>-°-/3)r(y ) 
r(y-a)r(y-« 

where i IS the integer such that t ^3(a+0-y}<i+\. 

(This specifies the manner in which the hypergeometric fiinction becomes infinite when 
— 0 provided that aq-fi— y is not an integer.) (Hardy.) 

9. Shew that, when II (y - a - ft) < o. then 

"•(c-bft-y)r(.)r(ft) * 

aaa-..iB; where ft, denotee the sum of the first n terms of the series for Ii’(o, ft ; y; 1). 

(M. J. M. Hill, Proe. London Math. Soc. (2), v.) 
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10. Shew that, if yi, be independent solutions of 

then the general solution d 

* + j4i>e + 2f).=0 

is s=Ay,*+Ryiyj+C|yj’, where A, B, C axe constants. 


(Appall, Comptet Rmdut, xci.) 

11. Deduce frem example 10 that, if a 4 - h+|—c, 

b- r- _r(e) r(2c- 1 ) - r( 2 o + e) T (o+ t+ a) r(8i+» ) 

' r(Sio)r(24)r(a+6).Zo «! r(c+»)r(2c-i+») 

(Clausen, Journal fur Math HI ) 

12. Shew that, if I :r |< 4 and I j;(l — xr) { <|, 

/'{2a, 2^; a + 3 + ^; x\^F{a, 3; a4-3-t-i ; 4x(l -x)). (Summer ) 

13 Deduce from example 12 that 

/'{2a, 23 ; a + fl+i; 1} = ^ 

X(za,xp, a+3+*. t, r (a4,i) T {3 + i) ' 

14 Shew that, if and A(a)< 1. 

/'(a,da-li 2a, - ' * exp {Jw.XSa - l)j , 

/-(a, 3a- 1; 2a; - «) =3«— « exp {i-i(l -3a)) ^ . 

(Watsou, Qwuierly Jowmal^ ZLi ) 


15. Shew that 

/-(-i*. -4nA^. n + i; 

(Heymann, Ztit9chrift Moth, und Phy». zliv.) 

16. If (l-x)‘+^"’'/'(2a, 2^; 2y; x)=l+5jr + C'j^ + Z>i'’+ 
shew that 

/9: ?+i; y~fi'y y+k^ 

Bsi y-y^^ (7jj+ r<y±l^ (y_+^)_ 

7+i ^(7+i)(7+i) (7+i)(7 + S)(7 + l) 

(Cayley, Fhil. Mag. (4), ivi. (1858), pp. 358-367. See also Ore, Cami, PhU 
Tran*, xvn. (1899), pp. 1-16.) 


17. If the function /'(a, 3, S', y ; x, y) be defined by the equation 

Fla, y)^ |‘«->(l_»)r— t (1 -;x)-''(l-tq,)-'^<f«, 

then shew that between F and any three of its eight contiguous functions 
/■(oil), F(fi±l), F10±1). F(y±l), 

there exists a homogeneous linear equation, whose oosffidents are polynomials in x and y. 

(lie VaTssaeur.) 
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18. If 7 — a-0<O, shev that, 08 -(I, 

and that, if 'y-ll-^~0, the coireaponding approximate formula is 


(Math. Trip. 1893.) 


19. Shew that, when | •z' | < 1, 
r(»+,o+,*-,o— ) 


/ (» + ,0 + ,*-, 0 -) , , , • 


= -4«*^Hmafram(y-a)ir.— j9; y; jr), 

where c denotes a point on the straight line joining the pointa 0, x, the initial arguments 
of y—je and of v are the same as that of .r, and arg (1 — 0 as »’^0. 

(Pochhammer.) 

20. If, when j arg (I — x) { < 2ir, 

and, when | arg x | < 2ir, 

/*],^{r(-«)r(i +»))’***. 

b; changing the variable < in the irite'U'al or otherwise, obtain the following relations ; 
^■(x)— (1 -x), if ]arg(l-x)|<w. 

IT (1 - x) = ff' (x), if|argxl<ir. 

jr(xl = (l-x)-4 A'(^-), iflarg(l-x)|<ir. 


J (1 -x)=j:“4 K if ! 1 <w- 

Jr'(x)=x» iff' (l/x), if|argx|<ir. 

jr'(l-x)-(l-x)-i ir(j^-), iflargd-*)!. 


(Barnea.) 


SI. With the notation of the preceding example, obtain the following results : 

2«-(x)-^^|i^-^)} X-, 

2,jr'(x). {logx-4log 8+4 (I - 1 + ... -^)} , 

when I X I < 1, 1 arg x | < w ; and 

JT (x) = T < ( - X) - » if (1/x) + { - X) ' * ^ ( 1 /x), 
whan |aig(-x) |<w, the ambiguous sign being the name as the ngn of 1 (x). 

(Bamee.) 
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S2. Hypergeometnc senee m two v&mblee are defined hy the equations 

/■.(a.- ft T,, y,- 

where ii*=o(a + l)...(a+m-l), and S means S S 

tll^ll maOllsaO 

ObtaiQ the differential equattons 

02 B* 3* P 3 A’ 

*12 CT 3 3 

'Gay--*'’ jy*+lr-(<'+'*+’)®)-gjr-(“+^ + ’)i' 

and four similar equations, derived from these by interchanging x with y and a, ft 7 with 
a , ft, 7 ' when a , ft, 7 ' occur in the corresi»nding senes. 

(AppelJ, Comptv Bmdiu, xc ) 

23. If a IS negative, and if 

a** — v-f a, 

where p le an integer and a is positive^ shew that 

rWr(a)_ ‘ j Ji, ,,,) 




where 


(Hermite^ Journal fur Math, xcil) 


tf+n 


24. When a < 1 , shew that 

r {x) r (a - x) 

r^““ 


_ 2 _ i 

»»ijr+n »«ix--a— n* 


where 


a (-)»a(a+l).„(a + n-l) 


25. Wh«i a > 1 , and v and a are respectiydy the integral and fractional parts of 
Oy shew that 

nir)rj«-x)__ “ ffj 5 )A._ J g (ir)y„. 
r(4) *+n „>,i »-a-n 
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where 

a>nd 


( — )"a (g-H) ... (tt+« — 1) 


26. If 


(Hermite, Journal fiir Math, xcn.) 


/. {X, .<7, y-^lHx+^i+r+lT ~ ’ 

where n is & poeitive integer and aC|, ... are binomial coeificiente, shew that 
f tx V tr'„^ (y)r(y-.r+a)r(j?-t-‘>)r(i)+a ) 

/.i.y. ) r(,y-*)r<jr+n)r(!>)r(j:+»+n) 

(Saalechiitz, Zeiiachrift fur iiatk. xxxv. ; a number of similar results are given 
by Dougall, Proc. Eainburgk Math. Soc. xxv.) 

shew that, wheel .R(i + t-fa — 1)>0, then 

F(„ »-A4.i , .4-1 ■ II n=2- r( i)r(»)r (.)r(»+.- ia- i) 

F{a,a «+l, + , , . 1) r(*-io)r(,-Ja)r(i+ia)r(8 + ,-a-l)- 

(A. C. Dixoh, Proc. London Math. Soc. xxxv.) 

28. Shew that, if H (a) < then 

(a (a+ 1) ... (g+B- 1)) * 


1 + 


M- 


«*Ccw(Jtra) 


_r(i-|s) 

!r{i-4a)p- 


29. If 


(Mcrley, Proc. London Math. Soc. xxxiv.) 


j j x*-' (1 -.r>'~'y*“*(l-y)**' (l-»y)'“'l-*<irdy=I?(»,y, i, i, m), 

iliew, by integrating with respect to x, and alao with respect to y, that ti (i,j\ i, I, m) is a 
symmetric function of «+y,y + i, k + l, l + «h rn + i. 

IMuce that 

F{a,s,y, i)-^r(«)r(.)r( 8 +,-a-^-y) 

IS a symmetric function of8, «, 8 + « — a-/3,8 + » — /3-y, S + t- y-a. 

(A. C. Oiion, Proc. London Math. Soe. (2), ii. (1905), pp. 8-16, For a proof of 
a special case by Barnes’ methods, see Barnes, Quarterly Journal^ XLI. 
(1910), pp. 136-140.) 


30. If 


d- 

y(y+i) — (y+n— 1) if*" 
shew that, when » is a large positive integer, and 0< x < 1, 


a+»; y; x) = - 


{x’'+"-’(l-x)-+«-’';, 


^ 008 {(2«+a) 0 - iw (2y- l)] + o(J^^ , 

where x»sin’^. 

(This result is oontaiued in the great memoir hy Darboux, **Sur I’t^proxi- 
matioD des fonctioos de tr^ grands nombree,’' JounuU de Math, (3), iv. 
(1878), pp. 5 56, 377-416. For a systematic development of hyper- 
geometric functions in which one (or more) of the constants is large, see 
Comb. Phd, Traiu. xxu. (1816), pp. 377-^308.) 
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16 * 1 . Definition of Legendre polynomials. 

Consider the expression (1 — 2xA. + when jSsA. — it c»t> be 

expanded in a series of ascending powers of 2zh — h'. If, in addition, 
{ 2zh I + 1 A I* < 1, these powers can be multiplied out and the resulting series 
rearranged in any manner (§ 2‘52) since the expansion of [1 — (| 2tk | + 1 A I*)] ~ ^ 
in powers of | ieh j + 1 A, |* then converges absolutely. In particular, if we 
rearrange in powers of A, we get 

(1 - 2sh + A’) - 4 « P. (r) + AP, (z) + hlP, (z) + A*P, (z)+..., 

where 

P,(x) = l, P.(x) = r, P.(2)-|(3 x--1), P,(z) = li5z*-3z), 

P, (z) - 1 (SBP - 30x> + 3), P, (z) = 8 (63r* - 70i* + 1 5r), 


and generally 




(2")! i „ _ n(n-l) n(n-l ) ( n-2)(n-9) 

2».(n!)>r 2(2n-l) 2.4.(2n- 1)(2»-3) 


= i ( Y (2«- 2r)! 

rto' 2“,rl(«-r)!(n-2r)! ’ 

where in.” jn or i (n — li, whichever is an integer. 


If a, A and i be poRitire constants, b being so sniaU that Sab +b*iil-d, the expansion 
of (1 — 2aA+A*) ” 4 oonrerges uniformly with reepeot to s and A when 1 e | ^o, j A j $6. 


The expressions Pq(z), P, (s), ..., which are clearly all polynomials in z, 
are known as Legendre polynomials*, P„ (z) being called the Legendre 
polynomial of degree n. 

It will appear later 15'2) that these polynomials are particular cases of a more 
extensive class of functions known as Legendre fuwtxme. 

Example 1. By giving ; special values in the expression (l-!^+A*)~4, shew that 

f-.C!)-!, P.(-])-(-ir, 

Pa.+i(0)-0. 


* Otber names nre Le0endre eoeffictentt end Zonal Harmome*, Th^ woe introdnoed into 
uudysis in 1784 by Legendre, UimotreMpar 4/ivert lovons, x. (1785). 
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Example 2. From the ezpuuion 
( 1 - 8A COB fl + A*) ” * ^ 1 + i A«" + ^ A* + . . . ^ 






■+^A«.- 


...). 


shew that 

(cos rf) = {2 cos 2 cos (« - S) 

Dedace that, if d be a real angle, 


IF,(ooa«)|< 


1.3...2«-1 


| 2 + 

r 2.(2»- 


1 .3. (2b) (211- 2) 
2;4.(2n-l)(2n; 




(L^ndre.) 
(Clare, 1905.) 


2.4...Sn 

so that I /** (00a d) I ^ 1 . 

ExampU 3. Shew that, when 

15*11. Rodrigues * formula for the Legendre polynomials. 

It is evident that, when n is an integer, 

where m = , n or , (n — 1), the coefficients of negative powers of z vanishing. 
From the general formula for P.(z) it follows at once that 

1 d* 


Pn{t)- 


. - 1 )“; 


2”. n! dr" 

this result is known as Rodrigues’ formula. 

. ExampU. Shew that P, (>)*=0 has n teal roots, all lying between ± I. 

/ 

16'12. Schldflisf integral for P„(z). 

From the result of § IS'll combined with § 6'22, it follows at once that 

(P-1)" 


■"'-ssL 


rdt. 


where C is a contour which encircles the point r once counter-clockwise ; this 
result is called SMdfiCs xnUgral formvla for the Legendre polynomitfis. 


* Cofrup. $ur VJteoU po^C 0 ehmif«e, in* (1814-1816), pp* 861-885. 
t Sdilafli, U«W die twt Seine'when KupeJfunDHtmen (Bare, IMl). 
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15'13. Legendre’s differential equation. 

We shall now prove that the function u •« P, («) is a solution of the 
differential equation 

(1 - ^ +n(n + l)u = 0, 

which IS called Legendre's differential equation for functions of degree n. 

For, substituting Schlafli's integral in the left-hand side, we have, 
by § 5-22, 

^ (a-f-l) f d . 

2Tn.2”JcdtUt--t)’‘-^‘l 

and this integral is zero, since (f — 1)“+* (t — resumes its original value 

after describing C when n is an integer. The Legendre polynomial therefore 
satisfies the differential equation. 

The result just obtained can be written in the form 

It Will be obeerved tb&t Legendre’s equation is a particular case of Biemano’s equation^ 
defined bj the scheme 

r-l « 1 I 

0 n-Hl 0 4- 


Examj^ 1. Shew that the equation satisfied by defined by the scheme 


-r -r r 


Example 2. It ^=ii, shew that Legendre’s diSerential equation takes the form 


, (1 M I 
d ’ i ’ 1*17 *7(1-7) 


Shew that this is a hypeigeometrio equation. 

Example 3. Deduce Sbhliifli's integral for the L^ndre fiinctioni, as a limiting case of 
the general hypergeomeino integral of g 14-fi. 

[Since Legendre’s equation ie given by the scheme 

. 1 I 

Pi 0 »+I 0 *V, 

I 0 -B 0 j 
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the inUerel suggested is 

= J (<*-!)• (<-!)-*-><*, 

tsken round a contour G such that the integrand resumes its initial value after describing 
it ; and this gives Schlhfli’s integral.] 

1614 The integral properties of the Legendre polynomials. 

We shall now shew that* 


[ P« (z) P„ {z) dz 

! -1 


{mfn), 


= 2«+-l 


Let {«[, denote ; then, if [(s’ — 1)"), is divisible by (s’ — I)”"’’; 

and so, if r < n, [(s’ — 1)"), vanishes wnen s = I and when s = — 1. 

Now, of the two numbers m, n, let m be that one which is equal to or 
greater than the other. 

Then, integrating by parts continually, 

((s’ - iruKs’-D-uds 

= [((s’ - K'^*- j', i(^*- iy>u^,dz 

= (-)-] ‘^ (^ - 1)" - l)"Um d*. 

since ((s’ - ((s’ — ... vanish at both limits. 

Now, when m>n, {(s’— !)")*+„ = 0, since differential coefficients offs’ — l)“ 
of order higher than 2n vanish ; and so, when m is greater than n, it follows 
from Kodrigues’ formula that 

|‘^P„(s)P,(s)ds = 0. 

When m = n,-we have, by the transformation just obtained, 

[(s’ - 1)«). {(s’ - 1)»1, dz = - irdz 

= (2n)lp (l-Z’ydz 

= 2.(2n)fJ\l-s>)»ds 


!,(2n)l| si 


8in’"'*'’^<W 


.2 fga]l 

' 3.6...(2n+l)’ 


* nwss two issoUa ««n giv«n hj Lsgndic in 17S4 and 1789. 


w. H. A. 


20 
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where oos 9 has been written for t in the integral ; hence, by Rodrigues' 
formula, 



2.(2n)! (S^.n!)* 2 

(2" . n !)» (2n + 1) ! “ 2n + 1 ■ 


We have therefore obtained both the required results. 

It follows that, in the language of Chapter xi, the functions Pi>(<) are normal 

orthogonal fuDctions for the interval ( — !« 1). 


Example 1. Shew that^ if x> 0^ 


J' (0O8h2«-r)-4/’,(r)ife=2l(a + i)-'«-l>«*U* 


Example 2. If /= j (r) (r) dz^ then 

(1) /=l/(2n + l) 


(Clare, 1908.) 




(») 

(Ui) 


7-0 


2** + 


(-/**» _ n! m' 

‘(« -m)(n + «i + l) (r ')•(/»!)• 


ISH. Legendre functions. 


(m—n even), 

(n = 2>> + 1, m = 2/i) 

(Clare, 1902 ) 


Hitherto we have supposed that the degree n of P„ (e) is a positive 
integer ; in fact, Pn (r) has not been defined except when n is a positive 
integer. We shall now see how Pn (z) can be defined for values of n which 
are not necessarily integers. 

An analogy can be drawn from the theory of the Oamma-functiun. The expression 
z' as ordinarily defined (viil as z(<— I) (z— 2) ... 2 . 1) has a meaning only for positive 
integral valnes of e ; but when the Qamma-function has been introduced, z ! can be defined 
to be r (1 + 1), and so a function z ! will exist for values of i which are not integers 


Referring to § 16' 13, we see that the difTerential equation 


is satisfied by the expression 

even when n is not a positive integer, provided that (7 is a contour such that 
(f— resumes its original value after describing C. 

Suppose then that # is nn longer taken to be a positive integer. 

The function (f-rx)“"“* has three singularities, namely the 

points — and it is clear that after describing a circuit round 

the point (»! counter-clockwise, the function resumes its original value 
multiplied by «•»<<"+*> ; while after describing a circuit round the point < — g 
coanter-cloid:wise, the function resumes its original value multiplied by 
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If therefore C be a oontour enclosing the points t = 1 and t = s, but 
not enclosing the point t = -l, then the function, (f — l)"+‘ (t — z)-"-’ will 
resume its original value after ( has described the contour C. Hence, 
Ltgtndre't differential equation for functiont of degree n, 

.v-d*** ~ du , 

is satisfied hy the expression 

1 r(i+.i+) (P_l)» 

'^“SiriJ^ 2“ (t -.* * )«+"' 

for all values of n; the many-valued functions will be specified precisely 
by taking A on the real axis on the right of the point t = 1 (and on the 
right of i if X be real), and by taking arg(t — l) = arg(t-H 1) = 0 and 
I arg (4 — z) I < w at .4. 

This expression will be denoted by (x), and will be termed the Legendre 
function of degree n of the first kind. 

We have thus defined a function P* (x), the definition being valid whether 
n is an integer or not. 

The function P, (<) thus defined ie not a one-valued function of 2 ; for we might take 
two contoun ae ahewn in the figure, and the mtegrala along them would not be the Baune ; 



to make the contour integral ueique, make a cut in the t plane from - 1 to - go along the 
real axis; this involves making a aimilar cut in the 2 pUme, for if the cut were not made, 
then, aa a varied oontinuoualj across the negative part of the real axis, the oontour would 
not vary continuously. 

It follows, by ^ 5 31, that f’. ( 2 ) is analytic throughout the cut plane. 

ISHl. The Recurrence Formulae. 

We proceed to establish a group of formulae (which are really particular 
cases of the relations between contiguous Riemann P-functions which were 
shewn to exist in § 14'7) connecting Legendre functions of different degrees. 

If C be the contour of § ld'2, we have* 

• WewpleP.'( 2 )for^F.( 2 ). 


SO— 2 



308 


THE TRAJISOBKDBMTAl. TUKCTIONS 


[chap. XV 


Now ^ = 2<n + l)<(P-l)» 

0-«y+‘ 


di («-«)»+■ 
and so, integrating, 


(n + l)(«*-l)“+* 

(t _ ,)•+» ' 


Therefore 




2>‘+'w»;c (<-*)" 2«+'irtJp («-*)“+' 

Consequently 

(A> 

Differentiating*, we get 

P',+, (r) - «P', (a) - P, {^) = nP, (r), 

and 90 P'*+i (*) - W “ (» + 1) P» (*) (I)- 

This is the first of the required fortnulae. 

Next, expanding the equation 


we find that 


jcdt\ (t-z'f'l 


icit-x)" J, 


f (p- 1)» 

(t-zr 


dt 


-nf iSL 

Jo (t- 


t (P - 1)" 


0 (t-xr^^ 


dt = 0. 


Writing (t*- 1) + 1 for i' and {t — z) + z for t in this equation, we get 


'Jc(t-x'ir Jc (t-xY Jc(t-Z 


df= 


x)« 


0 . 


Using (A), we have at onoe 

(« + 1) 1P,+, (x) - xPn Wt + nPn~, {x) - nxP„ (x) = 0. 

That is to say 

(n + 1) P,+„ (*i - (2n + h) »P, (*) + nP„_, (x) *= 0 (II), 

a relation^ connecting three Legendre functions of consecutive degrees. This 
is the second of the required formulae. 

We can deduce the remaining formulae from (I) and (II) thus : 
Differentiating (II), we have 

(n + 1) {P',+, (x) - xP , (aH - « (*) - (»)! - (2n + 1) P„ (x) - 0. 

Using (I) to eliminate (x), and then dividing by| a, we get 

xP', (X) - P'^, (X) = nP, (x) (UI). 

* The proeeM of diilemtiatlng andcr the eign of iotegratioa ii readU; jnxtihad by 1 4-9. 
t This nlation me given in snbeUnoe hr Taigrenge in ■ msmair on ProhabUit;, Jfuc. 
TaitriMtuia, T. (1770-177>), pp. 167-SS2. 

; If nsO, ne have Pg(i^sl, and tbamnlt (HI) ie tme bat triviaL 
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Adding (I) and (III) we get 

W. (•») - -P (^) = (2n + 1) P„ (^) (IV). 

Lastly, writing *i — 1 for n in (I) and eliminating (r) between the 
equation so obtained and (III), we have 

(r« - 1) P', (r) - TuP, (a) - nP,.. (a) (V). 

The formulae (I) — (V) are called the recurrence formulae. 

The above proot holda whether ft ie an int^er or not, i.e. it is applicable to the general 
Legendre funotiona. Another proof which, however, only applies to the case when n is 
a positive integer (i,e. is only applicable to the Legendre polynomiab) is as follows . 

Write K-(I-2A<+A»)"*. 

J'hen, equating coefficients* of' powers of h in the expansions on each side of the 
equation 

(l-2A*+**)^=(»-A) V, 


we have n/’,( 2 )- (!«- 1)*/*,-! («)+(«— I) 

which la the farmula (II). 

Himilarl;, equating coefficienta* of powera of A m the expanaioDB on each aide of the 
equation 




we have 


ok 

dP,{,) dP..At)_ 


dz 


dt 


nP.{z), 


which 18 the fdrmula (HI). The others can be deduced from these. 


Example 1. Shew that, for all values of a, 

^ {. (P.« + /". * .) - 2/*. F. * ,) = (8n + 3) - (2» + 1 ) />.•. 

(Hargreaves.) 

Example 2. If Jf, (*) (••" oosech »)J , 

shew that ^^^^^=»Jf,_,(*) and j ¥,(,x)dx^0. (Trinity, 1900.) 

Example 3. Prove that if m and « ate integers such that m<a, both being evei 
or both odd, 

/_\jn f^\ 

(Clare, 1896.) 


r dP.{i) dP,{,) 

Si ^*-i»(« + l). 

Example 4. Prove that, if m, * are integers and m > n, 
J’ dfP^($) (») ^ _ ( n - 1) It (a +1) (« -» 2) 


dP 




{3m (o» + I)-a(B+l)+6} 

X {!+(-)**-}• 

(MaHL Trip. 1897.) 

* Tbs reader is tMommended to jnstity these ptooessss. 
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16*211. The es^reenon of any polynomial a» a aeriee of Legendre 
poiynomiale. 

Let /a («) be a polynomial of degree n in z. 

Then it is always possible bo choose a,, a,, ... a« so that 
/n W = a,P, (s) + o,P, (a) + . . . + a,P, (<), 

for, on equating coefficients of «■*'', ... on each side, we obtain equations 
which determine a^, ... uniquely in turn, in terms of the coefficients of 

powers of r in_^ (*).- 

To determine a,, a,, ... in the most simple manner, multiply the 
identity by P,(z), and integrate. Then, by § 15*14, 

when r = 0, 1, 2, . . . n ; when r > n, the integral on the left vanishes. 


Sample 1. Given z* «> P, (»)+ oj/*, {«)+...+ a, P,(«), to determine at, a,, ...o,. 

(Legendre, ExereUxe de Calc. Ini. n. p. 3fiS ) 

[Equate coefficients of i* on both eidee ; this gives 

8* . (a 1)» 

*' — (siir! ■ 

bet J so that, by the result just given, 

"*"“ (2m+l)! ■ 

Now when n - »i is odd, is the int^;ral ot an odd fimotion with limits ± 1, and so 
vanishes ; and 7,^,, also vanishes when n- m is negative and Sven. 

To evaluate when n-m is a positive even integer, we have from Legendre’s 
equation 

- /' /’«(*)}<'• 

- -[r* (1 - 1 ») P.' (s)J ^+n J* i-‘ (1 - P) P,' (.) <b 

= »[«•-» (l-P)P,(s)J 

on integrating by parts twice ; and so 

m (» + 1 ) (**H) /„-a (» - 1) 

Therefore 

r _ ”(»-!) r 

(»-m) (n+m+1)^**’" 

»(«-!) ... (w+1) , 

“(«-»»)(wj-*a.sa) ... 8. (»+m+l){«+i»-l) ... (S«+3) 

by eanying on tiie proeees of reduction. 
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Coneequently 


’ *■" (in-Jm)!(n+m + l)!> 

0, when »— m i« odd or o^ative, 


(Sm + 1)2“» ! (Jn+i®) ! i , 

Example 2. Express ooe nd as a series of liegendre polynomials of cos d when n is an 
integer. 

Example 3. Evaluate the integrals 


j‘_PP,(z)P,^, (r) *. 


Example 4. Shew that 


(St John’s, 1699.) 


j\l-rr){P,'(z))zdz^?^^^. (Trinity, 1894.) 


Example 5. Shew that 


a/*, (cosd)= S cos rdP,.,. (cob d). 


(St John's, 1898.) 


Example 6. It v^= j (1 -»*)* where »K»^ shew that 


(n-m) (2n+2iM + l) = 


(Trinity, 1896.) 


16-22. Murphy's expression* o/P„(x) as a hypergeomeiric function. 

Since (§ 16-13) Legendre’s equation is a particular case of Rieoiann’s 
equation, it is to be expected that a formula can be obtained giving (z) in 
terms of hypergeometric functions. To determine this formula, take the 
integral of § 15 2 for the Legendre function and suppose that 1 1 — ^ 1 < 2 ; to 
hx the contour C, let S be any constant such that 0 < 8 < 1, and suppose'that 
z is such that j 1 — r | $ 2 (1 — 8) ; and then take C to be the circle-}- 

|l-fl = 2-8. 

! 1 ^ 1 2 2S 

Since z — — I S -= — j < 1, we may expand (f — into the uniformly 
1 1 — f 1 2 — 0 

convergent series} 

(t - x)— = (f - 1)-> |i + („ + 1)^ J + (IT ;)V . , . 1 . 

Substituting this result in Schlafli’s integral, and integrating term-by- 
term (§ 4-7), we get 

„ , , » (X - 1)- (n + l)(,n + 2)...(n + r) (P - 1)" ,, 


“o 2"-^‘'>ri 


((_1)«+1-IH- 


2«.(rI)F + J,./ 


* Eleetrieity (ibfld). Morphy’s resolt was obtoioed only for the Legeadre polynomials, 
t This oirols ooniains ths pointo tsl, 

Z The saiiss iscninatM if a bs a nsgaftiro iDtegsr. 
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by § 6’22. Since arg (i + 1) » 0 when < «= 1, we get 

+ -2"-'n(»-l).. (n-r+1), 

and so, when 1 1 — * | ^ 2 (1 — fi) < 2, we have 

= /'(n + l,-«; l.i— ‘a). 

This is the required expression ; it supplies a reason ^ 14'63) why the cut 
from — 1 to — 00 could not be avoided in § 15‘2. 

Corollary From this result, it is obvious that, for all values of n, 

Note. When r is a positive integer, tiie result g:ivea the Legendre polynomial as 
a polynomial in 1 - s with simple coefficients. 


Example 1. Shew that, if m be a positive integer, 

,..(»)! ^ r(8ia + »+8) 

1 2“»‘(«+l)' r(n) 


(Trinity, 1907 ) 


Example 2 Shew that the Legendre polynomial P, (cos ff) is equal to 
(-)*/’(n+l, 1, oae*|d), 

and to oo8*Jd/'(-R, l;-tan*^d). (Murphy) 


10'23. Laplace's inteffraU* for 

We shall next shew that, for all values of n and for certain values of x, 
the Legendre function Pn(a) can be represented by the integral (called 
Laplace's first intepral) 

— { (s + (r*-l)*co8^)*d^. 


(A) Proof appltcable only to the Legendre polynomials. 
When nis a positive integer, we have, by § 15’1 2, 


Pn(.t) 


f (?Lz2>lat 


where C is any contour which encircles the point e counter-clockwise. 
Take C to be the circle with centre * and radius | s* — 1 so that, on C, 
t “ i -1- (s* — 1)* where ^ may be taken to increase from — w to w. 


* JHeaitigiie C/teete, Livre u. Ch. 2. For the ooBtoBr employad in this ssetton, and tot 
seme ethers intrcdocad late* in the efaaplsr, ws an indebted to Mr J. Hod^tnson. 
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Making the substitution, we have, for all values of z, 

P ixV ^ /t*-l + (*•-!)* + 

w - j.,[ 

"* w / t* + (*’ “ c<>® 

since the integrand is an even function of The choice of the branch of 
the two-valued function (r*— I)^ is obviously a matter of indifference. 

(B) Proof applicable to the Legendre functions, where n is unrestricted. 

Make the same substitution as in (A) in Schlafli’s integrat defining 
-F’m 1.^) > It is, however, necessary in addition to verify that t 1 is inside the 
contour and t = - 1 outside it, and it is aisu necessary that we should specify 
the branch of [r -(- (r“ — 1 )* cos ^j“, which is now a many-valued function of 

The conditions that < = 1, t = — 1 should be inside and outside G re- 
spectively are that the distances of z from these points should be less and 
greater than |x* — 1 j*. These conditions are both satisfied if|r — l|<|s-l-l|, 
which gives R{t) >0, and so (giving argr its principal value) we must have 
|argr|<.jw. 

Therefore P, ^ + (■^ “ 1)^ ^1" 

where the value jf arg (r — 1)1 eos<^) is specified by the fact that it 
[being equal to arg((’ — 1) — arg({ — z)] is numerically less than it when t is 
on the real axis and on the right of z (see § 15-2). 

Now as ^ increases from — ir to w, i-4-(s' — 1)1 oosi^ describes a straight line in the 
Argand diagram going fiom r- 1)1 to <+(<*— 1)1 and back again ; and since this line 
does not pass through the origin*, aig — 1)1 ooe^} does not change by so much as 

V on'the range of integration. 

Now suppose that the branch of {r-t-fr*— 1)1 cos ^}* which has to be taken is such that 
it reduces to »•«■■**** (where it is an integer) when 0— 

Then p. (*) - j {s+(i» - 1)* ooe <(>}• 

where now that branoh of the many-valued function is taken which is equal to s* when 

d'-i*- 

Now make a-e-l by a path which avoids the seros of P«(a); since P.(s) and the 
integral are analytic functions of t when J atg>|<^, it does not change as a deacribes the 
path. And so we get e*"^ ail. 


It only does » if t is a pore iaaginaiy ; and such values of s have been sieladsd. 



314 


THB TRANSCENDENTAL FUNCTIONS 


[chap. XV 


Therefore, when | arg r | < | ir and n is unrestricted, 

^ /_. I* + "■ 

where arg {« + («“- 1)^ cos^) is to be taken equal to urge when ^ 
This expression for P» (x), which may, again, obviously be written 


if Jx + (x’ — 1)^ cos d<l>, 

V Jo 

is known as Laplace's first integral for (/). 

CorolUtfy. From § 15*22 corollary, it is evident that, when | argc | 

^ J 6 


/6 + l)i coa^}’*'^' 

• Math. XXVI. (1843), pp. 

MsampU X. Obtain Laplace’s drat integral by conaidering 


a result, due to Jacobi, Journal ftlr Math. xxvi. (1843), pp. 61-87, known as Loflac^s 
tecond for (t). 


2 A' f "{«+(** -1)^ CO***)* d4>, 

■»o J 0 

and using § 6*21 example 1. 

Sxamfle 2. Shew, by direct diif(^ntiation, that Laplaoe’a integral is a solution of 
Legradre’s equation. 

Example 3. If 4 < 1, | A | < 1 and 

(1 — 2A cosd+A*)"*^ 2 AaCoand, 

■«e 


1 . I 2 8iD«7r /■* A*a^+»' * , ,Tv . . 

shew that ) 

Example 4. When z>l, deduce Laplace’s second integral from his first integral bj 
the substitution 

(j — COsfl} (z + l**- l)i DOS 

Example 5. By erpaoding in powers of oos^, shew that for a certain range of 
values of z, 

-f {z + (**- 1)J co8d>}*rf^»^/'(.- Ja, i — j 1; l-z-»). 

vy 0 

Example 6. Shew that Legendre's equation ia defined by the scheme 

1 0 « 1 t 

-i« 4 +i« 0 fi. 
i+i" - 1 » 0 j 

where +{■'*). 

IS-SSL 75i< Eehler-Dineilet intefral* for P„(e). 

Another ezpres^n for the Legendre function as a definite integral may be obtained in 
the foiiowing way : 

* Dlriehlet, Jounalfar Mmtk. xvu. (18S7), p. 85 ; M^sr, 'Xath. jlna. i. (1879), p. 141. 
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For all value* of «, ire have, b; the preceding theorem. 


Id this replace the vaiiable ^ by a new variable hy defined by the equation 

A— *+(«*— l)i cos 

and we get / A*(l — 2A*+A*) trfA; 

^ J 

the path of integration is a straight line, arg A is determined by the fact that A«>« when 
and (1 — 2Ar + A*)”^““ — »( 2 *- l)^sin^. 


Now let svcoed ; then 


f 

J>.(coa0)^- r A*(l-2Ar+A*)- i<«. 


Now (d being reatrioted so that - ^ir < d < ^ir when n is not a positive int^r) the 
path of integration may be deformed* into tbat arc of the circle | A which piurntre 
through A and joins the points A A since the int^rand is analytic throughout 

the region between this arc and its chord t. 

Writing A“e*^ we get 

P.(co«d)>.‘ ? -.cl<t>, 

-*(Soo«^-8oob«)* 

and so /’.(oosd)™— f ■ 

{2(cofl^— coed)}* 

it is easy to see that the pcwtive value of the square root is to be taken. 

This IS known as Mehler'* form of DirichlefB inUgrat. The result is valid for 

all values of ic. 


JSrasip^e 1. Prove that, when n is a positive integer, 

/».(ooed)-* f’ 

{S(009#-OOB^)}* 

(Write w-tfoT t and v— ^ for ^ in the reeuit just obtained.) 

Sxamfh 2. Prove that 

If A" 

P^(coaS)m,—. I — — — j-dA, 

(A*-2Aooed+l)* 

the integral being t^ken along a oloeed path which encircles the two points Aws^, and 
a suitable meaning being assigned to the radi<^. 


* If 9 be oomplex and ii(oosd)>0 the deformation of the eontonr presents sli^tiy gre 
difDeultiea. The reader will easily modify the anslysis given to cover this case. 

t'The integrand is not analytic at the eadbi of the arc bat braves like near 

them ; bnt if the re^on be indented (| 6'3S) at and the radii of the iadeBtatwns be made to 
tend to aero, we ese that the defimnatimi ie legitimate. 
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Heuoe (or otherwiae) prove that, if t lie between }<r and |ir, 


P,(oos#)= 


2.4. 


IT 3.S...(2n + l) 


ooa(nd+^ ) 1* o og(ad+3^ )v 
(2 Bind)* 2(2«+3) (Ssind)^ 

^ 1*. 3 * cog (itd+ r , 

2.4.(2n+3)(2a+5) (2siDd)i { 


where ^ draiotes 

Shew also that the first few terms of the series give an approximate value of P, (oos 6) 
for all values of d between 0 and w which are not nearly equal to either 0 or ir. And explain 
how this theorem may be used to approximate to the roots of the equation P, (onsd)—^): 

(See Heine, KvgdfunletiotuH, i p. 173 ; Darboux, Cmuftn Rendut, Lxxxn. (1876), 
pp. 365, 404.) 


16 * 3 . Legendre functione of the second kind. 

We have hitherto considered only one solution of Legendre’s equation, 
namely P»(s). We proceed to find a second solution. 

We have seen (§ 16'2) that Legendre’s equation is satisfied by 

j (<•- 

taken round any contour such that the integrand returns to its initial value 
after describing it. Let i) be a figure-of-eight contour formed in the following 
way ; let jt be not a real number between 1 1 ; draw am ellipse in the t-plane 
with the points ± 1 as foci, the ellipse being so small that the point f = x is 
outside. Let A be the end of the major axis of the ellipse on the right 
of t = 1. 


Let the contour D start from A and describe the circuits (1 — , — 1 +), 
returning to A (c£ § 12 43), amd lying wholly inside the ellipse. 

Let {argsl^w and let { amg (* — f) 1-4 a*g * aw f —» 0 on the contour. Let 
aig (f -I- 1) «= lurg (< — 1) = 0 at il. 

Thbn a solution of Legendre’s equation valid in the plane (cut along the 
real axis fir jm 1 to — ® ) is 

if n is not an integer. 

When £ (n + 1) > 0, we may deform the path of integration as in § 12*43, 
and get 

Q.(*) - ^ /'^ (1 - <•)' (e - 1)-^' dt 

frherete arg(l — () = arg(l -(■ f)= 0); this will be taJeen as the definition of 
is} when n is a positive integer or zero. When n is a negative integer 
, — m — 1) Legendre’s differential equation Hot functions of degree n is 
idealdoid with Uiat for functions of degree m, and accordingly we sbadl take 
the two fundamental eolutioDS to be (s), (s). 

Qn(s) is tatted the Legendre function of degree n of the eeeond kind. 
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15 31. Expansion of ^ («) a» a power-series. 

We now proceed to express the Legendre function of the second kind as 
a power-series in z~'. 

We have, when the real part of n + 1 is positive, 

Qn («) = 2L /*/! - <*>" - O-"- *• 

Suppose that | i j > 1. Then the integrand can be expanded in a series 
uniformly convergent with regard to t, so that 

«.«)- /\i - <•)■ (1 - 1)-'* 

- (i)' 

t - f)-i- ci.] . 

where r = the integrals arising from odd values of r vanishing. 

Writing f* = «, we get without difficulty, from 1 12'41 , 

Qn (^) = ^ I ’ 2 « + 1 ; " -b I ; *"■) • 

The proof given above applies only when the real part of (» - 1 - 1) is positive 
(see § 4'3) ; but a similar process can be applied to the integral 

sin nw J /> 2* ' 

the coefficients being evaluated by writing I (t* — 1)* T dt in the form 

J D 

/■«-) /■<-I+> 

e»*‘j (1 - t’)” I' (it -t- e*’" J ( 1 -P)*rdt; 

and then, writing C^u and using §12'43, the same result is reached, so 
that the formula 

” 2»+i r I) ^i+r^ {* + " + a; 

is true for unrestricted valnes of n (negative integer ;tahies excepted) and for 
all values* of x, such that | x [ > 1, ] arg x | < w. 

Seamph 1. Shew that, when s is a positive ioveger, 

{(--ir f" (v*-!)— **} 


When n is a positive integer it is onseosssat; to isstnot the valos aig s. 
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[It is oMily Torified that Legendir^'s equation oan be derived firoa the equation 

(I — <*) (*“ +2n«»0, 

€t*V} 

by differontiating n times and writing • 

Two ijid^)eiDde&t solutions of this equeticm are found to be 
(»*-i)» Mid 

It follows th&t 

is a soluticm of Legendre’s equation. As this expression^ when expanded in ascending 
powers of s~\ commences with a term in it must be a constant multiple* of (<) ; 

and on oomparing the coefficient of in this expression with the coefficient of in 
the expansion of (s), as found above, we obtain the required result.] 

£ramp2c S. Shew that, when a is a positive integer, the Tjegendre function of the 
second kind can be expreesed by the formula 

Example 3. Shew that, when a is a poeitive-mteger, 

[Tliis result can be obtained by applying the general integration-tbeorem 

r. I' /.* 

to the preceding result.] 

16‘33. The reeurreiut-formulae for ft, (a). 

The functions P, (a) and ft. (a) bare been defined by means of integrals of precisely the 
same form, namely 

j (<*-l)*(f-a)-»-‘d<, 

taken round diflferent omtours. 

it foUowa that the general proof of the reouTrenoe-formiilae for P.(t), given in $ Ifi-Sl, 
is equally applicable to the function ft. (a); and henoe that the Legendre /unction of the 
eeecnd kind eati^hee the reevrrmee-formiUae 

V..iW-a«'.(a)-(n+l)ft.(.), 

(» + l) ft.ti (a) -(2n+I)aft.(a)+«ft_) (t)“0, 
a«'.{a)-ft'.-,(a)-»ft.(a), 

(a»-l)ft',{a)-aaft.{a)-nft._, (a). 

Examfie 1. Shew that 

and deduoe that ^(a)‘'4'^i(*)log ~i>> 

^ («-»)» 

^<a) * ^a-1 a - aa - 6a - 7a - (8n- l)a' 

* P.<a) oonhilns poifitw powers of a when n is an inte^. 


and that 
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Example 2. Shew by the recurronoe-formtilae that, when n U a poaitive int^er*, 
iP. (.) log ?±1 - («), 

where /,_,(«) oonsiets of the poaitive (and zero) jwweni of z in the expanaion of 
z + 1 

(z) log in descending powers of z. 

[This example shews the nature of the singularities of Q, ( 2 ) at + 1, when n is an integer, 
which make the cut from — 1 to +l necessary. For the connexion of the result with 
the theory of continued fractions, see Oaiiss, Werte, m. pp. 165-206, and Frobenius, 
Journal fit/r Math. LZXIII. (1871), p. 16 ; the formulae of example 1 are due to them.] 


16'33. The Lapladan integrcd-f for Legendre functions of the second kind. 
It will now be proved that, when (n + 1 ) > 0, 

( 2 ) = f [2 + ( 2 * — 1 cosh d6, 

J Q 

where arg [z + ( 2 ’ — 1 cosh 6\ has its principal value when ^ = 0, if n be not 
an integer. 

First suppose that 2 > 1. In the integral of | 15'3, viz. 

<?« (^) = f - Py (^ - f)-“- dt. 


write 


e*(2+ l)*»-(2- 1)J 
«* (2 + 1)4 + ( 2 -1)4’ 


so that the range (— 1, 1) of real values of t corresponds to the range (— 00 , 00 ) 
of real values of 0. It then follows (as in § 16’23 A) by straightforward 
substitution that 


Qn(z) = sf (2 + ( 2 *- 1)4 cosh 

y - 00 

= f (« + (^ — 1)^ cosh dff, 

Jo 


since the integrand is an even function of 


To prove the result for values of i not comprised iu the range of real values greater 
than 1, we observe that the braach points of the integrand, function of <, are at the 
points ±\ and at points where £+(«*- 1)^ cosh^ vanishes; the latter are the points at 
which i sa ± coth B. 

‘ Hence (e) and j ooshdJ'^^'cW are both analytic^ at all points of the 

plane when cut along the line joining the points ± i. • 


* If - 1 < 2 < 1 , it is apparent firom these formulae that -riPai')* 

It is convenient to define Q«(s) for such valnee of s to be + The 

reader will obsam that this funotion satisfies Xiegendrs's equation for real values of s. 
t This fonnola was first given by Heine; eee his Kupe^itmkHonen, p. 147. 

X It is easy to shew that the integral has a unique derivate in the ont plane. 
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By th« theco^' of Analytic oontinuation the equatioD proved for poaitive valoen of f — I 
persiBta for aH values of e in the out plane, provided that arg l)^eoshd} is given 

a suitaUe value, nam^y that one which reduces to sero when r - 1 is poutive. 

The integrand is one- valued in the out plane [and ao is when n is a positive 

int^er; but Arg{r4'(c*- l)^ooBfa d} moreases by Sir as arg t does so, and thwefore if n he 
not a positive integer, a furtho* cut has to be made firom ~ 1 t-o co . 

These cuts give the necessary limitations on the value of z ; and the out wb«i n is not 
an int^er ensures that arg — arg {(*+1)^+ 1)^1 bos its principal value. 

Example \. Obtain this result for complex values of t by taking the path of 
integration to be a certain circular arc before making the substitution 

«*(*+!)*+(*- 1 )*’ 

where B is real. 

Example 2. Shew that, if 2 > 1 and coth 

{2 -(**— 1)^ cosh 

where arg — l)4coahtt}*0. {Tnnity, 1893.) 


15*34. NeumaniCe* f</rm,%da for ( 2 ), when mean tntegei' 

When n is a positive int^er, and 2 is not a real number between I and tbe 
function ( 2 ) is expressed in terms of the Legendre function of the first kind by the 
relation 

which we shall now establish. 

When 1 2 1 > 1 we can expand the mt^rand m the unilbriaaly convergent senes 

^.(y) s 

Consequently 

The integralfl for which i»-n is odd or negative Tsnish (§ Ib’Sll) ; and so 

If' 

xj-t v-y »»-« /-I 


.i 5 


(»+2to) ! (n+si) 1 
wl(8»+2m+l)I 


'Ji ?!*■’■' ^'**+*’ i»+i; »+l 

by § 15*31. Tbe theorem is thus estaUiabed for the esse in which j 2 {> 1. Since each 
side oi tbe equation 

represeots an aoalTtic function, even when | s | is not greater than nnitj, provided that t is 
not a real numbw between - 1 and ^-1, it followe that, with this exi]epi'‘>ii, tbs result is 
true (§ &'6) for si] values of a 

* F. Neauunn, JimrntUfUr italh, xxxvn. (IMS), p. St. 
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The readw should notice that NeumanD^s formula apparently espr^es Qi^{z) as a 
one-valued function of ty whereas it is known to be many-valued (§ 15*32 example 2). 
The reason for the apparent discrepancy is that Neumann’s formula has been established 
when the t plane is out from — 1 to -1- and (s) is one-wxlu^d in the cut 

1. Shew that, when — I < A («)< 1, [ ( 2 ) | < I | “ * ; and that for other 

values of 2 , 1 $* (») 1 does not exceed the larger of j 2 — 1 j r-fr- 1 ]■"*. 

Exam^ 2. Shew that, when n is a positive integer, ( 2 ) is I'iio coefficient of h*‘ in 
the expansion of (1 — 2Af-t-A*) “ 4 arc cosh | ~~ , I . 

[For, wheTi | { is sufficiently small, 

I A-c M , I *■/' 1 r (» -2Ay+**)"4<«y 

=(1 — 2A« +A*) “ 1 arc coah I— — ~ * , I • 
l(r>- 1)4' 

This result has been iuveetigated by Heine, KugdfunitKmen, 1 . p. 134, and Laurent, 
Journal do Math. (3), I. p. 373.] 


16 " 4 . Heine'a* development of {t — z)~' as a series of Legendre poly- 
nomials in z. 

We shall now obtain an expansion which will serve as the basis of 
a general class of expansions involving Legendre polynomials 

The reader will readily prove by induction from the recurrence-formulae 
(2to 1) tQm (0 - (m -h 1) Qm+,(0 - mQm-i (0 -= 0, 

(2m + 1) zP„ (z) -(m + l) P„+, (z) - mP^, (z) = 0, 

that 


,-1^= i (2m + l)P„(r)Q„(0-h"\Mp,+.(^)Qn(0-P»0)Qn«(f)} 

I- — * 2 I — Z 

Using Laplace’s integrals, we have 
^n+i (z)Q„(t)-P„(z)Q 

»+l (0 

= 1 ['/■" i)*co84.)“ 

'ir Jo Jo ((-(-((>_ 1)4 cosh 

X [i -t- (i* — 1)^ cos 4 — i* -1- (*’ — 1)^ cosh u}~''\d<pdii. 


Now conader 


I f+(Z*— 1)^ cosh u 


Let cosh a, cosh a be the semi-major axes of the ellipeee with foci + 1 which pass 
through 2 and t respectively. Let 0 be the eccentric angle of z } then 
0»too8h (a+iV), 


l«±(.»-l)4 cos ^ ! <*> I oosh (o + 10 ) ± sinb (a + i0) cos 0 j 

«{coeh*a-sin*d + (co8h*a~coe*d)coB*^±4 sinh ooosh ocosi^}^. 
This IB a maximum for real values of ^ when cos and hence 

! 2 ±(i*— l)^ooB^ j> ^2caeh*a-l + 2 cosha (cosh*tt- l)^«eip (2a). 
Similarly j ^ - 1)^ cosh u | ^ exp a. 


* Joumal/itr Math. zuz. (1661), p. 73* 


W. M. ▲. 


21 
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where 


Therefore 

I -Pn+i W Qn (0 - P» W Q«+i (f) I « w-> exp (n (« - a)} Vdifidu, 


!<+(<•- 1)» 

Therefore ( (r) Q«(0 — -P»(r) Q»+i (<) ( -» 0, as n -* eo , provided a < a. 
And further, if t varies, a remaining constant, it is easy to see that 
the upper bound of j f VdAdu is independent of t, and so 

J« JO 


P m-V (•*) (f)~ Pn(.i) On+1 (t) 

tends to zero uniformly with regard to t. 

Hence if the point z is in the interior of the ellipee uihieh passes through 
the point t and has the }>oitUs ± 1 for its foci, then the eccpansion 

i (2« + l)P„(r)y„(t) 

»=;0 

is valid ; and if the a variable point on an ellipse with foci ± 1 suck that z is 
a fined point inside it, the expansion, converges uniformly with regard to t. 


16'41. Neunumn’s* expansion of an arbitrary function in a series of 
Legendre polynomials. 

We proceed now 'to discuss the expansion of a function in a series of 
Legendre polynomials The expansion is of special interest, as it stands next 
in simplicity to Taylor’s series, among expansions in series of polynomials. 

Let /(s) he any function which is analytic inside and on an ellipee C, 
whose foci are the points z = ±1. We shall shew that 

/(■») = a.-Pii (^) + tti Pi U) + thP, («) + a,P, (x) + . . . , 
where Og, a,, a«, are independent of z, this expansion being valid for alt 
points z in the interior of the ellipse C. 

Let t be any point on the circumference of the ellipee. 

Then, since 2 (2n+ 1) P„{z) Q„(t) converges uniformly with regard to t, 

- R //f- f - K .!. + 0 p. w «.(»/(.) * 

= 2 anP^(z), 

nmiO 

where o« - 


* Ks Hetunaiixiy Ueber die Enteoickelung einer FankHon naek dm Kuffelfitnktionen (Hftlle, 
1863). Saeftlso Tb(»n6,«r(n(nial/BrJtfa£A. LXn. (1866), pp. 887-848. Neamaiinvlio^Muiex- 
pwuiioiD, in Legeoidre fonotioBs of both lcui6«, valid in tbo oaimlu bounded by t«o elUpMo. 
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This is the required expansion ; since 2 (2« + 1) P„ (z) Q„ (t) may be proved* 

1t»0 

to converge uniformly with regard to z when z lies in any domain C' lying 
wholly inside C, the expansion converges uniformly throughout O'. 

Another form for a„ can therefore be obtained by integrating, as in 
§ 15-211, so that 

“» = (“+ s) j j /(*) Pn (®) 

A form of this equation which is frequently useful is 

"" “ 2 ^! /_y“’ 

which is obtained by substituting for P„ {x) from Rodrigues’ formula and 
integrating by parts. 

The theorem which bears the same relation to Neumann’s espansion as Fourier’s 
theorem bears to the expansion of § 9TI is as follows . 

Ijet f{t) be defined when. — 1 ^ ^ 1, and let the integral of (1 — f {t) exUt and he 

absolutely eonvergent; also let 

Then Za^F^{s) ts <*oni’«r^en^ and has the sum at any point ar, for 

whxrh — K .r < 1, t/ any condition of the type stated at the end of § 9*43 w satisfied. 

For a proof, the reader is referred to memoirs by Hobson t and Burkhardt^. 


Example 1 Shew that, if p (> 1) be the radius of convergence of the series then 
Sc, /*,»(«) converges inside an eUipse whose semi-axes arc 

ExamfUi. If whnre y >x > 1, 

provetliat (' =({^+l) (y- 1)}1 S P,(x)<^,{y). 

J' |(l-z=)(l "=" 


[Substitute Laplace’s integrals on the right and integrate with regard to </>.] 


ExampU 3. Shew that 
1 


‘»8 ■ 


(x+l)(y-l) 


= 2 (2n+l)4',tx)e.(y). 


(Frolienius, Journal fur Math. LXXni. (1871), p. 1.) 


16-6. Ferrers' associated Legendre fuvclions P„”'{z) and Q„’"(x). 

We shall now introduce a, more extended class of Legendre functions. 

If m be a positive integer and — 1 < z< 1, n being unrestricted§, the 
functions 

P»"(^) - (1 - . Q.~(2) = (1 - 


* The proof it similar to the proof in g 15 4 that that oonvergence is uniform with regard to t 
t Proc. Zsondon Math. Soc. (3), vi. 11908), pp. 388-395; (2), vu, (1909), pp. 24-39. 

X MUnehener SittUHg$beT^hte, xxxpi. (1909), No. 10. 

S Bee p. SIT, footnote. Ferrers writes T," (*) for P„"* («). 


21—2 
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will be called Ferrers’ associated Legendre functions of degree n and order m 
of the first and second kinds respectively. 

It may be shewn that these functions satisfy a differential equation 
analogous to Legendre’s equation. 

For, differentiate Legendre’s equation 

m times and write v for . We obtain the equation 

(1 — (to + 1) g + (n — m) (n + m + 1) w !>= 0. 

Write w = (l — ana we get 

This is the differential equation satisfied by F„“(r) and 

From the dehoitiona given above, several expreasions for the anaociated Legendre 
fnnotiona may be obtained. 

Thus, from Schla6i’s formula we have 

where the contour does not enclose the point t* -- 1. 

Further, when n is a positive integer, we have, by Rodrigues’ formula, 

" ' 2*n' *"♦" 

Example. Shew that Legendre's associated equation is defined by the solieuie 

{ 0 ® I \ 

n+1 Jto (Olbncht.) 

- - » - Jm j 

16'61. TAe integral properties of the associated Legendre functions. 

The generalisation of the theorem of § 15T4 is the following ; 

When n, r, m are positive integers and n>m, r>m, then 

ri (’•#n), 

j_Ws)Pr(s)dx\ 2 ^ 

“ 9!n J. 1 in _ mV “ '^)- 


J\^{z)P”(z)dz 


To obtain the first result, multiply the differential equations for P.^{z\ 
P,’®(s) by P,'^{z), Pj^{z) respectively and subtract; this gives 

+ (n - r) (ft + r + 1) P,« (s).P„" (*) 0. 
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On integrating between the limits — 1, +1, the result follows when a 
and r are unequal, since the expression in square brackets vanishes at each 
limit. 

To obtain the second result, we observe that 


(z) = (1 - + mx (1 - i*) - i ?„»> (z ) ; 


dz 


squaring and integrating, we get 

=• - A" W ^ |(1 - r*) J (^)l’ 

on integrating the first two terms in the first line on the right by parts. 
If now we use the differential equation for P^^{z) to simplify the first 
integral in the second line, we at once get 

By repeated applications of this result we get 
f ^{jP«"'(^)}’dz = (n-ni + l)(n-m + 2) ...n 

< (n + m){n + m -1) ... (n + l) I {P„(z)]‘dz, 


and so 


f’ IA“U))' 
-1 


dz-- 


2 (n + m)l 
2n + 1 (n — nj)’ 


16'6. Hobsons definition of the associated Legendre functions. 

So fivr it has been taken for granted that the function (1 — which 
occurs in Ferrers’ definition of the associated functions is purely real ; and 
since, in the more elementary physical applications of Legendre functions, it 
usually happens that — 1 < x < 1, no complications arise But ac we wish 
to consider the associated functions as functions of a complex variable, it is 
undesirable to introduce an additional cut in the r-plane by giving arg (1 — z) 
its principal value. 

Accordingly, in future, when z is not a real number such that —l<z< 1, 
we shall follow Hobson in defining the associated functions by the equations 

A" (,z) = (s* - l)i" . Q."* (5) = (s> - 1)!" , 

where m is a positive integer, n is unrestricted and arg z, arg (x + 1 ), arg (x — 1 ) 
have their principal values. 
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'Wfaea m is unrestricted, (jt) is defined b; Hobson to be 

C“^) ’ * **’ 

aitd Barnes has given a definition of ( 2 ) from whiob the formula 

o - ' r(«+m +i)r (J) - 1)*" 

rannir 2**'r(n+f) 

X + i ; f"*) 

may be obtained 

Throughout this work we shall take m to be a positive integer. 

16*61. Expression of as an integral of Laplace*s type. 

If we make the necessary modification in the Schlafli integral of § 1.5-5> 
in accordance with the definition of § 15*6, we have 

(*) = ~ - 1)»» f (P - 1)» (t - dt. 

JL Tr% ) ^ 

Write t = r + ( 2 " — l)i as in 1 15'23 ; then 

where a is the value of (f> when < is at J , so that 
( at||( (s* — 1)* + « I < TT. 

Now, as in § 15'23, the integrand is a one-valued periodic function of the 
real variable ^ with period 27r, and so 

J' (2.t(2--l)Jcos<^l»s-"‘*df 

Since \z (s’ — 1)^ oos^)" is an even function of we get, on dividing 
the range of integration into the parts (- tr, 0) and (0, ir), 

-Pii"*(r) = ^— \ \z + — 1)^ COB <!>}'' COB m<f>d4>. 

IT jo 

The ranges of validity of this formula, which is due to Heine, (according as 
» is or is not an integer) are precisely those of the formula of 1 15'23 

ExoMpU. Shew that, if j arg z | < 

’T Jo (* + (»•- l)i«J 08 ^}"**’ 

where tiuft Dumy*valued fuuctioos are specified os in 16*23. 

16 * 7 « Tke addreion theorem /or tAe ZagfTuire potymmicUs*. 

Let z""Sid - (** - J)^ (jr^- 1)^ COB w, where x, xf, m are unrestnoted complex numbers. 

* Legendre, Oak, Int. n. pp. 362>-3d9. An ioveetigetiOD of the tbeorem based on physiea) 
reasoning will be given sobaequently (| 18 4). 
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Then we aboU shew that 


(n + m) 

Fin,t let A (y)>0, eo that I ft (^ -!)*««(—») 
' j:'+{y*-l)’cos^ 


ii9 a bounded function of ^ in the 


range 0 <^ < Sn-. If if be its upper bound and if | A | < Jf^’, then 
- yj. 

converges uniformlj' with regard to tj), and so (§ 4'7) 

i A* f' (a’ + (J *-l)*<» «( «>- <<»)l* I’ * A»{j4-(aJ- 1)*008(.»-d>))» ^^^ 
«=o J -w — 1)4 008 + * J -w {j/ + (ji/* — 1 )4 coe ^)* ■*■ * 




d<f> 


^ y + (y*— 1)4 cofi^ — A{ar+(x*— 1)4 cos (» — ^)} 
Now, by a alight modidcation of example 1 of ^ 6 21, it follows that 

f ' 

y i+j5coa^+^?iiin0 

where that value of the radical in talcen which makes 

M <^)* I <1 (B»+ C-»)4 1. 

Therefore 

_ _ _ 

X- + (*-*- l)io 08 <^-/ {x+(x*- 1)^C081»>-I)!))J 

2ff 


[(X- - Ax)« - I'x-* - 1 )i - A (x» - 1)4 cos «i* - |/i (X* - 1)* Bin »}*]4 

_ 2ir 

(l-2Ar+A«)4 ■ 

and when A-^0, this expression has to tend to 2ir f^o(^) hy ^ 15*23. Expanding in powers 
of A and eq\iating coefficients, we get 

{y+(y«-i)4cosd»l» + * 

Now /*«(«) ib a polvnomial of degree n in cos«, and can consequently he expressed in 

■ 

the form 4 ^ 0 + 2 d„ooB7»«», where the coefficients A^, ... are independent of ^ ; 

« b 1 

to determine them, we use Fourier’s rule (§ 9*12), and we get 

/ Pf. (x) 003 piw 

w y 


^ 1 (* r + — f)4cos(i»-0 )|"coa»nw ~1 

2ir’j-wL/-v fx'+(x'*-l)4cosii>)»*> 


1 

*2ir» 


nirj^Si 


{y+(y*— 1)4 cos di}** 

{JT + (y* — 1 }4 008 — 0)}" co s OTW 




{y+(y«-i)4cos0}»^‘ 


_ 1 f” r f’ jx 

-fc? ; Li -V 

on changing the order of integration, writing and changing the limits for 0 

from ±ir-0 to ±*. 
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Hov j 1)4 ao«ifr}*8iniii‘^<<i^—0, sinoe the integrand is an odd function; 

and so, by 15-61, 

A I’ _ ^ 

‘ ^ {P+la^-l)* ooe^)»+i 

Therefore, when aig *- 1 < J*, 

Pn (») “ J + ( - )“ (®) (*”) «*«■ 

But Uiis is & mere elgebr^cal identity in x, s* and oos m (amoe n is a positive integer) 
and so is true independently of the sign of 
The result stated has therefore been proved. 

The corresponding theorem with Ferrers’ definition is 
P.{»t'+(l-**)5(l-*'»)4c08«}=P.(x)f*.(P)+2 S 

Msj + I 

The addition theoreni for the Legendre functicme, 

Let X, x' be two oonatants, real or complex, whose arguments are numerically loss than 
; and let (x ± 1 , (x' ^ 1 be given their principal values ; let « be real and let 

s=xt! - («»- 1)4 (P*- 1)4 COB .. 

TKen we ehall ehew thcU^ if | arg r [ < for edl valuee of the real vanabU m, afid n be 
not a positive integer^ 

P, it)^P . (») p. c*") +» ( - )" j “*™“- 

Let cosh 0 , oosh d be the semi^niajor axes of the ellipses with foci ± 1 passing through 
X, x' respectively. Let B, be the eccentric angles of s, si on these ellipses so that 
- < 3 < Jw, - cfg < |w 

Let d + iff'»$', so that x*>>coBh^, x'=oosh 

Now as w passes through all real values, R (s) oscillates between 

R (xa/) ±X(iJ-l)4(x^-l)4= cosh (a ± o') cos ± P), 

SO that tt is neoessarg t/uU be acute angles positive or negative. 

Now iak& Soblafli’s integral 

fi.W- 


and write 


1 p+-»-H («“-!)• ., 

**w.L ’ 


^ e^{«~ einhf coah -coeb f ginb|f')+c08h f cosh — « ainh f a in h 
0(«h sinb if 

The path at t, aa ^ increaaeH from — >r to w, may be abewn to be a circle ; and the 
reader will verify that 

( _ 1 = ** ~‘** °o*^> ^ + siuh Ji) (einh ^ j ooeh If - e** oo *h || ainh } 

ooah Jf + «* * ainh Jf 

2 einh + coah } {ooab o oafa |f - a** ainh ainh ^f } 

coah if +e** ainh Jf 

I la { *** °°*h i f -bainh jf } {«*“ ainh f ainh* jf + e~*“ ainh f coah* jf - ooeh ( ainh f) 

coah i f +«** ainh if 


i-t-1. 
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15 - 71 , 15 - 8 ] 

Since* } ooeh ■If' ] > | einfa If' { , the argument of the denominators do^ not change when 
increaws hy 2fr ; for similar reasons, the arguments of the first and Uiird numerators 
increase by 2^, and the argument of the second does not change ; therefore the circle 
contains the points 1, and not r— — 1, so it is a possible contour. 

Making these substitutions it is readily found that 

and the rest of the work follows the course of § 15'7 except that the general form of 
Fourier’s them«m has to be employed. 

Example. Shew that, if n be a positive inte^r, 

<^.{**'+(j:^-l)i(j^“-l)4coa«}=e.(*)^.(*') + 2 I Q,'" (t) P,-" (x) coa nu,, 
when o) is real, E (j/) >0, and [ - l)(x+l)i < j (x- l)(y + l) j. 

(Heme, Kttgdfunktionen ; K. Neumann, Leipsiger Ahh. 1886.) 

16*8. Tke fumction^ {z). 

A function connected with the associated Legendre^function is the function 

C% (j), which for integral values of n is defined to be the coefficient of 4* in the expansion 
of (l-aAr+A*)"* in ascending powers of A 

It iH easily seen that (r) satisfies the differential equation 

djy (2p + l)t dy n(n + 2:y) 
dz* r*— I dz 1 ^ 


For all values of n and r, it may be shewn that we can define a function, sati^^og 
this equation, by a contour integral of the form 


' Jc («-*)'+■ ’ 


where C is the contour of ^ 16*2 ; this corresponds to Schlafii’s integral. 

The reader will easily prove the following results 

(I) When n is an integer 

C/fi)* (-g) *»(*' + l) (l-i*)*”' — {(l-j*!’*"''’'"*}- 

• ' ' »!(a« + S.-l)(2«+2.-2)...(« + *r)' ' > '■ 

amoei>,(i)-C,*(f), Rodrigues’ formula is a particular case of this result. 

(II) When r is an integer, 

^•-r^'^“(2r~r)(2r-3) ... STl 

whence 

The last equation gives the connexion between the fuDotions (<) mid Pn'(^). 


* Thie foUewe from the (eot that ooi ^ >0. 

t This fonetian boa been etndied by Gegenbener, ffuner Sittmttiberiehtt, ux. (1874), pp. 4S4- 
448; ixxv. (1877), pp. 891-896; lorn. (1888), pi 959-816; on. (1898), p. 949. 
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(111) Uodifioatiooa of the ncumnce-fhrmulae for F, (<) ue the foUowiDg ; 

*CiW-Ciw-s w=o, <f*' (x)-K?;;t\ (*), 

(.), ,c.'(*)-(«-i+2r) (.)-«» (i (*). 
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iHlSaUJUANEOUS EXAMPLEsf. 
1. Prove that when n is a positive integer, 

• (n+p)\(~y 


iO -)'+( -)•(! +x)'}. 

(Math. Trip. 1898.) 


2. Prove that 




cU ds 

v& sero \mle8B m— ±1, and determine ite value in tbeee caaea. 

(Math. Trip. 1896.) 

3. Shew (by induction or oUierwlse) tlukt when n is a positive integer^ 

(2«+l) j' P,>(t)dz^l-tP„>-Si{P,t + P,t+... + P‘„,) + 2(P,P,+P,P, + ...+P.-tP.). 

(Math. Trip. 1899.) 

4. Shew that 

tP.' (»)=»?. («)+(2a-3) F._,(x)+(8>.-7) F,., (r)+.... 


(Clare, 1906.) 


5. Shew that 


x’Fl."(*)“»(«-l)F,(*)+ 2 (2»-4r + l){r(2«-2r + l)-2} F,_».(»), 

rej 

where or } (h — 1). (Math. IVip. 1904.) 


* Before etadying the Legendre funenea P„{t) in tl^ treatise, the reader thouid oonenlt 
Hobeon'e memoir, as loine of Heme's wwk is inoorreot. 

t The fnnetions involved in exainpUs l«-90 are Leigendre polynamUdie 
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6 Shew tbikt the Lq^dre polyaomial eetiefies the relation 

(«‘-l)'^-=«{»-l)(«+l)<»+2) J'ch l‘P.iz)ch. 

7. Shew that 


(Tnn. Coll. Dublin.) 


(Peterhouse, 1906 ) 

8 Shew that the values of j (1 — z*)* P^'" (z) P^' (z) di are aa follows : 

(i^ in (n + 1 ) when m ~ n is positive and even, 

(n) — 2 »(n*— 1 ) (n — 2 )/( 2 ft + l) when ni^n, 

(ill) 0 for other values of m and n (Peterhouse, 1907.) 

9 Shew that 

a)n"di**(aind)= 2 ( - )*■ -y—— ^ ^ cos*' (coe ). 

(Math. Tnp 1907.) 

10 Shew, bj evaluating j P^(co6 fi) d6 15 1 example 2), and then integrating by 

parts, tliat j (p) wo am dfi is zero when n is even and is equal to w | g 4 ‘ ‘ 

when n la odd (Clare, 1903.) 

11 . If m and n be positive integers, and ta ^ n, shew by induction that 

,b„ s--‘> 

fft ’ 

(Adams, ^roc Royal Soc. xxvn ) 

12 By expanding in ascending powers of « shew that 

where is to be replaced by (1 -s^) after the differentiation has bem performed 

13. Shew that P^^{t) can be expressed as a constant multiple of a determinant in 
which all elements parallel to the auxiliary dii^nal are equal (i.e. all elements are equal 
for which the sum of the row-index and column-index is the same) ; the determinant 
coDtaming n rows, and its elements being 

1111 1 _ 

*’ "3’ s’" 5’ ft*’" 2»-l*' 

(Heun, /l^acA, 1881.) 

14. Shew that, if the path of mtegration passes above f»l. 




3 /■” {»(!-«») -2<(1 -*»)*}" 


[' 

tn Jn 


dt. 




15. By writing oot ^woot^’-Acoseo^ and expanding sin ^ia powers of AbjTayWs 
theorem, shew that 

F,(ooiid)-^^‘ooeeo-*««^^^. (Hath. Trip. 1893.) 
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16. By oonsidering 2 (s), shew that 

AaO 

(GUisher, Proe. London Math. Soc. vi.) 

17. The equation of a nearly spherical surface of revolution is 

r*l + o(i*j (oos 6)4-Pa(co8fl) + ... + P*»,i (cos 6)}, 
where d is sm^l; shew that if o* be neglected the radius of curvature of the mendian is 
«— 1 

1+a 2 {n{4fn +3) — (m + l)(8w+3)} + i (cos tf). 

(Hath. Trip. 1894.) 

18. The equation of a nearly spherical surface of revolution is 

r«a {1 +#P, (cos tf)|, 

where « is small. 

Shew that if be n^lected, its area is 

(Tnn.ty, 1894.) 

19. Shew that, if i; is an integer and 

(I-2A*+A«)-»*- S O.P.W, 

*»0 

then 

A. 2‘<*-’)(2»+l) / 3 3N*'*-»> „ + 

l73:s ...{i- 2 ) V + X* > y 

\rhere x &nd y are to be replaced by unity aiter the diSerentiations have been performed. 

(Eouth, Proc. Ix>ndon Math. Soc. Xivi.) 

20. Shew that 

> 

i 2«Vi 

21. Let the numbers involved being real, so that 

Shew that 


n / ^ (-)*»*+* /1\ 

n' 5f\rj’ 


where r is to be treated as a function of the independent variables . 2 ^ y, « in performing 
the differentiations. 

22. With the notation of the (receding example (ot p. 319, footnote *), shew that 




(»+i) p,o»)+i»P.’ w 


n! a*«Vr>, 


Shew that, if { A | and | r | are sufficiently email, 

-r- X (2»+l)A*P.(f). 
(1-2AH-**)* —0 
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24. Prove that 


+ 1 w e. - 1 w w (r) = 


2» + I 
n {» + f)^ 


(Math Trip 1894 ) 


2S If the arbitrary function f{x) can be expanded iii the senes 
/(*)= 2 a.P,(x), 

»tsO 

con^ergiDg unifonuly iti a domain which mcludoa the point 1, ahew that the expansion 
of the integral of this function is 




(•f) 


(Bauer ) 


26 Determine the coedicients in Neumann’s ox^iansiun of ^ in a senes of Legendre 

ixilynomials Journal fwr Math LVi ) 

27 Deduce from example 25 that 

tr ‘ fl 3 5.*.(2«-l))2 „ / . 7 > , St 

arcsinr^^ S | (r'-Pi.- W) 

(Catalan ) 

2ft Shew that 

'^«W=2log(~l) P.(r)- •[?.-, (r) A W + W 

(Schlafli , Ilermite, Tetxeira J de Sci. Math. vi. (lft&4), pp 81-84 ) 

29 Shew that 


Provo also that 


1 i-l- 1 


where. W = /V. + W + . • 

1 j./';- 1 ' I'l «(»-lH«-2)(» + l)(» + 2)(n + 3) A-iy I 

I iT2»3« 


whereit, = l + i + 5+... + ' . 

a 4> f) 


(Math Trip. 1898 ) 


30 Shew that the complete eolation of Legendre’s differential equation is 

the path of integration being the straight line which when produced backwards passes 
through the point t>»0. 


* The first of these expressions for Jy^-\ (s) was given by Ohristoflelt Jwmal f^r Math, vt, 
(1858)» p. 68, and be also gives {Ibxd. p. 72) a generalisation of example 28 , the eeeond was given 
by Stielijes, Cerresp. d’&ermtt« et de Stieltifee, n. p. 69. 
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31. Shaw that {«+(«’-l)^}*“ S 


0^0 — am+^) r(in-^)r(«»-a— i) 


o *• V" -r 

an ®»!r(m-a + l) 

32. Shew that, wheo A («+ 1} >0, 

/■" A-»"‘ 

$.(,)=/ <«, 

A* 


(Schl^ai.) 




33. Shew that 

«« »h ,, 

r(«-m + l)jo {x+(jS- l)icoeh «}* + > 

where the real part of (n + 1) is greater than m. 


(Hohsoo.) 


34. Obtain the expansion of Pf^ ( 2 ) when | arg z\<n as a series of powers of I/ 2 , when 
n is not an integer^ namely 

_ «T(~ + i) _n l\ 

r(«+i)r(i) V 3 ’ 2* 5 


2 — /« »+! i\ 

^ r(-n)r(t) * ’ 2 < + t>)' 


[This is most easily obtained by the method of § 14‘51.] 

35. Shew that the ditferential equation for the associated Legendre function Pj'' (s) 
IS defined by the schemes* 


1 

r 0 « 1 > 

1 1 

f ^ 

W 



> -in » -in 

z-{r*-l)4 

[’ 

1 1 



0 

i 


i«+i ) 

1 1 

li«+4 

- 

i I 


(Olbricht.) 

36. Shew that the differential equation for CJ' ( 2 ) is defined by the scheme 

1-1 . 1 1 

— I' n + 2v 


0 -n 0 


37. Prove that, if 


( 2« + l)(2f>q-3)...(8w-<-2i-.l ) . 

n(ni-l)(n*-4)... dif ' 

♦W * P 8(2«+ l)p , gw-1-3 p 

then 

_ 3(2iH-3) „ , 3(2n+S) „ (2«A-3)(2« + 5) „ 

” 2«-l 2„_3 ^*'*“(2 b-1)(2»-3)— ” 


and find the general formula. 


(Hath. Trip. 1896.) 


* See ileo 1 16‘S example. 



LBOENDSa FUNCTIONS 


333 


38. Shaw that 

2 r( 


7*,” (<«»#)= 


:’(»+m+l) r ooB{(» + |)8-^tr + ^mir } ^ V-4m ^ oog{(}n.|)tf 
Vir r(» + J) L (2sin8)i 2(2» + 3) (2Biii8)t 

, (l«-4m*)(^-4m‘) coe {(n+|) 8-fw+4mir} . 1 

■^2.4.(2»+“3)(2«+5) (3ainfl)t J’ 

obtaining the ranges of values 6f m, n and 6 for which it is vidid. 

(Math. Trip. 1901.) 

39. Shew that the values of n, for which (cos $) vanishes, decrease as 0 iD<»'eases 
from 0 to IT when m is positive ; and that the number of real zeros of /*,~”^(cos 0) for 
values of 0 between w and ir is the greatest integer lees than n— m + 1. 

(blaodonald, Proc. London Math. Soe. xxxi, xxxiv.) 

40. Obtain the formula 

~ I * [1 - 2A {oofl a cos 0 +ain « sin tft cos (d* - d)} + A*] “ ^ cW— S A*P;, (cos m) (cos (ft), 
'or J -It »so 

(Legendre.) 

41. It / (x) » (j7 ^ 0) and /(x)= — x*(x<0), shew that, if f{x) can be expanded 
into a uniformly convergent series of L^endre polynomials in the range ( — 1, IX 
expansion is 

m-\p. tv* 

(Trinity, 1893.) 

(T “ J/” 


42. If 
shew that 


<7*" (arxi - (x* ' 1 )^ (Xj* - 1 cos (ft) 

r(2i.-l) « .4‘r(n-X + l)|r(r + X)}»(2>'+a-l) 

{r(v))» ' r(»+2.+x) 

X 1)‘* (v- 1)** c;!* (*.) t’;-* (C08 0). 

(G^enbauer, Wiener SiUunffsberiehte, cu. (1893), p. 942.) 

where «, ie the le&st root of (• — 3t£+l=0, shew that 

(2* + 1) <r, - 3 (2» - 1) , + 2 (» - 1) (r,_ s*0, 


4.3. If 


and 


4 (4s* — 1 ) <r,'" + 144£*ir«" - £ (12»*— 24n - 291 ) a,' — (» — 3) (2n — 7) f2n + 6) o-, — 0, 


where 

44. If 
ehew that 


■ <fc> 


, etc. 


and 


(Pinchorle, Rendiamti Lineei (4), vii. (1891), p. 74.) 
(A»-3A»+1)'*- * K(»)A*, 

•aO 

2 (» + l) fJ... - 3(2«+l)i*. + ;2i»- 1) 
nil. + — iff.' =0, 


4 (**-l)iJ,"+96*>/I."-» (12n*+S4n-91)ii. -n(2n+3) {2n+9)i8.*0, 




el»«. 


, etc. 


(Pincherle, ifma. Itt. Botogwi (6), i. (1889), p. 337.) 


where 
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45. If 






2*« ! (<2?“^) 

obtain the recurreDoe-fcMiDulA 

(Sohende), JowrruU fUr Math, Lzxx.) 

46. If n 18 not n^atire and m la a poaitiire integer, shew that the equation 

(j‘-l)^+(2«+2)x^-ii»(m+2« + l)y 

haa the two aolutiona 

when X is not a real number suoh that 1 ^ x ^ 1. 

47. Prove that 


48. If 


w<=o *»» J 


rCUre, 1901.) 


sbewthat (», “)i 

where /’,(*, a) is a polynomial of degree « in x ; and deduce that 

P ,*\ (*i “)• 

49. If (x) be the coefficient of r* in the expansion of 

^ihz ^ 


(Trinity, 1905.) 




in ascending powers of Zj so that 


o_8_ tj 

P , (*) = 1. -fi <*)-*, ^» (•*)= g - , etc., 

shew that 

(1) Fti (x) is a homograeous polynomial of degree n in a and h, 

( 2 ) 


( 8 ) 


/>■ 


(x) (fxcO 


(»>!), 


(nitlX 


(4) If y—a,Fi, (x)+o,A',(x)+Oifj(x)+...,where Oo, Oi, Oj, ... are real constants, 
fFv 

then the mean value of in the interval from x» - A to +A is o^. (L^ut4.) 

50. If (x) be defined as in the preoeding-^iample, shew that, when - A <x <A, 

W-( -)- 2 ^ ^008 «» T + “r+-) ' 


£»i» + l / 

^a.*.W-(-)"2^,-,(. 


A^** / . a-X 1 SirX , 1 . 3wX 


SirX , 1 . 3wx . ^ 


(AppelLX 



CHAPTER XVI 


THE CONFLUENT HYPEBGEOMETRIC FUNCTION 


16'1. The oonfiiwemee of two singularities of Riemanti’s equation. 

We have seen (§ 10'8) that he linear differential equation with two 
regular singularities only can be integrated in terms of elementary functions; 
while the solution of the linear differential equation with three regular 
singularities is substantially the topic of Chapter xiv. As the next type 
in order of complexity, we shall consider a modified form of the differential 
equation which is obtained from Riemann’s equation by the confluence of 
two of the singularities. This confluence gives an equation with an irregular 
singularity (corresponding to the confluent singularities of Riemann’s equation) 
and a regular singularity corresponding to the third singularity of Riemann’s 
equation. 

The confluent equation is obtained by making c --*■<» in the equation 
defined by the scheme 

1 0 00 c I 

^ + m — c c — k 

j-m 0 k i 


The equation in question 
d’u 




ds 


du (k i—nr‘\ 


(A). 


We modify this equation by writing B=>e and obtain as the 

equation* for 


d^W 

<(*• 


+ 


1 k 

•, + - + 



W = 0 


.(B). 


The reader will verify that the singularities of this equation are at 
0 apd 00 , the former being regular and the latter irregular ; and when 2in 
is hot an integer, two integrals of equation (B) which are regular near 0 and 
valid for all finite values of s are given by the series 







^+m-k {i + m-k)(i + m-k) 
l!(2m + l) 2I(2m+l)(2«H-2) 



This aqinfloB wu |^r*n b; Wbittsksr, Bulletin ^imrican Math. Soe. x. (1904), pp. US-Ui. 
W. M. A. 32 
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^ ^l!(l-2m) ^ 2:(1 -2m)(2-2m) • 

These series obviously form a fundamental system 6t solutions. 


[Note. Series of the type in { } have been ooustdered by Kummer* and more recently 
by Jacobsthalt and Barnes { ; the special series in which i^O had been investigated by 
Lagrange in 1762-1765 {Oeuvret^ 1. p. 480). lu the notation of Kummer, modified by 
Barnes, they would be written <} ; the reason for discussing 


solutions of equation (B) rather than those of the equation z 


of 


which iFi (a; p ; z) is a solution, is the greater appearance of symmetry in the formulae, 
together with a simplicity in the equations giving various functions of Applied Mathe> 
matice (see § I6i!) in terms of solutions of equation (B).] 


Kummer' 8 formulae. 

(I) We shall now shew that, if 2m is not a negative integer, then 


■ ^ ‘ (^) = (- ‘ (- z), 

that is to say, 

.-ill , i + (| + m-A)(| + TO -^) 

(■^11(27/1 + 1) 2! (2771 + 1) (2m + 2) 

— 1 \ + m + k (1^ + TO + A) (I + 771. + ^) 

1!(277. + 1) 2!(2r« + l)(2m + 2) 




For, replacing e~* by its expansion in powers of z, the coefficient of x* in 
the product of absolutely convergent series on the left is 




k, — n ; 


2m + 1 ; 


(— )“ r (2771 + 1) r (to + -J + fc + n) 
71 ! r (m + J + 1;) r (2 to + 1 + ti) ’ 


by § and this is the coefficient of x" on the right§; we have thus 

obtained the required result. 


This will be called Kummer’s first formula. 


(II) The equation 

(r) = 1 1 + 2v'.p!(to+1) (toT 2 ) “ (to^)} ’ 

valid when 2m is not a negative integer, ii|ill be called Kummer’s second 
formula. 

To prove it we obeerve that the coefficient of *«+’n+i in the product 

Sw+l; *), 


• Journal JUr Math. XT. (1836), p. 189. 
t Math. 47tR. tm. (1903), pp. 139-184, 

4; Trant. Comb. Phil. Soe. xz. (1908), pp. 388-379. 

S Thermultia (till true when m+i + t ie a aegative integer, e lUgbt modifleatlon of the 
eDaljtds of g 14 '11. 
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of which the second and third factors possess absolutelj convergent expansions, is (§ 3'73) 


n 1 (2ro+l) (2 bi+ 2) ... (2m+») ^ ’ 


-Zm-n; — n + J 


m; i) 


n 1 (2t» + l) (2m4-2) ... (2m + n) ' - * 


-m-ln; — 1), 


by Kummer’s relation* 

F(2a,2ff; o+^+i; o + /9+i; 4r(l-ir)}, 

valid whenO<jr^|; and «o the coefficient of (by § 14'I1) is 

+ m)(i +m) .. . (n-m+ i) r(-n+ i -m)r (i) 

n! (2m + l) (2in + 2) ... (2m + n) r(J — m — ^)r(i — Jn) 

r(^-»i)r(^) 

”« ! (2m + 1) (2m+2) ... (2»i + n) r (i — wi- T (i - i™) ' 

and when n is odd this vanishes ; for oven values of ji(=2p) it is 


2pl 2»r (m + i) (m + J)... (m+p-i) (m + l)(m+Z) ... (m+p) r(J-m -p) 

1.3...(2p-l) ^ 1 

”2p ! 2*0 (m + 1) (m + 2) ... (m+p) . p] (m + 1) (m + Z) ... (m+p)' 


16'12. Definition f of the function {i)- 

The solutionfl of equation (B) of § 161 are not, however, the 

most convenient to take as the standard solutions, on account of the 
disappearance of one of them when 2wi is an integer. 

The integral obtained by confluence from that of § 14-6, when multiplied 
by a constant multiple of is^ 

{e) 

It is supposed that argx has its principal value and that the contour is so 
chosen that the point t • — z is outside it. The integrand is rendered one- 
valued by taking | arg (— f) | < w and taking that value of arg (1 -t- t/z) which 
tends to zero as t -» 0 by a path lying inside the contour. 

Under these circumstances it follows from § 5'32 that, the integral is an 
analytic function of z. To shew that it satisfies equation (B), write 

* «e 

* Sm Ohipter nv, examples 12 end It, p. 298. 

t The fnnetioa IT),,, (i) woe deOiied hr meona of on intogtsl in this manner by Whittaker, 
loe. cat. p, US. 

t A enitaUe eontonr hoe been ehosen end the varioUa t of 1 14-6 replaced by - (, 

23—2 
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and we have without difficulty* 


d'v 

dr* 




J - m* + A(A:— 1) 


= 0, 


fc-l+m 


-)• 


e~*\- dt 


aince the expreaaion in { J tenda to zero aa t + <n ; and thia is the condition 
that e~i***t) should satisfy (B). 

Accordingly the function iri.*,(z) defined by the iptegral 

is a solution of the differential equation (B). 

The formula for (i) becomes nugatory when A: — ^ — to is a negative 
integer. To overcome this difficulty, we observe that whenever 

R 

and k — ^~m is not an integer, we may transform the contour integral into 
an infinite integral, after the manner of § 12'22 ; and so, when 

Ji(k 






This formula suffices to define Wi,„(z) in the critical cases when 
TO + 3 - fc is a positive integer, and so ITj „ (s) is defined for all values of 
k and m and all values of t except negative real valuesf. 

Example. Solve the equation 

dhi 


<fe> 




in tfinns of fonctiona of tbe t^pe ( 2 ), where a, c are an/ cx’niitantav 


16-2. Expression of various functions hy functions of the type If*.* (*). 

It has been shewn J that various functions employed in Applied Mathe- 
matics are expressible by means of the function If*.* (r) ; the following are a 
few examples : 

* The diflereoUationi oucler tiie ngu of hitegntfon an hgitimato I? 1 eot^lstj. 

t When t u leal and negative. »*.„(t) may he dcAoed to bS eitl|« m 

“ ^)* whieheror is more oonveuMot. 

X Whitt^cer, Bwfleftn Amerimn Math. Soc. %. ; this paper con tains a uora 
than M givsn here. 
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(I) The Error function* which occurs in connexion with the theories of 
Probability, Errors of Observation, Refraction and Conduction of Heat is 
defined by the equation 

Erfc(a!) = | e-‘*dt, 

where x is real. 

Writing — 1) and then w^tjx in the integral for 

we get 

=• e~^ds, 

and sp the error function is given by the formula 

Erfc (*) j(ir“). 

Other integrals which occur in connexion with the theory of Conduction 
of Heat, eg. j « " ** " dt, can be expres-sed in terms of error functions, and 
so in terms ofWt,m functiona 

Example. Shew that the formula for the error function is true for complex values of x. 

(II) The Incomplete Oantma function, studied by Legendre and othersf, 
is defined by the equation 

7 (n, x)= f t’’~'e~'dt. 

Jo 

By writing t = e — x in the integral for (x), the reader will 

verify that 

7 (n, «) - r (n) - e - 4* . jj, j, (*). 

(III) The Logarithmio-integrai fvnction, which has been discussed by 
Euler and otheisj, is defined, when | arg {— log r) | < vr, by the equation 




Thii name is also applied to the hmetion 

Brf(*)= J“e-^d»=^-Krfc(*). 


f Legendre, Sxenicet, i. p. SSS ; HoSevar, ZeUtciri/l fOr Hath, and Pkyi. xxi. (1676), p. 448 ; 
Sohltmileh, Zeileehrift fUr UaOt. tmd Pkfe, an. (1871), p. 881 ; Pipm, Journal /Or Hath. uxxn. 
(1877), p. 166. 


t Enter, hut. Cale. Int. i.; Soldner, Homttlioke Corretpondent, von Each (1611), p. 188; 
Briefutehetl neUektn Oautt uad Beeeet (1880), pp. 114-180; Beesel, Kdnigtierfer dnhiv, j. (1618), 
pp. 869-406; Iiagaem, BuUetfu de la Soe. Hath, de Pranee, m. (1879), p. 78; Stidtjes, dm. de 
I’Aele Mom. tup. (8), m. (1886). Hie logaritbraio-istegral tnnction is of oonsidsrable importanae 
in the higher parts ti the Thaoip of Prime Mnmben. See Landaa, PriMuaUeu, p. 11. 
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On writing s - log z = u and then m = — log t in the integral for 
it may be verified that 

li(z) = -(- logz)“lziW_j „(- 'og*)- 

It will appear later that Weber’s Parabolic Cylinder functions (§ 16‘5) and 
Bessel’s Circular Cylinder functions (Chapter XVll) are particular cases of the 
function. Other functions of'like nature are given in the Miscellaneous 
Examples at the end of this chapter. 

[Notk. The error function has been tabulated by Encke, Berltntr ait. Jahrbuck, 1834, 
pp. 248-304, and Burgess, Tram. Roy. Soc. Edin. xixix. (1900), p. 257. The logarithmic- 
integral function has been tabulated by Bessel and by Soldner. Jahnke und Emde, 
FuritioMntafrln (Leipzig, 1909), and Qlaisher, Factor Tahiti (London, 188.3), should also 
be consulted.] 


16‘3. The asymptotic etrpansion of W*,™ (*), whsn j^} is large. 

From the contour integral by which TT* (z) was defined, it is possible 
to obtsdn an asymptotic expansion for valid when |argz| < tt. 

For this purpose, we employ the result given in Chap, v, example 6, that 


(-D‘- 


, xt 
1 -1-7 - + 
1 z 


jn 


where 


-Rn («.*) = 


X(X-l)...(X-»), 




du. 


Substituting this in the formula of § 16'12, and integrating tenn-by-term, 
it follows from the result of § 12’22 that 


n. (.) . 1 - M 1 1 + * K (t- >r) ly - 1- PI 


+ ... 


lU ' 21z* 

->• - (fc - \m>-{k-\y}...[m'-{k-n + m 

n I »■ 


+ t^-k + Y+m)j„ ‘ 

provided that n be taken so large that R — | + TOj>0. 

Now, if I arg * j « TT - a and I z | > 1, then 

1 <i(l -)-f/z)|<l -t-f B(z)>01 
I (1 + t/z) I > sin a R (z) < Oj ' 

and 80 * 




X(X-l)... (X-a) 
n ! 


(1 + (ooseca)!*! J tt»(I -f u)!*! (i«. 


• It is nsnwsed that X is real ; tbs insguUty bst to be digbtly modiflsd lor oomplez nines of X. 
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Therefore 
\K(t, *)| 

< I I (1 + <)l>l(co9ec a)i*' 1 (t/z) |“+' (1 + «)'*' (n + 1)-’. 

since 1 + u < 1 + «. 

Therefore, when ! * 1 > 1, 

= 0 («-“-*), 

since the integral converges. The constant implied in the b_yrabol 0 is 
independent of arg z, but depends on a, and tends to infinity as a— »0. 

Thnt is to say, the asymptotic eapansion of Wt^,n{z) is given hy Ote formula 

W |l + 2 - <^' - *>*1 \m ' - (k - jiVi ... \m’-<k~n + j)*] [ 

* 1 nti n'.z’ .] 

for large values ofjzl when j arg z 1 < tt — a < w. 


16'31. The second solution of the equation for Ws, „ (z). 

The dififerential equation (B) of § 16’1 satisfied by lF’t,„(r) is unaltered if 
the signs of z and k are changed throughout. 

Hence, if | aig (- r) | < w, (— z) is a solution of the equation. 

Since, when ( arg r | < ir, 

(1 + 0 (^- 1 )], 

whereas, when ) arg (-•*)|<w, 

„ (- r) = «*' (- .r) - * 1 1 + 0 (* - >)1. 

the ratio TTi (s)/ ir_t „ (— *) cannot be a' constant, and so and 

form a fundamental system of solutions of the dififerential 

equation. 


16‘4. Oontour integrals oj the Meltin-Bames type for («) 
Consider now 


r(s)r'(-«-<i:-TOd-i)r(-s-l; + m + i) 


2in‘ 


/: 




z‘ds,..{C), 


where ] arg * 1 < | w, and neither of the numbers ifc ± m + 1 is a po(iitive integer 
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or zero* ; the contour has loops if necessary so that the poles of T (») and 
those of r - i - w + 5 ^ r a — i + m + are on opposite sides of it. 
It is easily verified, by § 13‘fi, that, as a— »oo on the contour, 
r(a)r(-a-ifc-»»+^)r(-a-i:+»» + ^)-0(«-«'>l|a|-®*-f), 

and so the integral represents a function of a which is analytic at all pointsf 
in the domain |arga |<j7r-a<gir. 

Now choose N so that the poles ofP^— a — A— m + a— + 

are on the right of the line iJ (a) = — JV— | ; and consider the integral taken 

round the rectangle whose comers are ± ft, — N— ^ ± fi, where f is positive J 
and large. 

The reader will verify that, when |arga|s?w — a, the integrals 
r-N-l-t* 

tend to zero as f-»oo , and so, by Cauchy’s theorem, 

f"' a— fc + m-t- i) . 

2^1 J_«, r(— 4r— m + J) !'(— A + 7» 



1 r^-i-*'”' r(a)r(-a-I:-T» + i)r(-a-I- + m + i) . I 
2inj r(-Ar-»t + i)r{-* + wi+4) r 

where Il„ is the residue of the integrand at a ~ — n. 

Write a = — N — <2 + ft, and the modulus of the last integrand is 

where the constant implied in the symbol 0 is independent of a. 

Since ( €"••'■ j t converges, we find that 

* In th«*e «auB the eeriee o( f 16-8 terminate! and fti « (•> it a eombination lA elemantaiy 
funstioiu. 

t The integnl le rendered one-tnlsed when ii tr).cO by qweitying arg r. 
t The line joining may have loope to avoid polet of the integrand at axplained above. 
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16 * 4 ] 


But, on calculating the residue Rn, we get 

tf _ r(n-fc-m+ i)r(« - + TO + i) 

u 1 P ( — k — w + ^)P(— Aj + 7u + ^) 




{»»»-(<; - jy] lm'-(k - 1)«1 ■■■ {m» - (fc-n + i)») 


and so I has the same asymptotic erpanston as Wt,m (■*)■ 

Further I satisfies the differential equation for for, on 

substituting j P (*) P — 4 — »H- P — i + to + z’ds for e in 
the expression (given ip § 16‘12) 

we get 

J (s) P s — TO + r — i: + TO + «*(i* 

— J r(« + l)r^— « — i — TO + I^P^— s — + m + s'*'ds 

/rro r(«)r(-s-/fc-TO+?)p(-«-ik+m+i)s*£i«. 

Since there are no poles of the last integrand between the contours, and 
since the integrand tends to zero as | » | —» « , » being between the contours, 
the expression under consideration vanishes, by Cauchy’s theorem ; and so 
I satisfies the equation for 

Therefore (i) + BF 1 ). 

where A and B are constants. Making |x| — » w when Ji(s) >0 we see, from 
the asymptotic expansions obtained for I and z), that 

.4=1, B*0. 


Accordingly, by the theory of analytic continuation, the equality 


persists for all values of z such that [argx|<7r; and, for values* of argz 
such that w < I arg z | <|’r, ^*,w (^) may be defined to be the expression I. 
Example 1. Shew that 




i J -mi ^ 


Sirl 


takdn Along a auitablo contour. 


* It vonH h«Te been pomlble, Iqr modifying tbe path of integntiaa in % 16'S, to lure lAeiro 
that tbAt integnl eould be nude to define in uulTtio fonetion when {iirge{<4e‘> But the 
mder eriU ue Uut it U unneoesaAry to do «o, as Bmrn^ intei^l Affords a simpler definitioD 
of the fonotioQ. 
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Example 2. Obtain Bajues’ integral for by writing 


1 r 

2jr!y.„ 


for (1 in the integral of ^ ie'12 and changing the order of integration. 

16‘41. Rslatiom between ««<i jl/j, ±„(^). 

If we take the expression 

Ii'(s) = r(sir s — fc — m + r s — fc + m + ij 

which occurs iri Barnes’ integral for Wt_„(e), and write it in the form 

w>r(s) 


r(« + ^ + m + J)r(s + I- — m + J)coe(s + 1- + m) it cos (s + k - m) tt ' 
we see, by § 13'6, that, when R (s) Js 0, we have, as [ s ) -♦ » , 

F(s)=0 l^exp 1^— ^ — I “ log s + sj J sec (s + <; + »i) w sec (s + If — m)'7r. 

Hence, if |argx|<|ir, jF(s)e‘da, taken round a semicircle on the 

right of the imaginary axis, tends to zero as the radius of the semicircle 
tends to infinity, provided the lower bound of the distance of the semi- 
circle from the poles of the integrand is positive (not zero). 


Therefore 


’ ~ f (- k -m + irr (- it + m + J) ■ 


where SB' denotes the sum of the residues of F(s) at its poles on the 
right of the contour (cf. § 14'5) which occurs in equation (C) of | IG i. 
Evaluating these residues we find without difficulty that, when 
!argzl<?7r, 

and 2m is not an integer*, 

“ r(i-m-fc) ^ rJi + m-ic) 

Example 1. Shew that, «h«n {Arg( — e) {<^ir and is not an integer, 

w f r( — 2m) jj r (8 w) j|- f — b\ 

(Bamesi.) 

Example 2. When - < arg z < Jir and - |7r < arg ( - z) < Jtr, shew that 

If [-'ll! IT f ill r(2ni+l) wr /.s 

* When 2m is an int^er tome of the poles are generally docble poles, and their re^doea 
ioToWe logarithms of s. The result has not been proved when is a poaative integer or 

Bwo, bat may be obtained lor sneh values of k and m by comparing the terminating seriM fmr 
(*) ihe series for 

t BameV lesnlis are gives in the notation explained in 9 16'1. 
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ExampU 3. Obtain Kumtoer^fi finrt formula (§ 1611) from the result 

(Barnes.) 

16'6. The parabolic cylinder /unctions. Weber’s equation. 


d {d(wzi)] f 1 2i; I) i 


Consider the differential equation satisfied by «i => s ~ f ^ *’) ; 

it is 

ede 

this reduces to 

Therefore the function 

satisfies the differentia] equation 

Accordingly Dn (^) is one of the functions associated with the parabolic 
cylinder in harmonic analysis*; the equation satisfied by it will be called 
Weber’s equation. 

From § it follows that 

D U) - M A A 

'“jn+i.-i Viw ^ r(-in) 

when I arg r 1 < ® ir. 

But = -I- 

and these are one-valued analytic functions of ^ throughout the s-plane. 
Accordingly D„ (s) is a one-valued function of e throughout the s-plane ; and, 

o 

by § 16'4, its asymptotic expansion when | arg s | < j w is 


-*'V|l -- 


(n — 1) n(n — l)(n — 2)(« — 3) 




16'61. The second solution of fTeher's equation. 

Since Weber’s equation is unaltered if we simultaneously replace n 
and * by — n — 1 and ± it respectively, it follows that (u) and 
(— it) are solutions of Weber’s equation, as is also D, (~ »). 

* Web«r, Muth* -inn. i. (1869), i^. 1'^; 'WbitUker, Proc. London Math, 5oe« xxxv. (1908), 
pp, 417-4S7. 
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It is obvious iW>m the asymptotic expansions of Dnit) and D-n-iCw*”), 
valid in the range — jTt < arg r < i ir, that the ratio of these two solutions is 
not a constant. 

16'611. The relation between the fmctions (± tx). 

From the theory of linear differential equations, a relation of the form 
Bn (z) = aZ)_n-, {iz) + bD-n-l (- «) 

must hold when the ratio of the functions on the right is not a constant. 

To obtain this relation, we observe that if the functions involved be 
expanded in ascending powers of z, the expansions are 


and 


“1 


+ b 


'T(i+>«) + r(i + in) 
(r(^)2-t”-* r(-i)2-*"-^ 


iz + 




r(l+in) r(i + in) 

Comparing the first two terms we get 

a = (2w)-*r(n + l)e^"« 6 = (2w)-* r(n + 1) e'*"”, 

and so 

16'62. The general asymptotic expansion of Dn(z). 

So far the asymptotic expansion of B„ {z) for large values of z has only 
been given (§ I6'5) in the sector [argr | < | w. To obtain its form for valued 

of arg z not comprised in this range we write - it for z and — n — 1 for ti in 
the formula of the preceding section, and get 


Bn(z) = ^^D„(-z) + 


r(-»)‘ 


Now, if j IT > arg x > i ir, we can assign to - x and — ix arguments between 


±?7r; and arg (— x) = arg x — w, arg(— tx) •= argx — i w; and then, applying 
the asymptotic expansion of § lfi'5 to Bn(—z) and B-n-i (—iz), ve see that, 
if |ir>argx>iw, 

Bn(z) - jl - - ■■■} 

fi . (n + l)(n + 2) 

r(-n)* 2ii 

, (n + l)(» + 2)(n + 8)(n + 4) I 
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This formnlft is not inoonsistent with thst of § 16-6 since in their oomnKm range of 
validity, -vis. ^ir <atgs<|w. «-»»-i is o(z“*) for all positive values of si. 

To obtain a ibrmula valid in the range — j vr > arg s > — | vr, we use the 
formula 

Z).(s) - «-"'«!>, (-*)■«- + l>-,-i(«), 

and we get an asymptotic expcmsion which differs from that which has just 
been obtained only in containing e'"" in place of s"". 

Since D.(s) is one-valued and one or other ot the expansions obtained 
is valid for all values of arg z in the range — w ^ arg r ^ ir, the complete 
asymptotic expansion of Z>, (z) has been obtained. 


16-6. A contour tnUffral for {<). 

/ (o+) 

« (-<)-•-* rfi, where j arg (-<)[<»■ ; it represeotfi a ooe-valued 

analytic function of t throughout the r-plane (§ 5*3S) and further 

the differentiations under the sign of integration being easily justiffed ; accordingly the 
integral satisfiee the differential equation satisfied by and therefore 

e - I'**' . - - 1'* ( - f)— > dt-aO, (i)+6i)_._, («), 

where a and b are constante. 

NoWy if the expression on the right be called we have 

E^{0)- 'ift, A'(0) = 

To evaluate these integrals, which are analytic functions of n, we suppose first that 
Jt{n)<0; then, deforming the paths of int^rstion, we get 

£,{0)^—3iam{n + l)K j e~i**t~“~'dt 

— 8 ~ 1" I sin HIT j e“" i* " ~ ' du 

=- 2 " i sin (nir) r ( — i«). 

Bimilarly (0) — - Sl " 4" t sin (aw ) r (i - Ja). 

'Both sidss of these equations being analytic functions of a, the equations ate true f<a 
all v^nes of a ; and therefore 

h^O, a— 8 ~ 4" i sin (aw) T ( - 4a) 

r(t)s** 

—Sir (-a) sin aw. 

Umfon D, («) - - e - 4»* e - *« - 4*’ ( - 1) -• - « rft 
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16*61. Recurrence formulae for Rn(e). 

From the equation 

= z (- 1)—' + (- «)- + (n + 1) (- e- “ - 

after using § 16*6, we see that 

D„+, (z)-eDn(z) + n Dn-i (e) ■» 0. 

Further, by differentiating the integral of §16*6, it follows that 
Rn(z) + jzl>n(e)-n (r) * 0. 

KxampU. Obtain these results frum the ascending power series of § 16 9. 


16*7. Properties of D„ (.t) uihen nis an integer. 

When n is an integer, we may write the integral of § 16*6 in the form 


D.W = -- 


n /•«>+) 


If now we write t ^ 


2fft 

= t - we get 


ff 


(-«)" 


dt. 


i)„ (/) = (-)" 


2m J 


e-i"’ 


a result due to Hermite* 

Also, if m and n be unequal integers, we see from the differential 
equations that 

Pn (e) D„" (z) - i>„ (z) D„" (z) + (m-n)D„(z)Dn (^) = 0. 

and so 

(m-n)J ^ D„ (z) P„ (z) dz = |^Z), (z) i>„' (z) - 2)* (z) P„' («) j 
= 0 , 


by the expansion of § 16*5 in descending powers of z (which terminates 
and is valid for all values of arg z when n is a positive integer). 

Therefore if m and n are unequal positive integers 



D„(z)D^{e)dz 


0 . 


ffimj/eei Bttulut, urm. (IBM), pp. tSe-rfS. 
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On the other hand, when m «■ n, we have 

J 

n+l (i)+i «!),+, (r)|dr 
= [i)„ (z) (^)j + f |i zD„ (z) iz) - Z)„+. (z) D„' (i!)| dz 
= f {Dn»(z)}'dz, 

J —00 

on using the recurrence formula, integrating by parts and then using the 
recurrence formula again. 

It follows by induction that 

f iD„(z)]'dz = n!f {D,(z)}‘dz 

J — 4B J —9 

= n! J e~^‘*dz 
“ (2‘7r)ln!, 

by §1214 corollary 1 and § 12'2. 

It follows at once that if, for a function f{z), an expansion of the form 
/(z) - a,D,(z) + a,Di{z) + ... + a„D„{z)+ ... 

exists, and if it is legitimate to integrate term-by-term between the limits 
— 00 and 00 , then 

“ (210*^ 
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Miscellaneous Examples. 

1. Shew that, if the integral ia convergent, then 

2. Shew that lim /^(1+m-i:, i + «— 2m+l;»/p). 


3. Obtain the recurrence formulae 

‘n. W'*, «(*)- 


4. Prove that IPk,«i( 2 ) U the int^ral of sa elementary function when either of the 

numbers is a negative integer. 

5. Shew that, by a suitable change of variables, the equation 

(a, + Jvr) ^ + (a, + i, JT) ^ + (a„ + in j:) y - 0 
can be brought to the form 

derive this equation from the equation for /'(a, b; e; x) hy writing x^^jh and making 
6*^ oc . 


6. Shew that the cosine int^ral of Schlomilcb and Beeeo [Oiomale di Moixmatiehey 
VI.), defined by the equation 

Ci(r)=/;5f'*, 

Uequalto |F_ j „( -tt)+ir- i *- *•' -i'* ir_j_p(«). 

Shew also that Schldmiloh’s function, defined {Zeitxchrift fiir MatK und iv. 

(1859), p. 390) by the equations 

laeqaaito 

7. Express in terms of functions the two functions 

8. Shew that Sonine’s polTHomial, defined {Math. Ann. xvl p. 41) hy the equation 

T .f.\- »* _ »*“• . 

“ «! (m+«)10T(n-l)l(m+«-l)I 1 ! ■'■(a-S)l («+fi-8) 1 gl“ 


is equal to 


al 
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9. Shew that the function ^„(i) defined by Lagrange in 1762-1766 {Oeuvret, i. 
p. 820) and by Abel (Omfra, 1881, p. 284) ae the coefficient of h’" in the expansion of 
(1 -A)">«~*«1i-»l 18 equal to 

10*. Shew that the FeariBon>CuQmngham functioo (Proc Royal Soc lxxzi p 310), 
defined aa 


r(« 

IB equal to 


(~^)* (n+^ — 1) (w — (»- Am— 1) \ 

i-i»n + l) i z ' ‘j » 


r(»-i«i+l) ‘ + 


11 Shew that, if |argj 1< J», and |aTg(l + l)Kir, 

- a'-yf- (1 +0 - ( 1 - * 

(Whittaker ) 

IS Shew that, if n be not a poeitive integer and if * arg r ] < jw, th^i 

and that thia result holds for all values of argx if the integral be f , the contours 
enclosing the poles of r( - 1) but not those of r (i<- Jn) 

13 Shew that, if | arg o | < Jir, 

J at 

, — , : — ^rr— m ”4**I 4TO + 4,A>n-in + l. 1- 4a“*) 

r(-m)r(im-i« + l)oi("‘ + U ' > s x-s - J i 

14. Deduce from example 13 that, if the integral is convergent, then 

Jo r(m + l) sin (i -ini) w 


15 Shew that, if n bo a positive integer, and if 


(Wataon ) 


■fi'.W 


= j _ e~*'*(r-r)-*/l. 


(»)<*, 


then 


K W- ±is’^*'*,/{2ir) r (« + l) « " ( + ur), 

the upper or lower signs being taken according as the imagman' part of if is positive 
or negative. (Watson ) 

16. Shew that, if n bo a positive integer, 

2" + » (2w) - i ^ 

where /a is ^ or ^ (n — 1), whichever is an integer, and the cosine or sine is taken as n is 
even or odd. (Adamoff.) 

* The rwults of examples 8, 9, 10 vers oommunioated to us bf Mr Bateman. 

W. K. A. 23 
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17. Shew that, if n be a poaitiTe mtegar, 

(*)“(-)'“ (i-r)"* el***'*" 

where j 

and = (Adamoff) 

18. With the notation of the preceding ezamplea, shew that, when x is real^ 

sm ' ' * 

while ^3 satisfies both the inequalities 

,./,|<2e-"-{|xlVn}. 

Shew also that as v increases from 0 to 1, ir(v) decreases from 0 to a minimum at 
vsc 1 — A| and then increases to 0 at I , &ad as v increases from 1 to oo , s- (v) increases 
to a maximum at l+Aj and then decreases^ its limit being zero , where 

and I <r (1-A|) I < An t o’ (1 +/**] < A “0'0742 ... (Adamoff) 


19 Sy employing the second mean value theorem when neceaaarf, shew that 

where or, (jr) satisfies both the inequalities 


l<..(x)l< 


3 36 .. 


I a U'w 

when a IS real and n is an integer greater than 2. 


e**’, |-.(0)i<in-i, 


(Adamo£) 


20 Shew that, if n be positive but otherwise unrratneted, and if m be a posUwe 
integer (or zero), then the equation la z 

has m positive roots when 2»i - 1< » < 2m+l. 


(Milne ) 



CHAPTER XVII 


BESSEL FUNCTIONS- 


17'1. The Bessel coefficients. 

In this chapter we shall consider a class of functions known as Bessel 
functions or cylindrioal functions which have many analogies with the Legendre 
functions of Chapter xv. Just as the Legendre functions proved to be parti- 
cular forms of the hypergeometric function with three regular singularities, so 
the Bessel functions are particular forms of the confluent hypergeometric 
function with one regular and one irregular singularity. As in the case of 
the Legendre functions, we first introduce* a certain set of the Bessel functions 
as coefficients in an expansiom 

For all values of z and t (< = 0 excepted), the function 


4« 

e 



can be expanded by Laurent’s theorem in a senes of positive and negative 
powers of t. If the coefficient of where n is any integer positive or 
negative, be denoted by (s), it follows, from § 5’6, that 




1 

271-1 J 


( 0 +) 


du. 


To express (r) as a power series in z, write u = 2t/z ; then 

, 1 /I \* r<»+) 




■since the contour is any one which encircles the origin once counter-clockwise, 
we may take it to be the circle 1 1 1 = 1 ; as the integrand can be expanded 
in a series of powers of z uniformly convergent on thia contour, it follows 
from § 4i'7 that 

STTt r-0 r! 

Now the residue of the integrand at t = 0 is {(n by § 6'1, when 

n -I- r is a positive integer or zero ; when n r is a negative integer the 
residue is zero. 




t~^'~'e‘dt. 


♦Therefore, if » is a positive integer or zero, 
r I 


2"n 







■1) 2‘.1.2(n-H)(n-I-2) 

This jnsoedan is dm to SdiUmlkh, Ztiuehrifi JUr Hath, uad Phf. n. (1857), pp. 187-185. 

23—3 
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whereas, when n is a negative integer equal to — m. 




r!(r-m)! (ot +«)!«! ’ 


and so (r) » (e). 


The function Jn(f), which has now been defined for all integral values 
of n, positive and negative, is called the Bessel coefficient of order n; the 
series defining it converges for all values of t. 


We shall see later IT'S) that Bessel coefficients are a particular case of a class of 
fuDCtions known aa Beitel functioM. 

The series by which is defined occurs in & memoir by Euler, on the vibrations 
of a stretched circular membraDe, Ncpt Comm. Acad. Pefrop. x. (1764) [Published 1766], 
pp. 243-260, an investigation dealt a’tth below in § 16‘51 ; it also occurs in a memoir 
by Lagrange on elliptic motion, Hist, de VAcad, R. dss Sd. ds Beriiny xzv. (1769) [Published 
1771], p. 223. 


The earliest systematic study of the functions was made in 1824 by Bessel in his 
VrUersuchung det Thcils der planetaruchcn Stdningen ycdcher aus der Bemgung der Sonne 
entstehi {Berliner Abh. 1824) ; special cases of Bessel coefficients bad, however, appeared in 
researches published before 1769 ; the earliest of these is in a letter, dated Oct. 3, 1703, from 
Jakob Bernoulli to Leibniz* in which occurs a series which is now described as a Bessel 
function of order i; the Bessel coefficient of order zero occurs in 1732 in Daniel Bernoulli’s 
memoir on the oscillations of heavy chains, Comm. Acad. Sci. Imp. Retrop. vs, (1782-1733) 
[Published 1738], pp. 108-122. 

In reading some of the earlier papers on the subject, it should be remembered that the 
notation has changed, what was formerly written «/„( 2 ) being now written /•(2«). 


Example 1. Prove that if 


26(l+6») 

(l-2^-d*)»+4W 




then e^Bmbz«=AiJi {z ) + djifj («) + (r) + . . . . 

(Biath. Trip. 1896.) 

[For, if the contour D in the u-plane be a circle with centre and radius large 
enough to include the zeros of the denominator, we hare 


MO 






the senes on the right converging uniformly on the contour; and so, usiug j| 4'7 and 
replacing the integrals by Bessel coefficients, we have 


^ni 


f MO. 

Jo , 


2b 


(H) 




^ 4^ 

+ :r¥ 


dui 


1 

27ri 



du 


^AiJi(s)+AtJi(z)+AgJi(t)+,.. . 


* PnUiahed in Ltibnizm Qet. Werke, Oritte Folge, in. (HnU«, 18&6>, p. 7*. 
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Id the iDtegral on the left write ^(u — u~')— a— t, so that ts u deecnbee e circle of 
rediue <*, t describee an ellipee with semiaxes cosh $ and sinh/S with foci at -a±i; then 
we have 

the contour being the ellipse just specified, which contains the zeros Eraluating 

the int^ral hj § 6*1) we have the required result.] 

Exan^Ue 2. Shew that, when n is an int^er, 

•/.(Jl+r)” I .fm(y)<A.-inW- 

(K. Keumann and Schlafli ) 

[Consider the expansion of each aide of the equation 

ExampU 3. Shew that 

«*■ oot* — (i) ^ 2t cos (z) +2i ^ coe 24^^ (?) + .... 

Example 4. Shew that if r**=jr*+y* 

•^0 ( f ) = <^0 W 

(K.. Neumann and LommeL) 

17'11. Bessel's differential equation. 

We have seen that, when n is an integer, the Bessel coeflBoient of order n 
18 given by the formula 

G*)" r’ " I) *• 

From this formula we shall now shew that Jn{s) is a solution of the 
linear differential equation 

s-it* 

which is called Bessel's equation for functions of order n. 

For we find on performing the differentiations (§ 4’2) that 




7-Jdt 


0 , 


since t~*~' exp (t — x’/4<) is one- valued. Thus we have proved thai 

The reader will observe that s — 0 is a regular point and x=ao an 
irregular point, all other points being ordinary points of this equation. 
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ExampU 1. By difierentiatiug the ezp&neion 

('*<)_ 5 fJM 

with regard to 2 and with regard to I, shew that the Beasel coefficients satisfy Bessel’s 
equation. (St John’s, 1899.) 

ExampU 2. The function J’,™ ^1 satisfies the equation defined by the scheme 

( ,4n* flo 0 
i’j ti + l 2* 

I — 

shew that ( 2 ) satisfies the confluent form of this equation obtained by making oo . 


17 ' 2 . The solution of Bessel’s equation when n is not necessarily an 
integer. 

We now proceed, after the manner of § 16'2, to extend the definition of 
Jn ( 2 ) to the case when n is any number, real or complex. It appears by 
methods similar to those of § 17'11 that, for all values of n, the eijuation 


d}y 1 dy 
z dz 


+ 



y = 0 


is satisfied by an integral of the form 

y^z’'jr--'ezp(t-£jdt 

provided that t"““' exp (t — z'/4it) resumes its initial value after describing C 
and that differentiations under the sign of integration are justified. 

Accordingly, we define J„ ( 2 ) by the equation 

f— ■exp(«--)df. 


the expression being rendered precise by giving arg z its principal value and 
taking | arg 1 1 < w on the contour. 

To express this integral as a power series, we observe that it is an 
analytic function of z; and we may obtain the coefficients in the Taylor’s 
series in powers of z by differentiating under the sign of integration (§§ 5'32 
and 4'44). Hence we deduce that 


2»+‘in',.?o 2»’rl 

_ 2 i-Yz’^ 


i-Yz*' /■<«+) 






r=.o2’*+»-rir(» + r+I); 
by § 12'22. TliiB is the expansion in question. 
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A(mrdingly,for general vahiee of n, we define the Bessel function Jn{e) 
by the equations 

“ *0 2“+“-r!r(n + r + l)' 

This function reduces to a Bessel coefficient when n is an integer; it is 
Bometimes called a Bessel function of the first kind. 

The reader will observe that since Bessel’s equation is unaltered by 
writing — n for n, fundamental solutions are J, (i), J_b (z), except when 
n is an integer, in which case the solutions are not independent. With this 
exception the general solution of Bessel's equation is 

oy„{x)+j8J_„(x), 

where a and are arbitrary constants. 

A second solution of Bessel's equation when n is an integer will be given 
later (§ 17 '6). 


17'21. The recurrence formulae for the Bessel functions. 

As the Bessel function satisfies a confluent form of the hypergeometric 
equation, it is to be expected that recurrence formulae will exist, corresponding 
to the relations between contiguous hypergeometric functions indicated in 
§ 14-7. 

To establish these relations for general values of n, real or complex, we 
have recourse to the result of § 17'2. On writing the equation 


at length, we have 

r(o+) , 




/■(0+) / 
«7.. {■ 






df 


(*)- n (&->)»/„ (x)|. 


and so 


Next we have, by § 4‘44, 
d 


2n 


Jn(z) 


■(A). 


5 «)l - S /.’* .,p (i - 3 * 


2"+*irt, 


dt 
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Asd consequently, if primes denote differentiations with regard to • 

(B). 

From (A) and (B) it is easy to derive the other recurrence formulae 

(C), 

and Jn(z) = Jn-i(i)~~J%(t) <P). 

Example 1. Obtain these results from the power aeriea for {z). 

Erample^- Shew that 

Example Shew tnat *^ 0 " (^)* — •fi (*)• 

Example 4. Shew that 


Example 5. Shew that 
Example 6. Shew that 

17’211. Relation between two Beesel functions whose orders differ by 
an integer. 

From the last article can be deduced an equation connecting any two 
Bessel functions whose orders differ by an integer, namely 

{z-J^ (r)l, 

where n is unrestricted and r is any positive integer. This result follows at 
once by induction from formula (B), when it is written in the form 


17*212. The connexion between J»{z) and W fumtions. 

The reader will verify without difficulty that, if in Bessel’s equation we 
write and then write z = <r/2», we get 

d'v ( 1 1 — n’\ 

which is the equation satisfied by Tro,,(ar); it follows that 
* /« (r) - Ar ■ (2»?) + Bz ■ * J/o,_n (2ir). 

Comparing the coefficients of on each side we see that 


JnizY 


2®"+*»»*^*r(»+i) 
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except in the critical cases when 2n is a negative integer ; when n is half of 
a negative odd integer, the result follows from Rummer’s second formula 
(§1611). 


17*22. The zeros of Bessel functions whose order n is real. 

The relations of § 17*21 enable us to deduce the interesting theorem that 
between any two consecutive real zeros of z~'‘Jn(z), there lies one and only one 
zero* ofsr-^Jn+i(z). 

For, from relation (B) when written in the form 

^“•^..+1 (■*) = - ^ (^) l . 

it follows from Rolle’s theoremf that between each consecutive pair of zeros 
of z~^Jn (z) there is at least one zero of z~‘‘Jn+i (z). 

Similarly, from relation (D) when written in the form 

z’^‘Jn(z ) « ^ (r»***>/,v^(r)|. 


It follows that between each consecutive pair of zeros of z****' J„+i (z) there is 
at least one zero of z"*‘/„ (z) 


Further z~’*J„(z) and ^ {z-"J„(z)} have no common zeros, for the 
former function satisfies the equation 




and It IS easily verified by induction on difierentiating this equation that if 
both y and vanish for any value of z, all differential coefficients of y vanish, 
and y 18 zero by § 5*4. 


The theorem required is now obvious except for the numerically smallest 
zeros ± f of z~^Jn («). since (except for z = 0), z~"J^, (z) and (s) have the 

same zeroa But z^O is a zero of z“"J’,^^,(z), and if there were any other 
positive zero of zr”J^^(z), say f,, which was less than f, then z"*'Jn{z) 
would have a zero between 0 and which contradicts the hypothesis that 
there were no zeros of z“*‘J„(z) between 0 and f. 


The theorem is therefore proved. 

[See also 1 7'3 examplee 3 and 4, and example 13 at the end of the chapter.] 


* Proofs of this theorsm bare been given bj Bbcbor, BulL American Math, Soe, it. (1897), 
p. 208; Gegeobaa^:, MonaUh^te fUr Math* via (1897), p. 888, and Porker, Bull, Amenean 
Math* Soe* tr. (1808), p. 274. 

t This is proved in Bornside and Panton's Theory of Equations (i. p. 157) for polynomials. 
It may be deduced for any fttnotions with continuons diffmenGal ooeffloients by naing the Firrt 
Mean Value Theorem (g 4*14). 
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17'23. Bessel’s integral for the Bessel coefficients. 

We shall next obtain an integral first given by ^ssel in the particular 
case of the Bessel functions for which n is a positive integer; in some respects 
the result resembles Laplace’s integrals given in § 15’23 and § 15*33 for the 
Legendre functions. 

In the integral of § 17*1, viz. 

1 f(o+) 

take the contour to be the circle | u | = 1 and write u = e’*, so that 

Bisect the range of integration and in the former part write — 0 for 0 ; 
we get 

2w J 0 ZTT J II 

1 f' 

and so J^(s) = - \ cos (n0 — z sin 0) d0, 

V Jo 

which is the formula in question. 

SxampU 1. Shew that, when t is real and n is an integer, 

IJ'.WKl. 

Example 2. Shew that, for all values of » (real or complex), the integral 
1 /■* 

y— - I coa{n0—tmoi)dt 
V Jo 

d’y 1 dy / b»\ am net fi aN 

+ [j-pj- 

which reduces to BesBeVs equation when n is an integer. 

[It is easy to shew, by' differentiating under the integral sign, that the expreasion 
on the left is equal to 

17‘23L The modifcation of Bessel’s integral when n is not an integer. 

We shall now shew that*, for general values of n, 

J”* («)=-[ coa(n0 — sem0)d0—^^”^f '...(A), 

“fr J 0 TT Jo 

when ii(x) > 0. This obviously reduces to th6 result of § 17*23 when n is 
an integer. 

Taking the integral of § 17*2, viz. 

p«+) 


satisfies 


exp 


* Thia laralt ia dn« to Sohl&S], Hath, Am. in. (1871), p. 148. 


(‘-a)*’ 
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and supposing that * is positive, vre have, on wntmg t ^ its, 

But, if the contour he taken to be that of the figure consisting of the real 
axis from ~1 to -ao taken twice and the circle |iii = l, ihis integral re- 
presents an analytic function of ^ when R {zu) is negative as | a | -♦ oo on the 

path, 1 e when |args| <^‘rr , and so, by the theory of analytic continuation, 

the formula (which has been proved by a direct transformation for pozitive 
values of a) la true whenever il (i) > 0 

Hence 

= }«-’‘-exp {^.(u-l)|d„. 

where C denotes the circle |ai = l. and argM = -Tr on the first path of 
integration while aig u = + ir oa the third path 



Writing in the first and third integrals respectively (so that m 

each case arg t = 0), and u = e"* m the second, we have 

fr -'-^1 

Modifying the fornJer of these integrals as in § 17 23 and wnting s* for t 
in the latter, we have at once 


•7i»(x)>“- [ co8(»^ — xsin fi)d^+ -- i” 

‘•'-JQ ir Jo ' 

which 18 the required result, when ( arg s { < ^ w. 

When I arg < I hee between ^ and «, since J, (»)_»*■” ( -«), we have 

(«)- ooe («d +* ein «) «» - gm nir j «""*+* im| (B), 

the upper or lower sign hemg taken as arg (>{ir or < -^ 

When n IS an integer (A) reduose at once to Beesel’s integral, and (B) does so when we 
make use of the equation J, which is true for integer veluea of li. 
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EquAtion (A)f as already stated, is due to Sohliifli, Math. Ann. nx. (1871), p> 148, and 
equation (B) was given by ^nine, UatK. Ann, xvi. (1680), p. 14. 

These trigonometric integrals for the Bessel Unctions may be regarded as correspoDding 
to Laplace’s int^rals for the Legendre functions. For (§ 17'11 example 2) Jm{^) satisfies 
the confluent form (obtained by making n-*>® ) of the equation for (1 — 

But lAplace’s integral for this function is a multiple of 

4 * ““ 

oos^+i)(n“*)| coem^d^. 

ll>e limit of the integrand as n-*-® is and this exhibits the similarity 

of Laplace’s integral for P,,*" (r) to the Bessel-Schlafii integral for (z). 

Ezxtmpl^ 1. From the formula / * ^-ixcos* ^ change of order of 

MT J —w 

migration, shew that, when n is a {xmitive integer and cosd>0, 

P, (coa e)j‘dx. 

(Callandreau, Bull, des Set. Math, (2), iv. (1891), p. 121.) 
Ezoamjde 2. Shew that, with Feri'era’ definition of (coe d), 

when H and m are positive integers and cos Sp-O. 

(Hobson, Proc. London Math. Soc. XXV. (1804), p. 49.) 


17'24. Betsel /unctions whose order is half an odd integer. 


We have seen (§ 17-2) that when the order n of a Bessel function ./»(z) 
is half an odd integer, the difference of the roots of the indicial equation at 
z = 0 is 2re, which is an integer. We now shew that, in 8ucl> cases. (z) is 
expressible in terms of elementary functions. 


For 


jr^(z) 


2*zif z» z* 

.^i r 2.3'^2.3.4.6 



and therefore (§ 17’211) if is a positive integer 

r (-)*(2z)*+* d* /'8inz\ 

On differentiating out the expression on the right, we obtain the result that 
A+i (*) “ ^* sin z + Q, COB z, 
where J**, Qi arq polynomials in z”f 


Example 1. She* that J-^ (z)~ 



coaz. 
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SmmpU S. Prove bj indiiotioD that if i- be as integer and n— ir+}, then 


+ ain (a-^ne-Jr) X 


(-)--(4n«-l»)(4n»-3«) ... (4n«- (4r-8)«}' 


O’ 

the sammations being continued ae far as the terms with the vaniahing factors in 
the numerators. 

Examfle 3. Shew that ia a Bolution of Beaael’a equation for 


't+i 


«■ 


Example 4. Shew that the aolution of +y “0 


p*0 * * 


where Cq, c,, ... are arbitrary and oo, a,, ... at„ are the roota 


(LommeL) 


17'3. ffankel's conlour integral* /or J„ (i). 

Consider the integral 

ra+.-l-) . 

(t* — l)""*coe(tt)df, 

where is a point on the right of the point (=1, and 
arg(t— l)»=argi< + 1)*«0 

at A ; the contour may conveniently be regarded as being in the shape of 
a figure of eight. 

We shall shew that this integral is a constant multiple of Jn{*)- It is 
easily seen that the integrand returns to its initial value after t has described 
the path of integration; for(t- 1)""I is multiplied by the factor e*"~*'"after 
the circuit (1 +) has been described, and (f + 1 " I is mnltiplied by the 
factor e“»*-o " after the circuit (— 1 — ) has been described. 


Since 


2 

,r« (2r>! 


converges uniformly on the contour, we have (§ 4*7) 

» (— fd+.-i-) 




To evaluate these integrals, we observe firstly that they sue analytic 
functions of « for all values of n, and secondly that, when > 0, we 

may deform the contour into the circles [f— li = S, |f + ll = S and the real 
axis joining the points ( = ± (1 — 5) taken twice, and then we may make 
£ — » 0 ; the integrals round the circles tend to zero and, assigning to t — 1 


' Math. Jm. I. (1869), pp. 467-601. 



THE TBAN8CBNDENTAL FONOTIONS 


366 THE TBAN8CBNDENTAL FONOTIONS [OHAP. XVII 

and <+l their appropriate arguments on the medified path of integration, 
we get, if arg (1 — t*) = 0 and <* = u, 

= (,(« - i) « 1“ ' <»■ ( 1 _ t>)" - 1 dt + e - (« - i) ” J ‘ (1 _ ts)* - i * 

■B — 4i sin ir f“' (1 — <*)" “ f dt 

= — 2t sin IT J 

= 2i8in TT r r (n + r + 1). 

Since the initial and final expressions are analytic functions of n for all 
values of n, it follows from § 5 5 that this equation, proved when 


R 


(w + 5)>0. 


is true for all values of n. 

Accordingly 

* (—Y 2i sin (« + A) T-r (r + i ) r (n 4- i ) 

“ ,to ^T(^r + 1) ■ 


on reduction 


= 2»+‘ t sin (n + 2) wr (n + r (I) (r), 

Accordingly, when jf ^ 0, «>e have 

CoroUary. When we m&y deform the path of iot^pratioii, and obtain 

the result 

= r <« + rf(i) 


Example 1. Shew that, when (a +A) > 0, 




<i*)" 


r<a+A)r(4) 
Example 2. Obtain the roault 


/;•* 




Sin** <f> dgi. 


when S (») > 0, by expanding m powera of t and integrating (jj 4-7) term-by-term. 
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ExampU 3. Shew th&t when ^ (f) baB an infinite number of real seros 

[Let ir where m is zer6 or a positive integer, then bj the corcdlarj above 

Ir-Kl 

where Mr**! {1 — i*)*‘"*cos{(m+J)5r^}rfi | 

fm+l 

80, Since J<0, ttm>«in-i> «m-s>—» hence •/■«(mir+Jir) has the sign of (- )■ 
This method of proof for n^O is due to Bessel ] 

ExampU 4 Shew that if ti be real, Jm (r) has an infinite number of real zeros , and 
find an upper limit to the uumencally smallest of them. 

[TTee example 3 combined with § 17 22 ] 


17*4. Coti'Mxion hetvjten Betnel coeficientt and Leffendr^ functions 
We shall now establish a result due to Heme* which renders precise the statement of 
§ 17 11 example 2, conceniing the expression of Bessel coefficients as limiting forms of 
hy^iergeoinetnc functions. 


When |arg (1 ±i) I < IT, n is unrestricted and ni is a positive integer, it follows by 
differentiating the formula of § 16 22 that with Ferrers’ definition of 

and so, if ( arg z | < | arg (1 - iz*(n^) < tr, we have 


(l- 

r(?i + tn + l)i"*w“’** / 

1- •’‘V 

V 2»V 

' S^'.mfrCn — m+l)V 

' iiiV 


jw 


/’(-n+wi, n + l+ rn; m + 1, 


Now make cc (n being positive, but not ueceeaanly inb^Tal^ so that, if d = n^ 
continuously through positive values 


Then 


r (fH-m-pl)n~* 


r(n-m + l)n" 


‘'ll by ^ 13 6, and 


(-3 - 


Further, the (r-)-l)th term of the bypcrgeometnc senes is 
(-rCl-MaXl+a + iKj + rf)!! + 

(»n+I)(m+2) ..(m + r).r' ’ 

this IS a continuous function of 3 and the senes of which this is the (r+l)t)i term is 
easU}! seen to converge uoiforml/ in a range of values of 3 lucluding the point 3=0, so, 
by § 3 3^ we have 


Urn ( 

1 - 

«..«L \ 

2n-Jj 


which IS the relation required. 


“2" m' 


r.o (»i + l)(wi+2) ... (m+r)r ' 


£xamfUe 1. Shew tbatf 

lim j^n*“ P," ^cos W 


* The apparently diifsreiit result given la Beiue’s KugtlJ^ktwmn is due to the diffeiexne 
between Heine's asaodated Legendre funetico and Ferrera’ function. 

t The apedal eaae of this when msO was given by Mehler, Journal fiHr Uatlk. uvni. (1668), 
p. 140; see also IfatA. dim. v, (1672), pp. 141-144. 
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Exmnple 2. Shew that Besael'a aquation ia the confluent form of the equationa 
defined b; the echemes 

{ Oooci I 0 <o e 1 rO oo 

n ie i+tc r , n ^ 0 il, ^ i(e-») 0 r*l) 

-V, -w J-ic l-» 4 - 2 «! 2 * 0-1 J l-in - 4 (‘=+*) **+l J 

the conBuence being' obttuned by making c-»-«! . 

17‘6. Asymptotic series for (a) when | a j m large. 

We have seen (§ 17'212) that 


Jn(e)=: 


a* 




1 8 

where it is supposed that | arg a ) < w, — ^ ir < arg (2ta) < j ar. 

But for this range of values of a * 

3 I 

by § 16'41 example 2, if — j ir < arg (— 2ta) <^Tr-, and so, when j arg 2 1 < ir, 

+ (- 2M)i. 

But, for the values of a under consideration, the asymptotic expansion of 
W„,„ (± 2ta) is 

* t - 8« + 2!(t(ta)> *••• 

(±1)-147*^- 1 ») i4.n«-3 »l ...[*«>- (2r - 1)*) ^ 
r!(8i2>- 

and therefore, combining the series, the asymptotic expansion of J„ (a), when 
|a 18 large and |arg 2 | <w, is 

■" O* i ’^ ) 


r-l 


-)’'{4)i»-l‘| {4n‘'-3») ... |4n»- (4r - l)*j 


{2r)lZ^e^ 


} 


+ sin('a--^w-iw'l i 

V * * Jr^i (2r-l)!2^-*a»“‘ J 

“ (-^i) (^ ~ 2 -i ’f) • ( 2 ) - sin ^a - ~ TiTT Trj , V„ (a) J , 

where {7, (a), — F*(a) have been written in place of the series. 


T^e reader will observe that if n is half an odd integer these 
terminate and give the result of § 17'24 example 2. 


senes 
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Even when z is not very large, the value of can be computed with great accuracy 
from this fonnula. Thus, for all positive values of z greater than 8, the first three terms 
of the asymptotic expansion give the value of Jo{t) and t/j iz) to six places of decimals. 

This a^mptotic expemsion was given by Poisson* (for «»0) and by Jacobi t (for 
general intend values of a) for real values of z. Complex values of z were considered by 
Haakel^ and several subsequent writers. The method of obtaining the expan»on here 
giv^ is due to Barnes §. 

Asymptotic expansions for Ju (*) when the order n is large have been given by Debye 
{Math. Ann. LXVll. (1909), pp 536“r>68» MUnehener Sxtzungsberichief XL. (1910), no. 5) and 
Nicholson {Phil. Mag. 1907). 

An approximate formula for Jn {nx) when n is large and 0 < :r < 1, namely 
a:* exp — J^)l 

(2,^)4 (1 -x»)* jl + v'(l - x»)!" ’ 


was obtained by Carliui in 1817 in a memoir reprinted in Jacobi’s Oe». Werke^ vii. 
pp. 189-245. The fonnula was also investigated by Laplace in 1827 in his M4canique 
CAezU V. supplement [Oeuvrez, v (1882)] on the hypothesis that x is purely imaginary. 

A more extended account of researches on Bessel functions of large order is given in 
Proe. London Math. Soc. (2), xvi. (1917), pp. 150-174. 

ExampU 1. By suitably modifying Hankel’s contour integral 17'3), shew that, when 
I arg5 j < Jir and /2 (n + i) >0, 




r(w+i) {2vzy 










A 


(■*!)’ 

'■■•'(‘-s) 


du 




and deduce the asymptotic expansion of {z) when ; i is large and ! arg z | < 

[Take the contour to be the rectangle whose comers are ±1, ±l+tiV, the rectangle 
being indented at ± 1, and make A’-*-® ; the integrand being (1 — f*)"~^ e***.] 

Example 2. Shew that, when fargx{<|«r and /^(n + i}>0, 

(*) = — 7^ f cosec ** (jj BID {z-{n-^)fp) 

r(rt + i)ir* JO 

[Write u — %icoi^ in the preceding example.] 

^ramyiie 3. Shew that, if j arg z 1 < Jir and A (n + J) > 0, then 


»*-* (1 4 *4 J~ I-"-* (1 -ivf- * dv 

IS a solution of Bessel’s equation. 

Further, determine A and B so that this may represent /.(»)■ 

(Schafbeitlin, Journal fkr Math, cxiv.) 

17'6. The second solution of Bessel's equation when the order is an integer. 
We have seen in § 17 2 that, when the order n of Bessel’s differential 
equation is not an integer, the general solution of the equation is 

aJ.,(e) + BJ^n(e), 

where a and /3 are arbitrary constants. 

* Journal d* Cilcole Poli/uelun^ue (1), o«h. IS (1823), p. 350. 
t ilitr. Hack, xxvui. p. 94. 
t Math. .4im. i. (1863), pp. 467.4)01. 
g TVow. Comb. Phil. Soe. a. (1908), p. 374. 


W. M. A. 


24 
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When, however, n is an integer, we have seen that 

and consequently the two solutions J^(i) and /_„(*) are not really distinct. 
We therefore require in this case to find another particular solution of the 
differential equation, distinct from in order tu have the general 

solution. 

We shall now consider the function 

Y„ (*) = 2we- 

' Bin Snir 

which is a solution of Bessels equation when 2n is not an integer. The 
introduction of this function Y, (z) is due to Hankel * 

When n is an integer, Y„ (z) is defined by the limiting form of this 
equation, namely 

Y„ (.) = liu. 

^ <-*.0 sin 2 (n 4- 

-lim e-‘ 

To express Yn(r) in terms of functions, we have recourse to the 
result of § 17'5, which gives 

Y„(i)=lini + + 

•—0 (27rr)* L 

_ (_)» [et (-«-. + i) TT, (2i^) + s - i ‘ + i) (_ 2»>)1 J , 

remembering that Tr*,,„= 

Hence, sincef lim (2ir) = W,_„(2»s), we have 

This function (n being an integer) is obviously a solution of Bessel’s 
equation ; it is called a Bessel furkcUon of the second kind. 

Another function (also called a fiinction of the second kind) was first used 
by VfchcT.Math. Ann. vi. (1873), p. 148 and by Schlkfli, Arm. di Mat. (2), vi. 
(1875), p. 17 ; it is defined by the equation 

sin nw “ ire“‘ ’ 

* Ann. i. (1869), p. 472. 

t This is moat e&nlf soon from the uxiiforsiiitr of the oouvergenoe with regerd to s of 
Barnet’ contooi integral (| 16-4) for IT, ,+,(2ti). 
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or by the limite of these expressions when n is an integer. This function 
which exists for all values of n is taken as the canonical function of the 
second Wind by Vielsen, HundJnich der Cylinderfunktionen (Leipzig, 1904), 
and formulae involving it are generally (but not. always) simpler than the 
corresponding formulae involving Hankei’s function. 

The asymptotic expansion for corresponding to that of § 17 '5 for 

J„(z), is that, when | argx | < w and n is an integer, 

F»(r)'»'^^] j^sin jJwr - j vr^ .ff»(2) + 0O8 nw- j . r„(z)j , 

where Un(z) and Vn.{Y) are the asymptotic expansions defined in § 17'5, their 
leading terms being 1 and (4a* — l)/8z respectively. 

Example L Prove that 

dn ^ ' da ’ 

^here n is made an integer alter differentiation. (Hankel.) 

Example 2. Shew that if T»(r) be defined hj the equation of example I, is a 
solution of Besad’s equation when n is an integer. 


17 61 . The ascending series for Yn(r) 

The series of § 17-6 is convenient for calculating Y„(z) when |z! is large. 
To obtain a convenient series for small values ot , z we observe that, since 
th“ ascending series for /*(«+« (z) are unifonniy convergent series of analytic 
functions* of e, each term may be expanded in powers of e and this double 
senes may then be arranged in powers of t (^ 5'3, 5 4). 

Accordingly, to obtain Y„(z), we have to sum the coefficients of the first 
power of f in the terms of the series 

r^or! r(n + «+r4-l) ' r-o *• ! T (- n — e + »•+ 1) ' 

Now, if < be a positive integer or zero and t a negative integer, the 
following expansions in powers of c are valid : 


1 1 f, r'(s + i) 1 

rls+£+i) r(* + i)r r(«+i) I 


- r(» 

1 8in(t4 t)w 

r (f 4* e + 1) w 

where 7 is Euler’s constant (§ 12T). 


r(-<-e)-(-)‘+>zr(-i)4.... 


Tba proof of this tt lefi to tb« roadtf . 


24-^2 
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Accordingly, picking oat the coefiScient of e, we see that 


and so 


+ (-)“ ‘i’ ^ (-)'-«+■ r (n - r), 

rn^O T I 

Y.W. J .-4 

r=ar!(n+r)! ( ® V* / »-i «.i J 


rto n. • 

When n is an integer, fundamental solutions* of Bessel’s equations, regular 
near z = 0, are (z) and (z) or Y„ (z). 

Karl Neumannf took as the second solution the function K'"* (z) defined 
hy the equation 

F'"' (z) - I Y, (z) + /„(z) . (log 2 - 7 ) ; 
but F„(z) and Y„(z) are more useful for physical applications. 

BxampU 1. Shew that the function Y, (z) eatiefies the recurrence formulae 
»n(z)=ir(r.*,(z)+r,_,(z)i, 
v.'(z)-4!>’.-i (z)-r..,(z)}. 

Shew also that Hankel’s function T, (z) and Neunuum's function PW (z) satisfy the 
same recurrence formulae. 

[These are the same as the recurrence formulae satisfied by •/'„ (z).] 

Example 2. Shew that, when | arg z I < ^<r, 

*T,(z) = J%in(zsind-»d)<W- + 

[Schlafii, Jfati. Ann. ni ) 

Example 3. Shew that 

rio) (z) - (z) log z + 2 { J, (z) - i ,/4 (z) + ^, (z) - . . .}. 


17‘7. Bessel functions with putely imaginary argument. 


The function I 


7..(z) = t“"/,(tz) 


I 

r=or!(n + r)l 


* Eoler gave a second solation (involving a logarilhin) of the eqoaUon in speoUl oases 
n=0, n=rl, Intt. Calc. Int. ii. (t:*efcerBbaEg, 17W), pp. 187, 288. 
t Theorie der Be$uV$ehen Funktionen (Leipsig, 1667), p. 41. < 

Z This notation was introdaoed bj Bauet, Sydro^namia n. (1688), p. 17; In 18M he had 
defined (*) as {iz) ; see Proc. Camb. Phil. Soc. ti, (1889), p. 11. 
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is of ftequent occurrence in various branches of applied mathematics; in 
these applications i is usually positive. 

The reader should have no difficulty in obtaining; Che following formulae : 

(i) 7*_, is) - /»+, (s) - - /„ (s). 

(ii) ^ (s)) = (s). 

(iii) ^ =s-"/,+,(s). 


(iv) 

(”) 


When Ji > 0. 


/» (-) » 2« T(i) r(n + i) />" 


(vi) When —^v< args < J ’c, the asymptotic expansion of I„(i) is 
r » j4n*-3»! ... (W-(^-l)Q'] 

- - J> 

the second series being negligible when | arg x ' < j ir. The result is easily 
seen to be valid over the extended range — ^ tt < arg x < ,^ w if we write 


^ *.(» + !)»« fgj. ^-(n + J)ri^ jjjg upper or lower sign being taken according as 
arg« is positive or negative. 

1771. Modified Beesel functions of the second kind. 

When n is a positive integer or zero, 7_n(x)=7n(i^); to obtain a second 
solution of the modified Bessel equation (iv) of § 17 7, we define* the function 
Kn (z) for all values of n by the equation 

^■nW = (^) C08n7rjr.,n(2x), 

80 that Kn (x) = j w {/-„(x) - /, (x)! cot utt. 

* The notation K||(z) wm need by Baeeet in 1886, JVoc, Comb. Phil. Soc. vi. (1889)* p. H* to 
denote a funetlcn which differed frooi tbe fanotioo now defined by the omiesioD of the factor 
001 ay, and Bauet’i notation hai einee been need by Tariona writers, notably Macdonald. The 
object of tbe inaertioo of the fbctor it to make /»(<) and K^{*) eatiefy the eame recnrrenoe 
formnlae. Saboeqaently Baaaet, Hydrodynamict u. (1808), p. 19, need the notation Jr,»(4) to 
denote a elightly different function, but tbe latter usage bsa not been followed by other writers. 
The definition of fir,^(<i) for integral values of a which is given here ia doe to Oray and Mathews, 
Btfffel Functiotu, p. 68, and is now common (see example 40, p. 384), but the corresponding defi- 
nition for non-integral valnes has the serious disadvantage that tbe fnnotion vanishM identically 
when 3n is an odd integer, ^te fonotion eoDsidered bv Biemaon, dan. der xov. (1665), 
pp. 130-189 and Hankel, Math* dna. i. (1860), p. 496. 
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Whe^t^r a be an integer or not, this function is a solution of the modified 
Bessel equation, and when j arg r | < ^ ir it possesses the asymptotic expansion 


K, 


•W'-(E) 


1 


cos (nir) 


{4n«-l«} f4B«- 3"1 ■■■ (4n«-( 2r-i)’ 
r!2'"'> 




for large values of | s 

When n is an integer, K„ («) is defined by the equation 
■S'* (x) = lim ^ IT (x) - /*+. (x)} cot ire, 
which gives (cf. § 17*61) 

V)1 -I 'X } 

iV/l (n-r-l> I 

r! 

as an ascending series. 

Exainplf. Shew that if, (j) aatiafias the same recurrence formulae as r.w. 

17’&. Neumann’s expansion* of an analytic function in a series of Bessel 
coefficients. 

We shall now consider the expansion oi an arbitrary function f{t), 
analytic in a domain, including the origin, in a senes of Bessel coefficients, in 
the form 

f{z) = a,J,(s) + atJi(z) + a^J,(z) + .... 

where Oo, ai, Oj, ... are independent of z. 

Aasucaing the poaaibilitj of expansioos of this tjpe, tot qb 6nt consider the expansion 
of ; let it be 

(<) »/(i («) + 20i (*)+20j(/) .^ 1 ( 2 ) + ,.., 

where the faoctioos 0^ (0 are independent of s. 

We shall now determine conditions wbk^ On (t) must iMtisfy if the senes on the ngbt 
18 to be a uniformly convergent senes of analytic functions ; by these conditions On (f) 
will be determined, and it will then be shewn that, if On{t) is so determined, then the 
senee on the right actually converges to the sum when {« | <| < |. 


Since 
we have 




Oo'(<).fo(al + 8 I d.'(<).A.(r) + OaW^.'W + S * 0,(t) J,' {z) mi), 
ao that, on replacing 2J,'(z) by J",.! me find 


* E. Neumann, Journal JUr Math. Lira. (18t7), f. 810; ne alw Kaptc]m, Ann VEeole 
norm, ntp, (8), x. (1898), p. 100. 
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Accordingly the tuocmive fitnclionM 0\ (t), 0^{t\ 0^ ((), ...are determtied hy the recurrence 
formula* 

Ox (0- -Oo'(4 0^,, (0-2o;{0, 

andf patting in the original expansion, we see that 0()(<) i* to he defined hy the 
equation 

Oo(0“l/^* 

These formulae shew without difficulty that 0% (f) is a polynomial of d^ree n in Xjt 
We shall next prore by ioduction that On(i)t so defined, is equal to 


i f" <-*• [{tt+v<«‘+i))*+{i.- v(tt“+ 1))*] <fa 

when Jt {() > 0. For the expression is obriously equal to Og (0 or Ox (<) when n is equal to 
0 or 1 respectively ; and 

{u±s/(u^ J {«iv^(w*+l)}"rfM 

“ij «''“{a± V(«’ + {1 +2«*± 2 b s,'(b* + 1 )) du 

= i e-‘*{B±v/(««+ !)!•♦• <i«, 

wheuoe the induction is obvious. 


Wnting uaisinh d, we see that, according as n is even or odd*, 

i [{«+ VC-*’ + 1)1- + 1- - 

iLg-Jl .. 1 ... 

and hence, when R (i) > 0, we have on integration, 


o.W- 


2»-‘n' 

r 


•n' ( (• __ 

t’'’’2‘(2»-2)'*'2.4( 




l(2)*-2) (2n-4)^ 

the series termioatiag with the term in t* or <*■"' ; now, whether Ji (t) be positive or not, 
0.(t) 18 defined as a pol^omial in l/t ; and so the expansion obtained for 0>(() is the 
value of 0, (0 for all values of t. 

Example. Shew that, foi'*aU values of (, 

and verify that the expression on the right satisfies the recurrence formulae for 0. {t). 


17'81. Proof of Seamann* expansion. 

The method of § 17'8 merely determined the coeflBcients in Neumann’s 
eiipansion of 1 /(t — z), on the hypothesis that the expansion existed and that 
the rearrangements were legitimate. 

To obtain a proof of the validity of the expiansion, we observe that 


* Gf. Bobsen, PUiie Tn^onemstry (19X8), §$ 79, 964. 
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where — » 0, (f>n—*0 as n—* oo , when z and t are fixed. Hence the series 

Oo (<) •/, (r) + 2 2 On (t) Jn iz:) s F (z, t) 

i>=i 

is cemparable with the geometrical progression whose general term is *"/<“+*, 
and this progression is absolutely convergent when |^]<jt|, and so the 
expansion for F{ 2 , t) is absolutely convergent (§ 2'34) in the same circum- 
stances. 

Again if ] r | ^ r, j t j ^ R, where r< R, the series is comparable with the 
geometrical progression whose general term is r'/iiC"'*"*, and so the expansion 
for F{z, <) converges uniformly throughout the domains | r | ^ r and ] t j > R 
by § 3‘34. Hence, by § 5'3, term-by-term differentiations are permissible, 
and so 


(g® t)=0,'{t)J,{z)+il^On’(t)Jn(z) 

+ 0,(t)J:(z)+2 i 0,(t)Jn(z) 

n»l 

^ {0t{t)+ Oi(t)] Ja(z) + 2 (20n'(<) + 0n+l(f) — f^n-l (01 •Al(*) 

= 0 , 


by the recurrence formulae. 

Since [l + l)F{z,t) 


0, 


It follows that F{z, t) is expressible as a function of t~z ', and since 
R(0. 0“ 0.(0 = 1/0 
it is clear that F {z, t) = l/(t~ z). 


It is therefore proved that 

= 0 , it) J, iz)+2i On (0 Jn iz). 

. ~ * n“l 

provided that ! r , < j < (-. 

Hence, if f (z) be analytic when |f j <r, we have, when | r j < 7-. 


= J,{z)/(0)+ 2 '^’’^UOn(t)/(t)dt. 

n -1 Wt J 


dt 


by § 4 7, the paths of integration being the circle ; 1 1 - r ; and this establishes 
the validity of Neumann’s expansion when 1 r | < r and / {z) is analytic when 
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Examjple 1. Shew that 
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008 « - (2) - (z) + (z)—..., 

8m2=a^l (z) — 2Ji{s) + 2J^(z)— . 

Example 2. Shew that 

? (n + 2»*) (n + r-1)' , 

2 •'n+iri 

r*0 ” 

Example 3 Shew that, when \z\< t , 


(K Neumann ) 


(K. Neumann ) 


Oo(«)^oW+8 i i f «— 

A3i »«=-» yo 

= i +«>)}« cir 

-I/: «.•(?-)- 

(Kapteyn) 

17*82, SchlamilcK'e expanexon of an arbitrary function in a eerie* of Bettel coefficient* 
of order zero. 

Schlomilch* has given an expansion of quite a different character from that of 
Neumann. His result may be stated thus 

Any function f{x)f lahick ha* a conixnuou* differential coeffictent with limited total 
fluctuation. f<yr all value* of x in Me do*ed range (0, tr), may be expanded tn the *ene* 

/ (^) «• rto + <*1 *A> (-r) + ot4 + a^/o (ar) + . . . , 

in Mil ran^i, where 

Oo— /(0)+- f y f' (u sia fi) do dUy 
^ Jo 7o * 

a„™- I ucosna f^f {u»in0)dOdu (”>0) 

n J 0 Jo 

Schldinilch's proof is substantially os follows 

Lot E{x) be the continuous solution of the integral equation 


Then (8 r*81) 


f{x)^- f ^ F (x fiiu Ip) d</>. 

JT y 0 

/ ^v 

^ /'{t am S)dB. 


In order to obtain SchlSmiloh’s expaneion, it is merely necessary to apply Founer’s 
theorem to the function F(x sin ). We thus have 

/’(«)<fM+* * j cos n« cos (»* sin 1 ^) /-(«) <i«| 

f’ F(u)<itt + - 2 I coanuf’(a)J„{nje)du, 

S’ / 0 >r ».i y 0 

the interchange of summation and integration being permissible by §§ 4’7 and 9 44 

• ZnUehrift fllr Math, and Phyt. u. (18S7), pp. 1S7-16S. See Ohqiman, Quorterlp dmmal, 
xun. (1912), pp. S4-S7. 
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In this equation, replace («) by its value in terms of f («). Thus we have 

|/(0) + u J^/'(«ein rfu 

S Jii(nx)j^ coanu |/(0)+a (« sin d) rfsj- da, 

which gives Schlbmilch’s expanuon. 

Example. Shew that, if 0 < j; ^ ir, the expression 

- 3 |j„ (x) + Ij,(3t)+1 J, (5x) + .. j 

is eqiukl to r ; but that) if ir < ;e < 2ir, its value is 

j;+ Sir arc cos - it*), 

where arc oob (irx“*) is taken between 0 and ~ . 

Find the value of the ezpreasioQ when x lies between 2yr and Sir. 

(Math. Trip. 1896.) 

17*9. Tabulaiion of Beuel functiom, 

Hansen used the asymptotic expansion (|i 17*5) to calculate tables of •/» {x) which are 
given in Lommel’s SiwUen iiber die BtMeVtehm FnnktivMn. 

Meissel tabulated /o (;r) and J\ {x)Xo 12 places of decimals from to 16*5 {Ahk. 
der Akad. zu Berlin^ 1888), while the BritUk Atsoc. Report (1909), p. 33 gives tables by 
which J^{t) and T^{x) may be calculated when x> 10. 

Tables of (a), 4/|(*), (z), (;r) are given by Dinnik, j!rcA»V der Math, utid 

Pky$. xviir. (1911), p. 337, 

Tables of the second solution of Bessel’s equation have been given by the following 
writers: B. A. Smith, xivj. (1897), p 98; Phil. Moff. (5), xlv. (1898), p. 106; 

Aldis, Proc. Royal Soc. txvi. (1900), p, 32 ; Airey, Phil. Jfoff. (6), Xiil. (1911), p. 668. 

The functions /, (x) have been tabulated in the British Assoc. Reports^ (1869) p. 28, 
(1893) p. 223, (1896) p. 98, (1907) p. 94 ; also by Aldis, Proo, Royal Soc. Liiv. (1899)'; by 
Isherwood, Proc. Manchester Lit. and Phil. Soc. XLVxn, (1804) ; and by E. Anding, SechS' 
sielliye Tafdn der BesseVscken /^ufufr^ibnen i^nayinaren Argumentes (Leipzig, 1911). 

Tables of (x V»), a function employed in the theory of alternating currents in wires, 
have been given in the British Assoc. ReportSy 1889, 1893, 1896 and 1912 ; by Kelvin, Math, 
and Phys. PaperSy UL p. 493; by Aldis, Proc. Royal Soc. Lxvi. (1900), p. 32; and by 
Savidge, Phil Mag. (6), XIX. (1910), p. 49. 

Formulae for computing the zeros of Jo{t) were given by Stokes, Camb. PhU. Trans, zx. 
and the 40 smallest zeros were tabulated by Willson knd Peirce, Ball American Math. 
Soc. in. (1897X P' 153. The roots of an eqaation inwolviog Bessel functions were computed 
by Kalahne, Zeitschrifi fWr Jfa^. and Phys, uv. (1907), p. 55. 

A number of tables connected with Bessel functions are given in British Assoc. ReportSy 
1810-1914, and also by Jahnke und ^nde, FanktiontrUafeln (Leipzig, 1909). 
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K, KfiUMxKM, T'Aeons dsr Bessstschm Funkiiomen. (Leipzig, 1867.) 
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£. Lomhel. Stuchien Uber dit Be»»eV$€hen. Funktio-nen. (Leipzig, 1866.) Math. Ann. 
III. IV. 

H. £. Heine, Handhuch der Kugelfunktionen. (Bei'lin, 1878.) 

R. Olbaicht, StwUm iiher di§ Kugel‘ und Cylinder-fvnktionen: (H&Ue^ 1887.) 

A. SoMMERTEl^, MaXk. Ann. xlvu. (1896), pp. 317-374. 

N. Nielsen, Handbuok der Theorie der Cylinderfunktioneik. (Lei^ig, 1904.) 

A Qrat and G. B. Mathews, A Treatiee /m Bee$el Punct»f*^$. (London, 1895.) 

J. W. Nicholson, ^m.rteriy Jowmaly xlh. (1911), pp. 216-224. 

3. N. Watson, Theory of Beetd Functions. (Cambndge, 1922.) 

Miscellaneous Examples. 

I. Shew that 

coa {t sin 3 ) » Jq (z) + 2Ji («) cos 2d + 2 J 4 (z) c <»8 4^ + . . . , 
sin (<sin (z) sin d-t- 2/3 ( 2 ) am 3 d+ 2 J 5 ( 2 ) sin 5d + .... 

(K. Neumann.) 

2. By expanding each aide of the equations of example 1 in powers of sin d, express z* 
as a aeries of Beaael coefficients. 

3. Bv muUiplyine the expaosiona for exp 

ooiwidering the terms independent of t, shev that 

{J, (r)!‘+2 {.^,WP+2 <V,(r)|« + . . = 1. 

Deduce that, for the Bessel coeffiaien*s, 

« 2 -i, (n^l) 

when z is real. 

1 f* 

4. If ( 2*C0H*KC08(mw-2 8 lD »'>du 

V J a 

^this function roduoea to a Bessel coefficient when k is zero and m an integer), shew that 

p-o p : 

where ie the ‘ Cauchy’s number’ dehned by the equation 

Shew further that 

and «- 2 (*+l) «}• 

(Bourget, Journal <U Math. (2), vi.) 

6 . If V and Jf are oonneoted by the equations 

il~S~oumK, 008 * where|e(<l, 

1 ^ s cos ts 

shew thc^ Jf+i(l -«*)4 3 I i sin mjf, 

ma] Son ni 

where ie defined ae in eiample 4. 


(Bourget) 
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6. Prove that, if m and n are integers, 




where i!*+y*«r*»in*d, and c** ia independent of » 

7. Shew that the solution of the diderential equation 


(Math. Trip. 1893.) 


f S s (I) -i («■-; s 


where ^ and ^ are ^Tbitrarj functions of i, is 


8. Shew that 


that 

+ 1’ {.I. (t) +.^. (<)}*- ’]• 


(Trinity, 1908.) 


9. Shew that 


^ ^ «=o *! r (/*+« + 1 ) r (i* h n+ 1 ) r (>i+if+7>+ 1) 

for all values of /. and y. 

(Schlafli, Math. Ann. in, (1871X P- 142; aud SchCnboIzer, Bern diosertatinn, 1877.) 

V>. Shew that, i{ n i» a poaitive integer and m +\ is poaitive, 

(m-1) f a"d,*i(*)J..,(*)iIx«x»*>)J,+,{x) -y,*(x)} + (m + l) f 

Jo Jo 

(Math. Tnp, 1899 } 


11. Shew that 


12. Shew that 


13. Shew that 




=Ji (i">‘ lii? 

A,'(i) “ n + l — ji+2- n+3- ... 


(.) (r) (r) J. ( 2 ) = . 

Jr* 

14. If ^ denoted by (r), shew that 

-= ] - W+» {$.«)’■ 

18. Shew that, if R*— r*+ri®- 2rTi coed and ri>r>0, 

J, (II) - J, (r) (r,) + 2 Z (r) d", (r,) ooe nfl, 

ro<*)“Jl)(v) r„(r,)+2 Z d,(r) r,(r,)ooand. 

«al 

16. Shew that, if H (n + J) > 0, 


(Lommel.) 


(K, Neumann.) 


(2« cos d) dd- iw {d.(*)}». 


(K. Neumann.) 
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1 7 Shew how to e* press r** («) m the form A Ji {z) + BJ^ {z\ where A , B are poly 

nomials m z , and prove that 

Ji(«i)+3yo(e*)-0, 3J,(30^) + iJs(30i)^0 

(Math Tnp 1896) 


18 Shew that, i/ a 4* ^ And « > - 1, 


(a* 



^ xJ^(ax)Jn{^)dx-=^x |,A, (/Sir)-d,(iar)^y,(ax)|- , 

X [Jn (a*)}* dx= (ci»jA _ B>) {,/, (ox)}* + ^ (<>»)| • 


19 Prove that, a> - 1, and whjJe a=^)S, 

J\j,(ax)j.(fix)<lx=0, and x {,/.(<«))» (ir«J {y.,, (a)}* 

Hence prove that, when a> — 1, the roote of other than zero, are all real and 

unequal 

[If a could Ijo complex, take ^ to be the conjugate complex } 

(Lomroel, Studien. liher die BezzeVtchen J^unitioneny p 6d ) 


20 Let f{x) have an absolutely convergent integral in the range 0^4r<l , let 
be a real constant and let n^O Then, if k^y denote the positive roots of the equation 

shew that, at any point x for which 0 < r < 1 and f{x) satisfies one of the conditions of 
^ 9 43, / (^) can be expanded m the form 

/(orW i ArJn{krX)y 
r=I 

where ^ J ^/(^) ^ 

In the special case when if=s ^n, 1*1 is to be taken to be zero, the equation dettf 
mining kiy kg, being i (i:)«0,and the first term of the expansion is A^ where 

do*(2n + 2) J v*'*''/(x) dx 

Discuss, in particular, the case when H is infinite, so that 0, shewing that 

^r = 2{y.,, j'^jf(x}J.{irX)dx. 

[This result is due to Hobson, Proc London Math. Soc (Z), vii (1909), p. 349 , see 
also W H Young, Proc London Math Soc (2), iviu ,1920), pp. 163-200 The formal 
expansion was given with B infinite (when n—0) by Founer and (for general values of n) 
by Lomuiel , proofs were given by Harikel and Schlafii The formula when — n was 
given incorrectly by Dim, Sene di Pouner (Piaa, 1880), the term AoX^ being printed as 
and this error was not corrected by Nielsen See Bndgeman, PAU Mag (6), ivi (1908), 
]i. 947 and Chree, Phd Mag (6), zvu (1909), p 330 The expansion is usually oelled the 
Founer-Bettel expannon ] 


21. Prove that, if the expansion 

A*— J?***di*fQ (Xj v)+ (X,jr) + 

exists as a uniformly oonvergent senes whan — o ^ ^ o, where Xi, X,, . are the positive 
roots of ^,(Xa)>»0, then 


4,-8{aX.V.(X.o)}- 


(CUie, 1900) 



882 


THE TBANSCEN DENTAL FUNCTIONS 


[chap. XVll 


S2. If are the positive roots of (ka)»^Of a*<d if 

r«l 

this senes coDvei^ng uniformly wbeu 0 then 


(Math. Trip. 1906.) 


93. Shew that 

ml /«* •'»<*““ ooa*«-»-' flsm~+< tfrf<9 

(Sonine, Jfa/A. xvi.) 


wdeo n>m>- 1. 

34. Shew that, if a- > 0, 

(Nioholsoo, Phil Mag. (6), xviir. (1909j, p. 6.) 
25. If m be a positive integer and u>0y deduce from Beasel^s integral formula that 
I e-*«nh*j^(jr)dr«=tf-"«8ech u. 

(Math. Tnp. 1904 } 

26 Prove that, when > 0, 

2 /** 2 /* 

Jq (x) *» - I Bin (x ooah f) dt, Fo (x) » — I cos (x cosh /) dt 
ir J 9 «“ y 0 

[Take toe contour of § 17‘1 to be the imaginary axis indented at the origin and a 

(Sotiine, MatA. Ann. zvi.) 


semicircle on the left of this line 1 
27. iSbew that 

•a 

x“‘ »/’(,(x0 sinx<fx»^ir 

ware cosec t 


/: 


and that 


0<f<l 

^>1 j 


\ 


j J^~'•f^(x^)alnxefx = f“*{l — (l-f*)^! 0<«<l 




28. Shew that 

is the solution of 


t> I 

(Weber, Journal fUr Math. LZZT.) 




dhi 1 du 
ar* r ar 


(Poisson, Joymal d^l^U ziL (1823), p. 476 ; see also Stokes, 

Coflnib. Phil. Trant. IZ- (1856^ p. [38].) 

29. Prove tliat no relation of the form 

«s0 

can exist for rational valnra of A'„ n and x except relations which are satisfied when the 
Beaeel foDotiona are t^laced bj arbitrary solutions of the reoarrenueformuJaof^ 17-31 (A). 

(Math. Trip. 1901.) 

[Express the left-hand side in terms of j;(x) and J",., (ar), and shew by example 12 
that rli..! (*)/•/,(*) ia irrational when n and x are rational.] 
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80. Prove that, when R(n)>— 

/» / (f*\*"* /ooai!\ 

-^«W=2.-ir(„4;4)r(j) \~)' 

[(,.S)-‘ «-•. ?- />-.] 

(Hai-greave^ /*AiZ. Tram. 1848 ; Mucdoimld, Proc. London Jfath. Soc. xxii.) 

31. Shew that, when jS(»i+J)>0, 

(»)* /o^ ^ (e). (Hobson.) 

32. Shew that, if 2ft+ 1 >m >- 1, 

(Weber, Journal f^r Math. LXix. ; Math. Trip. 1898.) 


33. Shew that 


34. lu the equation 


If psO * 

n lA real ; shew that a aolutioiLia given by 

( — )•» oos(a,,-nlog t) 


(Lominel.) 


oos(«logi)— 2 


where «,» denotes 2 arc tan (n/rj. 


"-1 2»" m ! (1 +»«)1 (4 + n»)i (m* +«')* ’ 

(Math. Trip. 1894.) 

30. Sbev that, when n ia lai-g« and positive, 

(™)“2~ f 3-i jr~‘ r(J) n- i + o(»“‘). 

(Cauchy, Compta Rendut, xxxvin. (1864), p. 993 ; Nicholson, Phil. Mag. 


(6), XVI. (1908), p. 276.) 


36. Shew that 


K„{x) 


37. Shew that 


Jo l+C 

(Mehler, Journal fUr Math. LXviii.) 


«*'>«“-S"->r(n) S (a + i)C’(<!oefl)X-»/..,(X>. 


38. Shew that, if 


(Math. Trip. 1900.) 


If- ((«.■) J„ (6r) (cjc) »»-" dx. 


a, b, c being positive, and m is a positive integer or lero, then 
If-O (a-i)«>c», 

fi^"'w*r(«-ff) 

(a+6)*>o*. (Sonihe, JfotA. Jan. xn.) 
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39. Shew that, »t>-i and 

J,{aJc)J,{bx)J„{cx)j.^-’*dx, 

€k,byC being positive, then 

W^O (<2-6)» ■><:», 

ir-{a«r* 6“-‘ (1 - **""'* /’ll" W (a + 6)»> C» > (a -5)«, 

c»>(a + l)>, 

where ^ = (a*+ 6^ — 4:*)/2a6, fit ft. 

(Macdonald, Proc. London Math. Soc. (2), vii.) 

40, Shew that, if P (w +i) > 0, 




and, if ( arg z \ < 


A'™ (2) 


j cosh (2COS (jb) aiD*"0c^ 
^"r(t)coem,r 


2”r(m+4)r(4) 

38 mir /*“ 

2^rT«+ir jo 


Prove also that 

f * 

jr« (t) = w“* 2” r(in + 4) coa *nir j cos « du. 

(Math. Trip. 1898. Ct Baaaet, Proc. Camb. Phil Soc.'vl) 
[The first integral may be obtained by expanding in powers of i and integrating -torm- 
by-t«nn. To obtain the second, consider 

/■IH-, -HI _ , , 

x"/ 

where initially aig (< - 1) »arg (t + 1)= 0. Take 1 1 1 > 1 on the contour, expand (<• - 1)"~* in 
descending powers of I, and integrate term-by-term. The result is 
jin (2nnr) r (2«) 2 ■ r (1 — m) (i). 

Also, deforming the contour by flattening it, the integral becomes 

2w*””j"8in2mir J e— ’“■'oamw J’ . 

and consequeotlj 

41. Shew that 0, (x) satisfies the diflerentml equation 

d‘0. (t) 3 do. (X) ( n»- 11 

-+|1 

where (n even), odd), (K. Neumann.) 

42. If /(«) be analytic throughout the ring-shaped r^on bounded by the circles c, C 
whose centres are at the origin, establish the eipansion 

(2) + 3802 («) + ..., 


where 


J ^{iyO^{t)dt, j (K. Neumann.) 


43. Shew that, if x and y are positive, 
-e* 


L V 


where r« -bV(x*-i-j^*) anci^~ 1) or f ^(l-i*) according as !•> 1 or i< 1. 

(Math. Tfip. 190B.) 
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44 Shew that, with suitable restrictions on n and on the form of the function fix)^ 

[A proof with an historical account of this important theorem is given by Nielsen> 
Cylinderfunktt&mitj pp 360-363, It is due to Hankel, but (in viea of the result of § 9 7) 
It IS often called the Founer-Beitel integral ] 

45 If <7 be any closed contour, and m and n. are integers, shew that 

/ M Jr (e) de- f (e) f). (e)der,[ (r) /e) de-0, 

Jc Jo Jc 

unless € contains the origin and , in which case the first two integrals are still zero, 
but the third is equal to m (or Swi if »i=0) if C encircles the origin once counter- 
clockwise (K Neumann ) 

46. Shew that, if 

p 1 jt “» »> 

and if a be a positive integer, then 

^ 2 Om-nr+m-t 


viuile 

47 If 
show that 


-0.-1 ,-iO«(«) + 2 2 o.-m-i n + rn - I (^) 


(,K Neumann) 


n 1 sA - ; (,n I)* «t llj 1^2 . 2*} {n2 - (7« - 1 )*] 

into 2m'* 


I On (y ) {*^-1 1 OP 

n*l 

when the eenee on the nght convergea (K. Neumann, JtfarA jInn lu) 

48 Shew that, if c> 0, Jl («) > - 1 and AE (u + 6)* > 0, then 

•^«(a)t/«(6)!s=i / — 6*) (2i'’} /n(ab/t)dt 

(Macdonald, Proc. L<ynd<m Math Soc xxxil ) 

49 Deduce from example 48, or otherwise prove, that 

(a* + 6* - 2a6 coe 6 ) ~ ((a^ + ^ _ 2afc cob 

= 2''r(rt) i (m + n)«“’‘6-**y„^„(a;./„, + „(6)r„"(co8^) 

mnO 

(Gegenbauer, iViener Suzunffaberichie^ LXIX LXXIV ) 


50 Shew that 


satishes the equation 




!’+(*•— A) 


-0 


reaumes lU imtial value after de^nbiog the contour. 

Deduce that, when 0<x<l, 

y- r) 

(Sohafhoitlin, Math Ann xxx , Math Trip 1903.) 

25 


W. M. A. 



CHAPTER XVIII 


THE EQUATIONS OF MATHEMATICAL PItVSICS 

18 1 The differential equations of mathematical physics 

The functions which have been introduced in the preceding chapters are 
of importance in the applications of mathematics to physical investigations. 
Such applications are outside the province of this book , but most of them 
depend essentially on the fact that, by means of these functions, it is possible 
to construct solutions of certam partial differential equations, of which the 
following are among the most important ' 

(I) Laplace's equation 

SiC* ^ dif ds' 

which was originally introduced in a memoir* on Saturn's rings 

If (x, y, <) be the rectangular coordinates of any point in space, this equation » 
satiB&ed by the following functions which occur in various branches of mathematical 
physios 

(i) The gravitational potential in r^ions not occupied by attracting matter 

(u) The electrostatic potential in a uniform diolectno, in the theory of electro- 
statics 

(ui) The magnetic potential in free aether, in the theory of magnetoetatics. 

(i\ ) The electric potential, in the theory of the steady Sow of electric currents in 
solid conductora 

(v) The temperature, in the theory of tharmal equilibrium in solids 

(vi) The velocity potential at points of a homogeneous liqmd movmg irrotationally, 
in hydrodynamicsl problems 

Notwithstanding the physical differences of these theories, the mathematical investi 
gatioiiB are much the same for all of them thus, the problem of thermal equihbnum m a 
solid when the points of its surface are maintained at given temperatures is mathe- 
matically identical with the problem of determining the electric intensity in a region 
when the points of its boumiary are maintained at given potentials 

(II) The equation of wave motions 

^ = 

Baf ay* de* ~ c* 0«* ' 

TbiB eq\iatioa la of geiieral occurreuco in investigations of undulatory disinrbanoes 
propagated vith velocity c indeiiondeiit of ib« wave length ; for example, in theory of 
electric waves and the electro magnetic theory of light, it is the equation satisfied by each 
component of tlie electric or magnetic vector, in the theory of elastic vibrations, it 
18 the equation satisfied by each component of the displaoement ; and m the theoiy 
of sound, it IS the equation satisfied by the velocity potential m a perfect gas. 

* Him. de VAead. det fiefcoea, 1787 (published 1789), p. 
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(III) The equation of conduction of heat 

yr 3«F i dv 

a®* 3y« 32* “ ifc a< ■ 

This is the equation satished by the temperature at a point of a homogeneous isotropic 
body ; the constant k is proportional to the heat conductivity of the body and inversely 
proportional to its speciiio beat and density. 

(IV) A particular case of the preceding equation (II), when the variable 
z is absent, is 

^ 1 d^v 

3y’ “ c“ 3f* ■ 

This iH the equation satisfied by the displacement m the theory of transverse vibrations 
of a membrane ; the equation aUo occurs in the theory of wave motion in two dimensions. 


(V) 


The equation of telegraphy 

LK^+KR 


3«* 


hV 

dt 




Thin is the equation satisfied by the potential in a telegraph cable when the inductance 
4, the capacity A', and the reaistance R ]>er unit length are taken into account. 

It would not bo possible, within the limits of this chapter, to attempt 
an exhaustive account of the theories of these and the other differential 
equations of mathematical physics ; but, by considering selected typical 
cases, we shall expound some of the principal methods employed, with 
special reference to the uses of the transcendental functions. 


18'2. Boundary conditions. 

A problem which arises very frequently is thexletermination, for one of the 
equations of § 181, of a solution which is subject to certain boundary con- 
ditions ; thus we may desire to find the temperature at any point inside a 
homogeneous isotropic conducting solid in thermal equilibrium when the 
points of its outer surface are maintained at given temperatures. This 
nwounts to Sliding a sofhtion of Laplaces equation at points inside a given 
surface, when the value of the solution at points on the surface is given. 

A more complicated problem of a similar nature occurs iu discussing 
small oscillations of a liquid in a basin, the liquid being exposed to the 
atmosphere ; in this problem we are given, effectively, the velocity potential 
at points of the free surface and the normal derivate of the velocity potential 
where the liquid is in contact with the basin. 

The nature of the boundary conditions, necessary to determine a solution 
uniquely, varies very much with the form of differential equation considered, 
even in the case of equations which, at first sight, seem very much alike. 
Thus a solution of the equation 


B‘V a>F 
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(which occurs in the problem of thermal equilibrium in a conducting 
cylinder) is uniquely determined at points inside a closed curve in the 
(CT'-plane by a knowledge of the value of V at points on the curve; but 
in the case of the equation 

dai‘ ap ” ” 

(which eflfeotively only differs from the former in a change of sign), occurring 
in connexion with transverse vibrations of a stretched string, where V 
denotes the displacement at time t at distance a; from the end of the 
string, it is physically evident that a solution is determined uniquely only if 

both V and ~ are given for all values of x such that 0 ^x^l, when t = 0 

(where I denotes the length of the string). 

Physical intuitions will .usually indicate the nature of the boundary 
conditions which are necessary to determine a solution of a differential 
equation uniquely; but the existence theorems which are necessary fe-om 
the point of view of the pure mathematician are usually very tedious and 
difficult*. 

18‘3. A general solution of Laplace's equation f. 

It is possible to construct a general solution of Laplace’s equation in the 
form of a definite integral. This solution can be employed to solve various 
problems involving boundary conditions. 

Let F (x, y, z) be a solution of Laplace’s equation which can be expanded 
into a power series in three variables valid for points of (x, y, z) sufficiently 
near a given point (x„, y,, zf). Accordingly we write 

x = x^ + X, y = y„ + Y, z=>z, + Z\ 
and we assume the expansion 

F — ao+a]JC+6iF + Ci2’ + a^X^ + 6jF* 

+ id,TZ+2e,ZX + 2fX7+..., 

it being supposed that this series is absolutely convergent whenever 

lX|*+|Ft* + lir|^«a, 

where a is some positive constant^. If this expansion exists, F is said to 
be analytic at (xo, y,, zf).- It can be proved by the methods of §§ 3'7, 47 

* See e.g. For^th, Thtary of Fmotiom (1918), 918-230) where en apparentlj eimple 

problem is ducuned. 

t Whittaker, Hath. Amt. Lvii. (1903), p. 388. 

% The fanctiona of applied mathnnaties tatuf; this oonditioa. 
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that the senes converges uniformly throughout the domain indicated and 
may be differentiated term-by-term with regard to X, F or if any number of 
times at points inside the domain. 

If we substitute the expansion in Laplace’s equation, which may be 
written 

ft 

and equate to zero (§ 3‘73) the coefficients of the vanous powers of X, Y 
and Z, we get an infinite set of linear relations between the coefficients, 
of which 

ttj -i- fej -I- Cj 0 

may be taken as typical. 

There are |n(n — 1) of these relations* between the | (n -t- 2) (n -f 1) 
coefficients of the terms of degree n in the expansion of V, so that there 
are only 5 (n -f 2) (n -t- 1) — (n — 1) = 2n -f 1 independent coefficients m 
the terms of degree n in F Hence the terms of degree n in F must be 
a linear combination of 2n + l linearly independent particular solutions of 
Laplace’s equation, these solutions being each of degree n in X, F and Z 

To find a set of such solutions, consider (Z + tX cos m -f iF sin u)" , it is 
a solution of Laplace’s equation which niaj be expanded in a series of sines 
and cosines of multiples of u, thus 

2 Y, Z) cos mu + S A„(X, Y, Z) am mu, 

Msi 

the functions gm(X, F, Z) and A„(X F Z) being independent of u The 
highest power of Z in ffm(X, F, Z) and Am(X, F, Z) is Z"”"* and the former 
function IS an even function of 1’', the latter an odd function, hence 
the functions are linearly independent They therefore form a set of 
2?i -e 1 functions of the type sought 

Now by Fourier’s rulef (§ 9 12) 

•rrffm F, Z)‘=J (Z + iX cos u + iY sin u)" cos mudu, 
j irhm (X, F, Z) = f (Z -I- iX cos u + i l’’sin u)" smmudu, 


* If a^. 4,1 (where r + « + be the ooeffloieot of lo V, end if the terme of degree 

d*V d^V 

n ~ 3 in + ^ 2 % ^ amnged pnmanJj to powers of A' and leooBdanl; in powers of V, 

the ooeffioient does not ooonr m any term after (or XTY*-*Z^ if r=0 or 1), and 

hence the relatione are all linearly independent. 

t 2 t mast be written for r in the ooeffldent of (AT, y, Z). 
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and so any linear combination of the 2n + 1 solutions can be written in the 
form 


/: 


(Z+ iX cos u f f F sin (u) du, 

r 

where /„ (a) is a rational function of e*“. 

Now it is readily verified that, if the terms of degree n in the expression 
assumed for V be written in this form, the series of terms under the integral 
sign converges uniformly if | Z p + |F|* + 1 be sufficiently small, and so 
(§ 4’7) we may write 

V = f X (Z + iX cos u + i F sin «)"/„ (u) du. 

J -» «=o 

But any expression of this form may be written 

v.jytuux cos u + iY sin u,u) du, 

where F is a function such that differentiations with regard to X, Y or Z 
under the sign of integration are pemisaible. And, conversely, if F be any 
function of this type, F is a solution of Laplace’s equation. 

This result may be written 

F = j f {z + ix cos u + iy sin u, u) du, 

on absorbing the terms — x, — w:, cos « — tyo sin « into the second variable; 
and, if differentiations under the sign of integration are permissible, this 
gives a general solution of Laplace’s equation ; that is to say, every solution 
of Laplace’s equation which is analytic throughout the interior of some 
sphere is expressible by an integral of the form given. 

This result is the three-dimensional analogue of the theorem that 
V=/{x+iy)+g[x-u/) 

IS the general solution of 

d>V 

[Note. A distinction has to be drawn between (he primitive of an ordinary differential 
equation and general integrals of a partial differential equation of order higher than the 
first*. 

Two apparently distinct primitives are always directly transformable into one another 
means of suitable relataOQS between the constaat«; thus in the case of we 

can obtain the primitive ^«in (^+€) from A cosx+i^Biiijr hy defining C and t by the 
equations (7 sin Ccoa««.S. On the other band» every solntion of Laplaoe’s equation 

is expressible in each of the forms 

j f{a:coiit+^aint + Uft)dty j ^(ycostt+geintt+iar, 

* For a disconiou of general integrelt of inoh eqaatUmaf see Fon^tfa, Theory <d Di^erentUU 
Equations^ vt. (1906), Ch. xix. 
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but if those ore koowu to be the same solution, there appears to be no general analytical 
relation, connecting the functions / and g, which will directly transform one form of 
the solution into the other.] 

SxamfU 1. Shew that the potential of a particle of unit mass at (a, h, c) is 

1 da 

2ir J {i-e)+i {x-a) cos u+i(^-b)am u 

at all points for which s > c. 

MxampU 2. Shew that a general solution of Laplace’s equation of zero degree in 
X, jf, t is 

j log(xco8«+yein<+u)^(0d<, if j g{t)dt~ 0 . 


Express the solutions and log in this form, where 


ExampU 3. Shew that, in the case of the equatum 

(where integrals of Charpit’s subsidiary equations (see Forsyth, IHfarmtial 

BguatioTu, Chap, ut.) are 

(i) pl-x=y-ji=o, 

(ii) p^g + a* 

Deduce that the corresponding general integials are derived from 


(i) r-j(x+«)HJ(y-n)’+^(a)l 
0=(x+a)'-(y-a)*+/"(a) )’ 

(ii) 4»-J (x+jf)’+2a’(-f-»)-“*(J^+y)*’ + C(“)'l, 

0— 4o(x-y)— 4a*{x+y)"*+0' (o) ]’ 

and thence obtain a differential equation determining the function 0 (a) in terms of the 
function F{a) when the two general integrals are the same. 


18'Sl. Solutumt of Laplaces equation involving Legendre functions. 

If an expansion for V, of the form assumed in § 18-3, exists when 

we have seen that we can express F as a series of expressions of the type 

J (x + iiE oos « + ty sin «)* cos mudu, j (s + ix .cos u + iy sin «)“ sin mudu, 

where n and m are integers such that 0^m%n. 

We shall now examine these expressions more closely. 

If we take polar coordinates, defined by the equations 

0 M r sin 0 cue y vcrsin ^sin^, s^^rcmd. 
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we have 


J (z+ ix cos u + iy sin u)" cos mu du 

= r” j (cos ff + i sin 0 cos (« — </>)(“ cos tom 

fw^4> 

= r* I (cos 6 + i sin 6 cos cos m(tfe + ‘<jr) dijr 
J -ir-^ 

= r" J (cos 0 + i sin 0 cos cos m ((/> + rfr) 

= r“ cos m<f> I [cos 0-t-t sin 0 cos cos 

since the integrand is a periodic function of and 
(cos 0+t sin 6 cos ■^)" sin 

is an odd function of Therefore (§ 15’61), with Ferrers’ definition of the 
associated Legendre function, 

f (« + ticcos u + t'vsin «)'*C 08 TO«(iM = ‘-?,'r"jP„"*(co8^)cosTO0. 

J-ir (n + w): 

Similarly 

/ w 7t ^ 

(« + w cos M + lu sin u)" sin mudu = 7 r’'F„"' (cos 0} sin m(p. 

-» (n+w)! 


Therefore (cos 0) cos nr<f} and r^F„‘" (cos 0) sin mij) are polynomials 

in X, y, z and are particular solutions of Laplace’s equation. Further, by 
§ 18’3, every solution of Laplace’s equation, which is analytic near the origin, 
can be expressed in the form 

F= 2 r" ■|,d„/‘„(co8^) + 2 (,d„"”'coBm^ + ,ff„'’"’8inTO^)'/’n”'(co8^) 

Any expression of the form 


A„P*(cos^)+ 2 (A„'“’eoaTO^ + Bn'"‘'8inTO(#>)P„”‘(cos^), 

in*l 

where n is a positive integer, is called a surface harmonic of degree n ; 
a surface harmonic of degree n multiplied by r” is called a solid harmonic 
(oT a spherical harmonic) of degree n. 

Ibe curves 00 a unit sphere (with centre at the origin) on which P„ (cos S) vanishes 
are a parallels of latitude which divide the surface of the sphere into zones, and so P„ (cos B) 

is called (see § 15'1) a zonal harmonic ; and the curves on which ^ m(/) . (cos B) vanishes 

are n-w parallels of latitude and 2 m meridians, which divide the surface of the sphere 
luto quadrangles whose angles are right angles, and so these functions are called teszeral 
Aarmonici. 
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A solid harmonic of degree n la evidently a homogeneous polynomial of degree n in 
z and it satisfies Laplace’s equation 

It 18 endent that, if a change of rectangular coordinates* is made by rotating the axes 
about the origin, a solid harmonic (or a surface harmonic) of degree n transforms into 
a solid harmonic (or a surface harmonic) of degree n in the new cxxirdiiiates 

Sphencal harmonics were investigated with the aid of Cartesian coordinates by 
W Thomson m 1862, see /*Ai/ Tram (1863), pp 573-582, and Thomson and Tait, 
Trw,tx»e on Natural Phdozophy i (1879), pp 171-218, they were also investigated 
independently m the same manner at about the same time by CMebsch, Journal fkr Math 
LXJ (1863), pp 195-262 

Example If coordinates r, 0 are defined by the equations 
3,=:rcosd, y — 1)^ sm dcost^, z=:(r^ — Ij^ sin 

shew that (r) /**"* (cos 6) cos satisfies LapI tee s equation 


184 The aoluixon of Laplace’s equation which satisfies assigned boundary 
ctmditions at the surface of a sphere 

We have seen (§ 18 31) that any solution of Laplace’s equation which 
18 analytic near the origin can be expanded in the form 


V (r, r” 'j^«Pn (cos 0) 

nsO 


+ S ( 4 cos sin w^) P„"* (cos 6) ■ , 

J 


and, from § 3 7, it is evident that if it converges for a given value of r, 
say a, for all values of 0 and such that it converges 

absolutely and uniformly when r < a 


To determine the constants we must know the boundary conditions 
which V must satisfy A boundary condition of frequent occurrence is 
that F 18 a given bounded integrable function of 0 and <(>, say f{0, <f>), on 
the surface of a given sphere, which we take to have radius a, and V is 
analytic at points inside this sphere 

We then have to determine the coefficients A„, Ah'"*’, Bn'"' from the 
equation 

/(0,tl>)= S a” |a„P„(cos + S (i4„'"cos»»^ + P„'"'8inm^)P„"(cos^) 


Assuming that this senes converges uniformly f throughout the domain 


multiplying by 


Pn" (cos 0) ni<i, 
sin ^ 


* LspUee'a operstor “ invnnsot for chsDget of reotaagulnr kxea 

t This IS asaaUy the case in physioal problems 
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integrating tenn-by-term (§ 4‘?) and using the results of §§ 16‘14, 15'51 on 
the integral properties of Legendre functions, we find that 

f'. ^ 2^' 

I” I" /(O'. <l>‘) Pn (COS dO sin d'dd'df = 27ra" An. 

Therefore, when r < o, 

V (r. 0, 4>) = g)" 1'^ J7(d', 4>') {P« (cos 0) P„ (cos d') 

4-2 2 Pj,™ (cos d) Pb* (cos d’) cos m((f>- ^')l si n 0'd0'd4>. 

»^i(a + m)! ) 

The series which is here integrated term-by-term converges uniformly 
when r < a, since the expression under the integral sign is a bounded 
function of d, d', and so (§ 4'7) 

4wV'(r, d, f' fV(^. f) 2 (2n-H)f-)” jp„(cosd)P„(casd') 

J-wJO n=0 VO' I 

- 1-2 2 (» ~>»)- p^n. /gQg p^m (gog d') cos 7» (0 — d>')l sin d'dd'dd'. 
«=i (n + m) 1 ) 

Now suppose that we take the line (d, as a new polar axis and let 
(dj'. ^') be the new coordinates of the line whose old coordinates were (d', 
we consequently have to replace P„ (cos d) by 1 and Pb"* (cos d) by zero ; and 
so we get 

‘irrV(r, 0, <f>)= f f /(0', .f>'} X ( 27 i + l)(~] P„ (coa 0,') ain 0,'d0,'d(f>,' 

J ^9 J 0 V®' 


= r [’/(O'.*') i (2n+\)(-T Pn(coB0,')am0'd0'd<f>'. 
J-nJo «-» V'*''' 

If, in this formula, we make use of the result of example 23 of Chapter xv 
(p. 332), we get 

4wF(r. 0, 4>) - f’ f /(^. *’) . 

] -r Jo (r' ~ 2ar cos d, -h a')^ 


4nrF(r, d, 

.a(a.-^)r r - 

J -nJo [P — 2ar [cos d cos d" -t sin d sin d' cos (^ — ^')} + a*]* 

In this compact fbrmtila the Legendre functions have ceased to appear 
explicitly. 
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18*5] 


The last formula cao be obtained by the theory of Oreen'g functiong For properties 
of such functions the reader is refen'ed to Thomson and Tait, Natural PhUowpky^ 
§§ 499'D19 

[Note, From the lot^Tals for F{r, A <^) involving Legendre functions of cos^i' and 
of cos d, cos & respectively^ we can obtain a new proof of the addition theorem for the 
Legendre polynomial 
For let 

X« (^. <(> ) - (008 «r) - (cos ff) P,(cmff) 

'*' * m-i (m ? ™) ' cos m 

and we get, on comparing the two formulae for V (r, 

0- r 5 (2»+l) 

J ^wj 0 \u/ 

If we take /(^, <f}) to he s. surface harmonic of degree n, the term involving r" is the only 
one which occurs m the integrated senes, and m particular, if we take /(!?', ^ 

we get 

/' _ /'u«(^. <#> ))*S1I1 e'rftf'.i.i, =0 

Since the integrand is continuous and is not negative it must be zero, and so 
Xn(^} that js to say we faavo proved the formula 

P* (cos^i Ccos(?)P«(coeF)+2 2 ^■"‘(cos^) P*"»(coBF)ooB)n(0'-0'), 

M&i (w +ta) ' 

wherein it is obvious that 


cos d/ * cos d cos ^ -hsm 0 am F cos 
from geometrical considerations 

We have thus obtained a physical proof of a theorem pro\ed elsewhere* (§ 15 7) by 
purely analytical reasoning ] 


Example 1 Fmd the solution of Laplaces equation analytic inside the sphere rsl 
which has the value sin cos ^ at the surffM^e of the sphere 

(cos $) coe ^ — JrP,* (cos 6) cos ^ ] 

ExavipU 2 Let /»(r, <f)) be equal to a homogeneous polynoinial of d^ree n 

in X, y, r Shew that 

{cosd oos^-f sm ^sin F cos ((^ — 0')} a^sindcf^d^ 


4ira* 
2n + 1 




[Take the direction (d*, as a new polar axia] 


18*6 Solution* of Laplace's equation which involve Bessel coefficients. 

, A particular case of the result of § 18 3 is that 

j' cos muiu 

18 a solution of Laplace’s equation, k being any constant and m being any 
integer. 

* The atis«se« of the botor ( - )** vhieh ooenn m J IS-T le doe to the fast that the fiuietiwie 
now enplojed are Fertan’ aeeoeiaied tanetioiu. 
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Taking cylindrical-polar coordinates {p, t) defined by the equations 
jr = p cos <^, y = p sin 
the above solution becomes 



ggg ffiudu 


= 2e^r 

Je 


g^fcot V Qgg m (v+if>) dv 

gligCOtt (JQg JJJJ, gyg fn(f>dv 


= Se*' cos (7nif>)J cos mvdti, 


and so, using §171 example 3, we see that cos (m^) Jm(kp) is a 

solution of Laplace’s equation analytic near the origin 
Similarly, from the expression 



^ / 24 -t« C06 n-fty Eio U) 


sin mudu, 


where m is an integer, we deduce that 2in™ sin (m^) {kp) is a solution 
of Laplace’s equation 


Id'Sl, The penode of mbration of a uniform membrane* 

The equation aatishad by the displacement V at time t of a point (j, y) of a uDifona 
plane membrane vibrating harmonically la 

^ ^ _1 

3y« “c» dP ’ 

where c is a constant depending on the teneiou and density of the membrane The 
equation can be reduced to Laplace’s equation by Uie change of variable given by z^ctt 
It follows, from ^ 18 5, that expressjons of the form 




cos . cos 
vnA 

sill ^ sin 


iiift 


satisfy the equation of motion of the membrane 


Take as a particular case a drumj that m to say a ■membrane •with a fiXed circular 
boundary of radtut R 

Then one possible type of vibration is giv^ by the equation 

y^Jm i^p) cos COB Cite, 

provided that V»0 when p = ^ , so that we have to choose k to satisfy the equation 

This equation to determine k has an iiihnite number of real roots (§ 17 3 example 3), 
say A possible type of vibration is then given by 

(r«l, 2, 3, ) 

This w a periodic motiod vnih period 2ir/(cX^) , and so the calculation of the periods 
depends eseratiaUy on calculating the zen^ of Bessel coeftcients (see § 17*9) 


* Boler, Nbvi Cmnn Acad Petrop x (1764) ^published 1766], pp 24S-260, Poisaon, AfXm. 
de VAeaddnue, mi. (1829), pp 867-570, Boaigst, Ann tU F^icoU norm sup ui (1866), pp 55-95. 
For a detailed diseuuioii oi vibraiioiu of membranes, see also Bayleigb, Theory of Sound, 
Chapter ix. 
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Example The equation of motion of air in a circular cylmder ribrating per- 
pendicularly to the axis OZ of the cylinder is 

^ 0»F \d‘V 
dx^ di^ * 


V denoting the velocity potential If the cylinder have radius R, the boundary condition 
dV 

IS that ^ when fi=R Shew that the determination of the free periods depends on 
finding the zeros of J„ (f)=0 


18 6 A general tolution of the equation of wave mottone 

It may be shewn* by the methods of § 18 3 that a general solution of 
the equation of wave motions 

0a? 0y ^ dz' c“ 0t“ 

IS j f (vcsinucoBV + y emu am V + ziA>e a + ct, u, v) dudv, 

where / is a function (of three variables) of the type considered in § 18 3 

Regarding an integral as a limit of a sum, we see that a physical 
interpretation of this equation is that the velocity potential V is produced 
by a number of plane waves, the disturbance represented by the element 
f(xaiD ucoav + ysm ueinv + zcosu + ci, u, v)SuBv 
being propagated in the direction (sm u cos ti, sin u sin v, cos u) with velocity c 
The solution therefore represents an aggregate of plane waves travelling in 
all directions with velocity c 

18 61 Solutions of the equation of wave motions which involve Bessel 
functions 

We shall now obtain a class of particular solutions of the equation of 
wave motions, useful for the solution of certain special problems 

In physical investigations, it is desirable to have the time occurring by 
means of a factor sin ckt or cos ckt, where k is constant This suggests that 
we should consider solutions of the type 

V = j j /■•(«, v) 

Physically this means that we consider motions in which all the elementary waves 
have the same period 

Now let the polar coordinates of {x, y, z) be (r, d, if) and let (», i/r) be the 
polar coordinates of the direction (it, v) referred to new axes such that 
the polar axis is the direction (6, <h), and the plane — 0 passes through 
OZ , so that 

cos ® = cos 6 cos u + sm ^ sin u cos (<f> — »), 
sm u sm (<^ — v) =< sin a> sm -ifr 

* See the paper previously cited, Math. Ann nvn (1903) pp IM3-34S, or Maunger cif Maths 
mottct, XXXVI. (1907), pp 9S-106 
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Also, ttake the arbitrary function /(ii, v) to be Sn(u, ti)sinu, where Sn 
denotes a snriace harmonic in u, » of degree n ; so that we may write 

-S, (u. v) S„{0, if> ; a,, tir), 

where (§ 18‘31) S, is a surface harmonic in to, of degree n. 

We thus get 

V =* S, (0, ^ ; ai, ifr) sin ioda>d'<fr. 

Now we may write (§ 18‘31) 

S, {6, <f> ; », ) = A„ {6, <l)) . (cos te) 

+ S (A,*”"' (0, <ft)cos myfr + (0, <f>) sin Pb” (cos a), 

IB=>1 

where An {0, <!>), Ab'”“ {0, 0 ) and Bo'“’ (d, <f>) are independent of -rjr and ai. 
Performing the integration with respect to -yjr, we get 

V = 2 ' 7 re'*‘‘ An {0, <l>) [ Pn (cos a)) sin a)t£a) 

J a 

= 2we*'^ A„(0, <f>)J ^ 0*’‘^Ph (/*) dfi 

- 4.. (^. ■^) /', 2-4-, 

by Rodrigues’ formula (§ 1511); on integrating by parts n times and using 
lianhel’s integral (§ 17'3 corollary), we obtain the equation 

y = 2 !:’! t S*'" (1 - dfi 

= (2w)i »■"«<*'> (Irr)- i + j (^) A„ (0. 4,), 

and so F is a constant multiple of ^*^r~iJn^^(kr)A„{0, <f>). 

Now the equation of wave motions is unaffected if we multiply x, y, z 
and t by the same constant factor, i.e. if we multiply r and t by the same 
constant factor leaving 0 and 4‘ unaltered ; so that An(0, <f>) may be taken 
to be independent of the arbitrary constant k which multiplies r and t. 

Hence lim + j (^) A„ (0, ^) is a solution of the equation 

of wave motions; and therefore r"A«(9, is a solutu>n-(independent of f) 
of the equation of wave motions, and is consequently a solution of Laplace’s 
equation ; it is, accordingly, permissible to take A„ (0, to be any surface 
harmonic of degree n ; and so we obtain the remit that ' 

»• “ * •^n + 4 (iT) Pn” (cos 0) ^ m4, ckt 

is a particular solution of Ike ey nation of wave motions. 
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18 * 611 . Application of § 18*61 to a pkytical problem. 

The solution just obtained for the equation of wave motions may be used in the 
following manner to determine the periods of foee vibration of air contained in a rigid 
sphere. 

The velocity potential V satisfies the equation of wave motions and the boundary 
ZV 

condition is that when where a is the radius of the 8pb««. Hence 

(i^) ■P»“ ^ ^ 

gives a possible motion if it is so chosen that 

This equation determines le‘, on using § 17*24, we see that it may be written in 
the form 

tan ka ~ /* {ka\ 

where {ka) is a rational function of ka. 

In particular the radial vibrations, in which V is independent of 6 and are given by 
taking n«0; then the equation to detemiine k becomes simply 

tBuka^ka ; 

and the pit<‘hes of the fundamental radial vibmtions correspond to the roots of this 
equation. 
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Miscellaneous Examples. 

I. If V ho a solution of l^aplaces equation which is symmetrical with reepect to 0^, 
uid if Vs/fc} on OZ.^ shew that if /(f} be a function which is analytic in a domain of 
values (which contains the origin) of the complex variable then 

F— i ( /lz+i(x»+y*)ioo8 0}d^ 

• 0 

at any point of a certain three-dimensional region. 

Deduce that the potential of a uniform eiicalar ring of radius c and of mass M lying in 
the plane XOY with its centre at the origin is 

fr y 0 
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2. If r be a solution of Laplaoe^s equation, which is of the form /’(p, z\ where 
(p, z) are cyUodrical coordinates, and if this solution is approximately equal to 
p*»e’^^/(«) near the axis of where /(O is of the character described in example 1, 
shew that 

‘'=r(m+i)r(i) + (DougaU.) 

3. If be determined as a function of y and z by means of the equation 

j4*+fiy+Cz**l, 

where By C are functions of u such that 

shew that (subject to certain general conditions) any function of is a solution of 
Laplace’s equation. 

(Forsyth, Meszengety xxvii. (1898), pp. 99-118.) 

4. Ay B are two points outside a sphere whose centre is C. A layer of attracting 
matter on the surface of the sphere is such that its surface density Cp at P is given by 
the formula 

a^<x,{AP.BPr\ 


Shew that the total quantity of matter is unaffected by varying A and B so long as 
CA . CB and A^B are unaltered ; and prove that this n^ult is equivalent to the theorem 
that the surface integral of two hamonics of different degrees taken over the sphere 
is sero. 

(Sylvester, Phil. Mag. (5), n. (1876), pp. 291-307.) 

5. Let V (.r, y, r) I>e the potential function defined analytically as due to particles 
of massM X+ip, X-ip at the points (a+iV, c+w/) and {a^xa\ h^ib\ c^ic') 

respectively. Shew that V (jr, y, z) is infinite at all points of a certain real circle, and 
if the point {Xy y, z) describes a circuit intertwined once with this circle the initial 
and final values of V(Xyyy z) are numerically equal, but opposite in sign. 

(Appell, ifuM. Aitn. xxx. (1887), pp. 1S5-156.) 


6. Find the solution of Laplace’s equation analytic in the region for which o<r<.4, 
it Iteing given that on the spheres r-sa and the solution reduces to 

2 CyyPyy (cos e)y ^ CnP^iOOSB), 

xsO nsO 

respectively. 

7. Let O' have coordinates (0, 0, c), and let 

p&z~6, ptyz^e, po-r, pa~f. 

Shew that 


or 


/»*! 




. (n + ))(« + 2) c'i’,. J (eon 6) 




2! 


+ ..., 


(cosfl) (n + 1) («+2) r*I'j (coa tf) 


«•*» 


2 ! 




according as f>c or r<o. 

Obtain a similar expansion for r'"P,'(co8d). (Trinity, 1893.) 

8. At a point (r, 6, ^) outside a uniform oblate spheroid whose semi-axes are a, 6 and 
whose density is p, shew that the potential is 

^ l3r 3.5 rJ ^5.7 r* — 
where m*=o*-6* end r>m. Obtain the potential at points for which r<m. 

(8t John’s, 1899.) 
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9 Shew that 

s f(2n + l)r-4P.(c08tf)^,+j(r) 

(Bauer, Journal fur Math Lvi ) 

10* Shew thatif .r4:ty«AG08h(^ + ii;), the equation of two'dimensional wave niotioue 
in the coordinatea ^ and j ) is 

(fiv d^v h^ 02 r 

11. liOt j: =( c+r cos d) co8^, j/ss(<;+r cosd) 8m<^, 2 : = /*8ind, 

shew that the surfaces for which r, d, 4> respectively are constant form an orthogonal 
system, and shew that Laplace’s equation m the coordinates /*, d, 0 is 


dr 


|r(c+rco««)|^| 


1 a 


a^r 


r od I 


= 0 


,|(c + rcostf)p^|+ — 

(W D Niven, MeuengtTy i ) 

12 Let P have Cartesian coordiuaUes (a, y, t) and polar coordinates (r, d, Let 
the plane POZ meet the circle 2 = 0 in the jximts a, y , and let 

nPy=ai, log {PajPy)mma 

Shew that I^aplace’s equation in the coordinates ^r, &>, is 


-M- 

o<r (c 


dV\ 


01 (cosh tr — cos ctf 9 g» f ' 8inh 


sinhiT j. ^ i ainho 

\co8h IT - COS « 0<r J 
and shew that a solution is 

r=a (cosh <r - cos cos ?t*> cosnupP'^ 


1 

r(c 08 lia- 
(C08h <t) 


• C08 w) 


= 0 , 


13 Shew that 

(TP+p* - cos0+c*)“i = 2 


(Hicks, PAi^ T)onjt cLXXn p GlTetsoq) 








“cosmwcitt, 


and deduoe an expression for the txitential of a particle in terms of Bessel functions 

14 Shew that if a, A, c are constants and X, p, i' are confocal coordinates, defined as 
the roots of the equation in « 


^ y 

^ + c b*+f 


C* + f 


= 1. 


then Laplace’s equation may be written 




ax 


‘ ax 


} + A, (r-X) 3^ {a.. IJ} + a. (X - ^) i j =0, 

v/[(o«+X)(6»+X) (c>+X)} 


where Aa 

(Lam^ ) 

* Examples 10, 11, 12 and 14 are most easily proved by asmg Lamp’s result (.Tournaf de 
Vileole PolyU xiv. oahier 23 (18B4), pp. 191-288) that if (X, p, v) be orthogonal ooordmates for 
which the lute-element is given by the formula (&]r)’ + (3p)^ + (dr)^ = (H,SX)3+ (Hs 3 M)^-{-(if 30 v)^ 
In^laoe's equation m these coordinates is 



1+5-1 



(B,H, 


V^sx J 


a. 

^ / dr 

\ B, 

T.) 


A simple method (due to W. Thomson, Comb Math. •fouraaZ, iv. (1845), pp. 33-42) of proving 
this result, hy means of arguments of a physical character, is reproduced by ZAinb, Hydro- 
dynamics (1916), g 111. Analytical proofs, based on Lamp’s proof, are given by Bertrand, 
TraiU de Calcul i>(/Tdrenrtsl2e (1864), pp. 181-187. and Goorsat, Court d 'Analyse, i. (1910), 
pp 163-169 ; and a most compact proof is due to NeviUe, Quarterly Journal^ xux. (1929), pp 888- 
862. Another proof is given by Heine, Theone der Kugelfunctioneny i (1878), pp. 809-806. 

26 


W. M. A. 
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15. Shew that a general solution of the equation of wave motions n 

r=J /'(xoostf+ jsin y+« ainti+cteoa fl, 6)d0. 

(Bateman, Ptoc. London Math. Soc. (2) I. (1904), p. 467.) 

16. If £7->/(,r, y, j, 1) be a solution of 

a« 3t ” <i*» c(y» ’ 

prove that another solution of the equation is 

17. Shew that a general solution of t^e equation of wave motions^ when the motion is 
inde{>eDdeDt of is 


r.. 


/{x+ipcosSj ct+p Bln$) 




where p, g are cjlindrical coordinates and a, b are arbitrary constants* 

(Bateman, Proc. London Math. Soc. (2) I. (1904)» P- 45B.) 

18. If r«“ /(.r, y, g) is a solution of ’*aplace’8 equation, shew that 

V ^ /{ \ 

~ 2»(w-«y)’ x-ig) 


is another solution. 


(.x-ig)* 

(Bateman, Proc. London Math, Soc. (2) TO. (1909), p. 77.) 

19. If U—f{x, y, t, t) is a solution of the equatiem of wave motions, shew that 
another solution is 

cr=— _y_ i-* 

z-W' z—cP 2(s— C5<)’ 2c(? — c<)/ 

(Bateman, Proc, London Math, Soc. (2) vii. (1900), p. 77.) 

20. If — ly, 7i=*a!*+y*+2* + w*, 

X*=x+ty, — w, If* — 1, 

80 that A4-8 I^+wi'*0, 

ahew that any homogeneous solution, degree zero, of 

3»fr 0»C7 ^ 

aatisfiee 

and obtain a solution of this equation in the form 


a»r 0»<7 

3/3X dmdp * 


r'K—'m-^iT^n-ry-r'p 


a, b, e 
a, ft 7. f . 

d, ff, V 


where IX=(i-c) (f-a), »ip=»(e— o) (f-i), no^(.a~b)(C-o). 

(Bateman, Proc. London Math. Soc. (2) vli. (1909), R>. 78-82.) 
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21* If (r, S, ip) Me spheroidal coordia&tes, defined by the equations 

+ 1)^810^008^, y = c (r* + 1)^ Sind sin «a»crcosd, 


where x, y, z ore reotongular coordinates and c is a constant, shew that, when n and m are 
integers, 




COB t Bin t 


.ts); 


mt€U‘ 




(tr) i*,” (cos 8) m<t> 


(Blades, Proc Edinburgh Math Soc xxxiii ) 


22 With the notation of example 21, shew that, if 2 + 0, 




+y ami +i 2 \coa 

) SID 


S+3 1 

(Jeffery, Proc Edinburgh Math Soc xxxiix ) 


23 Pm\o that the most gonoral solution of Laplace’s equation which is of degree wiro 
in A, y, 2 m cxpixissiblc in the form 

wheio /and /’arc aibitrary functioua 

(Uoukin , Trans 1857, HoU*on, /Voc London Math Soc (1) xxii p 422) 

* The functions introduced in example 21 and 22 are known ae int^mof and external 
spheroidal harmonics respeotiyely 


26—2 



CHAPTER XIX 


MATHIEU FUNCTIONS 

19'1. The differential equation of Mathieu. 

The preceding five chapters have been occupied with the discussion of 
functions which belong to what may be generally described as the hyper- 
geometric type, and many simple properties of these functions are now well 
known. 

In the present chapter we enter upon a region of Analysis which lies 
beyond this, and which is, as yet, onlv very imperfectly explored. 

The functions which occur in Mathematical Physics and which corue 
next in order of complication to functions of h 3 rpergeometnc type are 
called Mathieu functvons ; these functions are also known as the functions 
associated iinth the elliptic cylinder. They anse from the equation of two- 
dimensional wave motion, namely 

Sjv oW 1 F 

dx^ V ^ c' St' ■ 

This narfcial differential equation occurs in the theory of the propagation of electro* 
mimetic waves • if the electnc vector in the wave-^ront is parallel to 02 and if S denotes 
the electric force, while {Hx* 0) are ♦he com}>oueDts of magnetic force, Maxwell’s 
fundamental equations are 

dt 0'* cy’ ct ^ * dx ’ 

c denoting the velocity of light ; and these equations give at once 

£ ^ ^ 

^ ” car* ^ ' 

In the case of the scattenng of wsyes^ propagated parallel to OXy incident on an- 
elliptic cylinder for which OX and OV are axes of a principal section, the boundary 
condition is that E should vanish at the aurfaoe of the cylinder. 

The same partial differential equation occurs in connexion with the vibrations of 
a uniform plane membrane, the depeodeot variable being the displacement perpendicular 
to the membrane ; if the ineml^tie be in the shape of an ellipse with a rigid boundary, 
the boundary condition is the same as in the electromagnetic problem just discussed. 

The differential equation was discussed by Mathieu* in 1868 in connexion 
with the problem of vibrations of an elliptic membrane in the following 
rnannei 

* Journal de Math. (2), xxn. (18S8), p. 187. 
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Suppose that the membrane, which is in the plane XOY when it is 
in equilibrium, is vibrating with frequency p. Then, if we write 
V=u{x, y) cos {pt +■ e), 

the equation becomes 

Let the foci of the elliptic membrane be (±h, 0, 0), and introduce new 
real variables* f, y defined by the complex equation 
x + iy = h cosh (f + iy), 

so that a: »■ h cosh f cos y, y = h sinh f sin y. 

The curves, on which ^ or y la constant, are evidently ellipses or hyper- 
bolas confocal with the boundary ; if we take f > 0 and — v < y ^ir, to each 
point (x, y, 0) of the plane corresponds one and only onef value of (f, y). 

The differential equation for u transforms intoj 

2f‘u d'U h’p’/ e, 1 - . ^ r, 

^.+ 3 ^, + -^(co8h»f-coB*j,)u-0. 

If we assume a solution of this equation of the form 

where the factors are functions of f only and of y only respectively, we see 
that 

i_i_ •i'/SJ) + cosh* fl = - _ ^cos*n I 

df* + c. t} ]G(y) dff 0*'^® ^!' 

Since the left-hand side contains f but not y, while the right-hand side 
contains y but not (, F{^) and G{y) must be such that each side is a constant, 
A , say, since f and y are independent variables. 

We thus arrive at the equations 

^ f - ^) ^’(f) = 0, 

-7 - ^ 0. 

By a slight change of independent variable in the former equation, we see 
that both of thsae equations art linear differential equations, of the second 
order, of the form 

^ + (a-^ 16gco6 2r)u = 0, 


* The introduetion of thoH Twitblee is doe to Lam6, who ooUed ( the thermometric parameUr. 
They ere more aeoeUj known m co^foeal coordtnatts. l3ee Lnotd, Stir its fonetions inotrttt det 
transcendanttt, Lecon. 

This tnei^ be wma moot awlljr oaniidering the elUpoee obtained hy f^ving ( emrione 
poeitive velnee. If the eUipee be drown throogb n definite point ((, e) of the plane, ^ is the 
eeeentrio angle of that pcdnt on the ellipoe. 

; A proof of thie reenlt, dne to Intoid, ie given in nameroae tat>books; eee p. 401, footnote. 
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where a and q are constants* * * § . It is obvious that every point (infinity ex- 
cepted) is a regular point of this equation. 

This is the equation which is known as Mathieu's equation and, in certain 
circumstances (§ 19‘2), particular solutions of it are called Matiiieu functions. 

The form of tiie solution of Mathieu’s equation. 

In the physical problems which suggested Mathieu’s equation, the constant 
a is not given a priori, and we have to consider bow it is to be determined. 
It is obvious from physical considerations in the problem of the membrane 
that u(x, y) is a one-valued function of position, and is consequently unaltered 
by increasing by Sw ; and the conditionf G (n + Sw) = 6 (y) is sufficient to 
determine a set of values of a in terms of q And it will appear later i9'4, 
19‘41) that, when a has not one of these values, the equation 

(?(i,-t-2-ir) = <?(!,) 

is no longer true. 

When a is thus determined, q (and thence p) is determined by the fact 
that (f ) = 0 on the boundary ; and so the periods of the free vibmtions of 
the membrane are obtained. 

Other jirobleme of Mathematical Physics which involve Mathien functions in tlioir 
solution are (i) Tidal waves in a cylindrical vessel with nn elliptic boundary, (ii) Certain 
forms of steady vortex motion in an elliptic cylinder, (iii) The decay of magnetic force 
in a metal cytinder^. The equation also occurs in a problem of Rigid Dynamics which 
is of general interest §. 

1912. Hill’s equation. 

A differential equation, similar to Mathieu’s but of a more general nature, 
arises in G. W. Hill’sH method of determining the motion of the Lunar 
Perigee, and in Adams’lT determination of the motion of the Lunar Node. 
Hill’s equation is 

^ -i- + 2 S 6h cos inzj u — 0. 

The theory of Hill’s equation is veiy similar to that of Mathieu’s (in spite 
of the increase in generality due to the presence of the infinite series), so the 
two equations will, to some extent, be considered together. 

* Tbeii actual vatues are a=d q = h‘j^HS3e’)', the factor 16 is inserted to avoid 

powers of 2 in tbe solatiiui, 

t As elemestaxy vulogw of this reeuH is that a solnticm of ^ +<i«s0 has period 2r if, 
and only if, a is the square of an istegerr 

C. Mactaorin, Jrons, Camib, Phil, Soc. xyxi. p. 41. 

§ A. W. Toang, Proe, Edittburffh Math. Soe. zxxn. p. 81. 

II Acta Math, vm, (1686j. HiH’s memoir was originally published in 1677 at Cambridge, 
TJ.S.A. 

t Monthly Notices Ii.A,8, xixyni. p. 43. 
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I9-11-19-21] 

In the aetronomical applications 6„, 6^, ... are knovm constants, so the 
problem of choosing them in such a way that the solution may be periodic 
does not arise. The solution of Hill’s equation in the Lunar Theory is, in 
fact, not periodic, 

19’2. Periodic solutions of Mathieu’s equation. 

We have seen that in physical (as distinguished from astronomical) 
problems the constant a in Mathieu’s equation has to be chosen to be such 
a function of q that the equation possesses a periodic solution. 

Let this solution be 0(2); then G (z), in addition to being periodic, is an 
integral function of z. Three possibilities arise as to the nature of G (z) : 
(i) 0 (s) may be an even function of z, (ii) G (z) may be an odd function of z, 
(iii) Q (z) may be neither even nor odd. 

In case (iii), ^ (G (z) + G(— z)\ 

is an even periodic solution and 

i{G(r)-G(-s)) 

i8 an odd periodic solution of Mathieu s equation, these two solutions forming 
a fundamental system. It is therefore sufficient to confine our attention to 
periodic solutions of Mathieu’s equation which are either even or odd. These 
solutions, and tfiese only, will be called Mathieu functions. 

It will be observed that, aince the roots of the iodicial equation at 2=0 are 0 and 1, 
two even (or two odd) periodic solutions of Mathiou’s equation cannot form a fundamental 
system. But, so far, there seems to be no reason why Mathieu’s equation, for special 
valuea of a and q, should not have one even and one odd })eriodic solution ; for com- 
paratively small values of [ ^ [ it can be seen [§ 19*3 example 2, (ii) and (iii)] that Machieu’a 
equation has two periodic solutions only iu tbo trivial uiso in which q^O ; the result that 
there are uever pairs of iieriodic solutions for larger values of ] j j is a siiocial case of a 
theorem due to Hiile, l^roc. London Mat/t. Soc. (2) uui. (1924), j). 224. See also Inoo, Proc. 
Oamh, PhU. Soc. xxi. (1922), p. 117. 

1921. A n integral equation satisfied by even Mathieu functions *. 

It will now be shewn that, if G(ij) is any even Mathieu function, then 
6 (if) satisfies the homogeneous integral equation 

G(.7)-xf’ d‘'^'^*Q(0)de, 

» J -» 

where &e:y'(32g). This result is suggested by the solution of Laplace’s 
equation given in § 18’3. 

* This integral eqoatiou and the expaneione of g 19*3 vere published by Whittaker, iVoc, 
Xnt. Congrtn of Nath. 1912. The integral equation vse known to i'iin as earl.y as 1903; see 
Trans, Comt. PhtL Sec. xxi. (i912), p. 193. 
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For, if aj + iywAcoshff + 11)) and if !'(() and 6 (v) are solutions of the 
differential equations 

-(A + m'h‘ cosh* f ) F(f) = 0, 

+ (A + m*A* cos’ n) 0 (i)) = 0. 

<x»j’ 

then, by § 19'1, F (^) G {ij) is a particular solution of Laplace's equation. 

If this solution is a special case of the general solution 


j f{h cosh f cos 1) cos 6+h sinh f sin ■t)ain6 + iz, 0) d6, 

given in § 18'3, it is natural to expect that* 

/(», (9)=F(0)e--.^(fl), 

where <f> (8) is a function of ^ to be determined. Thus 


(nle”"’** j FfO) 4>(^) exp jwA cosh f cos 1) cos 

+ mh sinh f sin i; sin ^ + miz] d0. 

Since f and v are independent, we may put f = 0 ; and we are thus led to 
consider the possibility of Mathieu’s equation possessing a solution of the 
form 

0 (»)) = j’ ^ 


19 22. Proof that the even Mathieu functiom satisfy the integral equation. 

It is readily verified (§ 5-31) that, if <^(B) be analytic in the range (- tt. it) 
and if (?(i)) be defined by the equation 

G(y)== I” £>»*«•'>«>•* (j) {0) de, 

then G {y) is an even periodic integral function of 7 and 
^^Jr- + (4 + 7i0h‘ cos’ v)G(ri) 

= j (m’A’fsin’^cos’ + cos’7) — niAco8 7 cosfl + A) d0 

= - j^JmAsin dcos7<>(tf) + e”*'"’™' 

+ j' {(p” (0) + < A + m’A’ cos’ 0) 4> ()?)( d0, 

on integrating by parts. 


* Th« coDsUot F (0) ia iaMrt«d to timplify the aigebn. 
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19'22, 19-3] 

But %f if} (fi) he a periodic function {with period 2ir) such that 
{0) + {A+ m'h^ cos* 0) <l> (0) = 0, 

both the integral and the integrated part vanish , that is to say, 0 (riy, defined 
by the integral, is a penodic solution of Mathien’s equation 

('Jonsequently G (ti) is an even penodic solution of Mathieu’s equation if 
<l> (0) IS a penodic solution of Mathieu’s equation formed with the same con- 
stants , and therefore <b (0) is a constant multiple of G (0 ) , let it be \G (0) 

[III the case when the Mathisu equation has two penodic solutions, if this case exist, 
we have if> {e) = \0 {e) + Oi{$) where (d) is an odd penodic function , but 

j' 

yauiohes, the eubsequent work is unafiected.] 

If we take a and q as the parameters of the Mathieu equation instead of 
A and mh, it is obvious that mh=5 f{32q) = L 

We have thus proved that, if G(»>) be an even penodic solution of 
Mathieu s equation, then 

G{v)==\j’ e^'^'«^‘G{0)d0, 

which IS the result stated in § 19 21 

From § 11 23, it is known that this integral equation has a solution only 
when X. has one of the ‘ charactenstic values ' It will be shewn m § 19 3 that 
for such values of X, the integral equation affords a simple means of con- 
structing the even Mathieu functions 

Example 1 Shew that the odd Mathieu functions satisfy the integral equation 

sm (Jr amij ein 9) O (9) dff 

Example 2 Shew that both the even and the odd Mathieu functions satisfy the 
integral equation 

Esarnph 3 Shew that when the ecceotncity of the fundamental ellipse t«)ds to zerc, 
the confluent form of the iiit^ral equation for the even Mathieu functions is 

hi 

19 3 The construction of Mathieu functions 

We shall now make use of the integral equation of § 19 21 to construct 
Mathieu functions , the canonical form of Matfaieu's equation will be taken as 

dtu 
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In the special case when q is zero, the periodic eolations are obtained by 
taking a^n', where n is any integer; the solutions are then 
1, cosr, cos2r, • 
sin r, sin 2r 

The Mathieu functions, which reduce to these when q-^ 0 , will be called 
ce„ (*, q), ce, (2, g), ce, (2, q), 

sei(2,q), 86^(2, q), .... 

To make the functions precise, we take the coefficients of cos nr and sin n2 
in the respective Fourier series for ce„(r, q) and se^(2, q) to be unity. The 
functions ce„ (2, q), ae„ (2, q) will be called Mathieu functions of order n. 

Let us now construct c«o (r, q). 

Since ceo(r, 0 )= 1 , we see that X-»( 2 ir)“’ as o—O. Accordingly we 
suppose that, f.'r general values of q, the characteristic value of A which gives 
rise to c«o (r, q) can be expanded in the form 

(2irX)~' = 1 + a,g + 0 ^ 5 * + . . . , 
and that ce, (r, j) = 1 + 5/8, (2) + (r) + ... , 

where a„ a,, ... are numerical constants and ;S, (z), 0s (z), ... are periodic 
functions of 2 which are independent of q and which contain no constant 
term. 

On substituting in the integral equation, we find that 

(1 +tt,g + a,g* + ...)ll +gy8,{r) + g»^,(r) + ...} 

= ^ J }1 + V( 32 g) . cos 2 cos d + 16 g cos* z cos * 0 + ...] 

X {l+q 0 s{ 6 )+q' 0 ,{ 0 ) + ...\d 6 . 

Equating coefficients of successive powers of q in this result and making 
use of the fact that 0 ,(z), 0 s (e), ... contain no constant term, we find in 
succession 

Oi = 4, 0, ( 2 ) = 4 008 2z, 

a, = 14, 0s ( 2 ) = 2 cos iz, 

.... f 

and we thus obtain the following expansion ; 

( 97 29 \ / inn \ 

4 g- 28 g*+ . . . j cos 2 r + ^Sg* — g- 3*+ ... j cos 4 r 

+ (g ?*- y S* + •••) + (1^ 9*- ...) cos 8r 

the terms not written down being 0 (g*) as g -» 0. 

oi» 2ft 

The value of a is — 32 g*+ 224 g* ^ — f+Oiq’)', it will be observed 

that the coefficient of cos 2* in the series for ce,(z, g) is — a/(8g). 
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19-31] 

The Mathieu functions of higher order may be obtained in a similar 
manner from the same integral equation and from the integral equation of 
§ 19'22 example 1. The consideration of the convergence of the series thus 
obtained is postponed to § 19‘61. 

Example 1. Obtain the following expansions* • 

(ii) (X. ,)=oos x+ 

(Ii.) «..(x.j) = sinx+ I i(r+l)'.r!+>-Hl).(UTr' 

(iv) ce2(;, y}= 2y + yy^ + 0(?‘)|+cos2s 

where, in each case, the conataut implied m the ajinbol 0 dependn on r but not on 

(Whittaker.) 

Example 2. Shew that the values of a associated with (i) C(!o( 2 , q% (ii) cei(Zf q), 
^iii) Wj («, g), (iv) c«j («, g) are respectively ' 

OlO ^ 

(1) -329*+224^< 9- + 0(A 

(li) i-sy-sjJ+v-lf’+oi/). 

(iii) l + 8j-8^-8/-??*+0(j‘), 


(>v) 4+— y* — + (Mathieu.) 

Example 3. Shew tMht, if n be an integer, 

»j..i(i, ?)=(->’»«».+i(s+i*. -?)• 

19'31. The integral formulae for the Mathieu functions. 

Since all the Mathieu functions satisfy a homogeneous integral equation 
with a symmetrical nucleus (§ 19'22 example 3), it follows (§ ll'dl) that 

I oe„{z,q)ce„(z,q)dz = 0 {m^n), 

♦ •' -* 

I «Cm(*. 3 ) »«n (*,?)* “0 (m^n) 

j ce,» (»,?)*«»(«, 9) 

* The leading terms of these series, as given in example 4 at the end of the eh^ter 497), 
were obtained by Matfaien. 
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EaeatnpU 1. Obtain expaosiona of the form ; 

i »»0 

(ii) eo8(i:Biniesintf)= £ q)ce^{By q), 

»«o 

(lii) am (jb am z am 2 q) g\ 

where Jc^»J(3^q). 

ExampU 2. Obtain the expansion 

2 JMt"* 

fte—tD 

as a confluent form of exiuinHiona (ii) and (lii) of example 1. 

18'4. The nature of the solution of Mathieu's general equation; Floquet’s 
theory. 

We shall now discuss the nature of the solution of Mathieu’s equation 
when the parameter a is no longer restricted so as to give rise to periodic 
solutions; this is the case which is of importance in astronomical problems, as 
distinguished from other physical applications of the theory. 

The method is applicable to any linear equation with periodic coefiBciemts 
which are one-valued functions of the independent vanable ; the nature of 
the general solution of particular equations of this type has long been per- 
ceived by astronomers, by inference from the circumstances in which the 
equations arise. These inferences have been confirmed by the following 
analytical investigation which was published in 1883 by Floquet* 

Let g(s), h(z) be a fundamental system of solutions of Mathieu’s equation 
(or, indeed, of any linear equation in which the coeflScients have period 2ir) ; 
then, if F(z) be any other integral of such an equation, we must have 
F (z) «= Ag (s) + Bh (x), 
where A and B are definite constants. 

Since g(z+ 2ir), h(z+ 2ir) are obviously solutions of the equationf, they 
can be exjnwsed in terms of the continuations of g (x) and h (x) by equations 
of the type 

g{z + in) » a,p (x ) -b a,A {»), h (x -t- 2'ir) “ftp (x) 4- ft h (x), 
where a,, a,, ft, ft are definite constants; and then 

F{z + 2ir) m(Aai + ftft) p (x) -b (jJoi + ftft) h (x). 

* Ann. de VEeole norm. tnf. (2), xn. (1868)^ p. 47. Floquet'* ooftljijt it o Mtarol wqitel 
to F cam '0 theory o£ difftfentiAl equtiaaa wi^ doobl^'PMriodie eotfioieate (| 90*1), and to the 
tb«Oi '7 of the fandMBentol equtioii do« to Foebi «od B»mbQX 0 tf. 

t These solfttions nuj not bs id^ntie*! wiA 9{*h m ttis solotioD of sa 

equation with periodic coefficients is not neocsswiiy periodic. To take e rii&pU oese, tts«*siDs 
dli 

ie a eolntioD qt ^ - (l-f>eotx)«sO. 
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Gontequemtly F(z + 2ir)= kF(z), where k is a constant*, if A and B o^® 
chosen so that 

Aa, + B/3, * kA, Aa, + BBi “ kB 

These equations will have a solution, other than ^=5 = 0, if, and 
only if, 

a^-k, / 3 , = 0 , 

a. , A - k 

and if k be taken to be either root of this equation, the function F {z) can be 
constructed so as to be a solution of the differential equation such that 

F<z + 2‘ir) = kF(z) 

Defining fi by the equation k= e”" and writing d>(r) for e~'^F{z), we see 
that 

<f>(s + 27 r) = g-eo+sr) ^(2-1- ^-jr) = <fi (z) 

Hence the differential equation has a particular solution of the form 
ef^ <f> (a), where <h(z) is a periodic function with period 2ir 

We have seen that in physical problems, the parameters involved m the 
differential equation have to be so chosen that k = l is a root of the quadratic, 
and a solution is periodic In general, however, m astronomical problems, m 
which the parameters are given, kfl and there is no periodic solution 

In the particular case of Mathieu's general equation or Hill s equation, a 
fundamental system of solutionsf is then er‘<h{z) e~’^<f(^—z), since the 
equation is unaltered by writing — r for r, so that the complete solution of 
Mathieu's general equation is then 

u = Ci««d) (z) + c^e-i^ip (- z), 

where c,, c, are arbitrary constants, and ^ is a definite function of a and q. 

Example Shew that the rouia of the equation 

1 og I j 

are independent of the particular pair of eolutioua g (r) and A (r), choeen 

19'41. Hill’s method of solution 

Now that the general functional character of the solution of equations 
with periodic coefBciente has been found by Floquet’s theory, it might bo 
expected that the determination of an explicit expression for the solutions of 
Mathieu’a and Hill’s equations would be a comparatively easy matter , this 
however is not the case For example, in the particular case of Mathieu's 
general equation, a solution has to be obtained m the form 


* The symbol k is used in this pai«iealar sense only in this section It must not be eomosed 
with the oonst&nt o( § 19 21, whiox* was sMOoiated with the parameter q of Mathieu’s equation 
t The ratio of these solutions is not eten periodic, stiil less is it a constant 
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lere ^ (*) is periodic and /* is a fanction of the parameters a and q. The 
crux of the problem is to determine /i ; when this is done, the determination 
of ^ (s) presents comparatively little difficnlty. 

The first suco^ful method of attacking the problem was published by 
Hill in the memoir cited in § 19'12; since the method for Hill’s equation is 
no more difficult than for the special case of Mathieu’s general equation, we 
shall discuss the case of Hill's equation, viz. 


d'u 

dr* 


+ J(z)u 


0 , 


where is an even function of z with period w. Two cases are of interest, 
the analysis being the same in each : 

(I) The astronomical case when z is real and, for real values of z, J (z) 
can be expanded in the form 

J (z) = 0, + 20, cos 2z + 2d,co3 4e + 2dj cos 6r + ... ; 


the coefficients are known constants and S converges absolutely. 

(II) The ease when r is a complex variable and J (z) is analytic in a 
strip of the plane (containing the real axis), whose sides are parallel to the 

ce 

real axis. The expansion of J {z) in the Fourier series do +2 2 0„ cos 2nr 

n*J 

is then valid (§ 9'11) throughout the interior of the strip, and, as before, 

O) 

2 0,0 converges absolutely. 

1>:-0 

Defining to be equal to 0„, we assume 
« = s" 2 

US'-® 

as a solution of Hill’s equation. 

[In case (II) ihia is the aolutioo aual^ic io the strip (§§ 10% 19’4) ; in case (I) it will 
have to be ahewn ultimately (see the note at the end of § 1^*42) that the values of 
which will be detenniued are such as to make Z n*btt absolutely convergent, in order to 
justify the processee which we shall now carry out] 

On substitution in the equation, we find 

2 (M+2nt)*fi„eie+»^»+( 2 f 2 = 0. 

Multiplying out the absolutely convergent seri^ and equating coefficients 
of powers of ^ to zero (§§ 9"6-9‘632), we obtain the system of equations 

(yt + tmf b„+ 2 0„h„^ = 


0 (n-..., -2, -1, 0, 1. 2, ...). 
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If we eliminate the csoefficients b„ detenninantally (after dividing the 
typical equation by — 4n’ to secure convergence) we obtain* Hill’s deter- 
minantal equation : 


(tp + 4)«-d, 

-d, 

— d* 

-d. 

-«4 

M 

1 

4’ -do 

4’ -do 

4’ -do 

4* -do 

-d, 

(ip-r2)*-do 

-d, 

-d. 

-d, 

2* -do 

2* -do 

2»-d„ 

2*-do 

2»-do 

-d, 

-d, 

(ip)’ -do 

-d, 

— di 

0»-d„ 

Oi-d„ 

0»-d„ 

o’-d„ 

0*-di, 

-d. 

— dj 

-d, 

(id -2)*- 

do — d| 

2*-d„ 

2* -do 

2*-Oo 

2* -do 

2*-d. 

1 1 

-do 

— dj 

-«i 

(fM-4)»-do 

4’-d„ 

4* -do 

4’- do 

4»-do 

4*-do 


We write A (i/j.) for the determinant, so the equation determining /i is 

A (t/t) = 0. 


19'42. The evaluation of Hill’s determinant. 

We shall now obtain an extremely simple expression for Hill’s deter- 
minant, namely 

A (t/t) = A (0) - sin* {^irifi) cosec* ( Jir 
Adopting the notation of § 2'8, we write 


where 




(in — 2m)* — 
4m’ — 6^ 


4m* 


(to ^ n). 


The determinant is only conditionally convergent, since tne product 

of the principal diagonal elements does not converge absolutely (§§ 2'81, 2*7). 
We can, however, obtain an absolutely convergent determinant, A,(t^), by 
dividing the linear equations of § 19'41 by — (»/t— 2r»)’ instead of dividing 
by 0, — 4»’. We write this determinant A, (i/i) in the form [5*,,], where 

(TO fa). 


* The absolute convergence of £ 0^ secures the convergence of the deter- 

«i«0 

minant except when /i has such a value that the denominator of one 

of the expressions -Bat,* vanishes. 


* SiaM the ooeffifaeote are not all aero, we may obtain the inSnite detenninant ae the 
eliminaot of the eyatem of linear eqoationa by muliiplyiiig these eqnatianf by anilably eboeen 
ootaetoia and adding np. 
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From the definition of an infinite determinant (§ 2‘8) it follows that 


A (t/i) “ A] (ifi) lim n 

p-»ac Ms— p 


ffa - — 2nyi 


]■ 


and 80 A (t/i) = — Ai (i/t) 


sin iir (ifi — \/&^) sin-Jirit/t + v/^o) 
sin" IT 


Now, if the determinant A, (t/i) be written out in full, it is easy to see 
(i) that A, (in) is an even periodic function of fi with period 2t, (ii) that Ai (in) 
is an analytic function (cf. §§ 2'81, 3'34, 5'3) of n (except at its obvious simple 
poles), which tends to unity as the real part of n tends to ± oo . 

If now we choose the constant K so that the function D (n), defined by 
the equation 

D (n) = A, (in) — K jcot + v/fin) — cot Att (r/t — V^o)); 

has no pole at the point = then, since D(n) is an even periodic 

function of /i, it follows that D (fi) has no pole at any of the points 

2fl.t ± i V^o. 

where n is any integer. 

The function J)(n) is therefore a periodic function of n (with period 2t) 
which has no poles, and which is obviously bounded as R(fi) -^± x ■ The 
conditions postulated in Liouville’s theorem (§ 5’63) are satisfied, and so D{n) 
is a constant ; making + oo , we see that this constant is unity. 


Therefore 


and so 


Ai(i^) = l +£■ (coti7r(r>+ >J0„) — cot^ir(i/i— 

\ i’T (‘A* - sin (»/* + I o r 1 j 'n\ 

A(»m) sinMiwV^.) +2ifcot(iwV5.). 


To detemune E, put /t = 0 ; then 

A(0)*.l+2A'cot(ivrv'»,). 
Hence, on subtraction. 


A (ifi) = A (0) — 7 


sin'f^irf^) 


which is the result stated. 


sinHiTTv/^o) ’ 


The roots of Hill’s determinantal equation oye therefore the roots of the 
sin" (jfirifi) = A (0) . sin* (-Jir f0,). 


When n has thus been determined, the coefficients 6* can be determined 
in terms of and cofactors of A(i/i)i and the solution of Hill’s differential 
equation is complete. 



19-5, 19’5lJ MATHIEU FUNCTIONS 417 

[In oase (I) of § 19'41, the conrergecoe of £ | | follows from the rearrangemept theorem 

of § 2-88 ; for S»* | i, | is equal to i io | X | I -r | (7o,o I. where is the cofactoi of 

in hi (ifi) ; and X | , | is the determinant obtained by replacing the elements of the row 

through the origin by numbers whose moduli are bounded.] 

It was shewn by Hill that, for the purposes of his astronomical problem, a remarkably 
gooi approximation to the value of could be obtained by considering only the three 
central rows and columns of his determinant. 

19'5. The Lindemann-Stieltjes' theory of Mathieu’e general equation. 

Up to the present, Mathieu's equation has been treated as a linear 
differencial equation with periodic coefficients. Some extremely interesting 
properties of the equation have been obtained by Lindemann* by the sub- 
stitution fs«co8“r, which transforms the equation into an equation with 
rational coefficients, namely 

4r(l-r)^ + 2(l-2f)^ + (a-169 + 32<,f)u = 0. 

This equation, though it somewhat resembles the bjpergcometric equation, is of higher 
type than the equations dealt with in Chapters xiv and xvi, masmueh as it has two 
regular singularities at 0 and 1 and an irr^ular singulanty at oc : whereas the three 
aingulanties of the hypergeometric equation are all regular, while the equation fur 
has one irregular singularity and only one regular singulanty. 

We shall now give a shore account of Lindemann’s analysis, with some 
modifications due to Stieltjesf- 

19'61. Lindemann's form of Floquet's theorem. 

Since Mathieu's equation (in Lindemann's form) has singularities at 0 
and f = 1, the exponents at each being 0, J, there exist solutions of the form 

y„,= 2 a„ir", y.i = ?* 2 6„f”, 

y„ = 2 (1 - f)-, y„ - (1 - 2 bf (1 - ?)"; 

the first two series converge when j {■!< 1, the last two when ) 1 — f | < 1. 

When the f-plane is cut along the real axis from 1 to oo and from 
0 to — 00 , the four functions defined by these series are one-valued in the 
cut plane ; and so relations of the form 

yio - «y« + ffyn , y,i = yy £ y® 

>^11 exist throughout the cut plane. 

Now suppose that ^ describes a closed circuit round the origin, so that the 
circuit crosses the cut from — oo to 0; the analytic continuation of y„ is 

* Hath. Arm. ran. (1883), p. 117. 

t Attr. Nath. oil. (1884), ool>. 145-168, 361-266. Tha snalyaia ia very similu to that 
employad by Hermite in hia leotnree at the ]^<»le Polyteobnique in 1872-1873 [Oeuvnt, m. 
(Paris, 1812), pp. 118-122] in eonnexion with Lamt'a equation. Bee § 2S'7. 


W. K. A. 


27 
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“y® — fiyjn (since y*, is unaffected by the description of the circuit, but y^, 
changes sign) and the continuation of y„ is - Syoi ; ond so Ay^ + wiU 
he unaffected by the description of the circuit if 

A (ay«) + ^yoi)’ + B (yy* + hy^f = A (ay^ - BytnY + B (yy® - hya)\ 
i.e. if Aafi + By& = 0. 

Also Ayi„* + Byu' obviously has not a branch-point at ?=1, and so, if 
AaB + ByS = 0, this function has no branch-points at 0 or 1, and, as it has no 
other possible singularities in the finite part of the plane, it must he an 
integral function of f 

The two expressions 

A^yK + iE^yu, A*y,„-t.Siy„ 

are consequently two solutions of Mathieu’s equation whose product is an 
integral function of f. 

[This amounts to the fact (§ 19'4) that the product of ^ (r) and 
(— e) is a periodic integral function of z.] 


10 02. The determination of the integral function associated with Mathieu's 
general equation. 

The integral function F (z) s Ay,,' + By^*, just introduced, can be deter- 
mined without difficulty ; for, if y„ and y,i are any solutions of 

^ + p(?)^+e(?)u»o, 

their squares (and consequently any linear combination of their squares) 
satisfy the equation* 

$ + 3^ (?) ^ + [i’' (?) + 4Q (f) + 2 [P (f))’]^ 

-(-2[Q'(?)-i-2P(!:)<?(?)]y = 0: 
in the case under consideration, this result reduces to 


?(!-?) 


^(?) 


+ !(l-2f) 


<PP(?) 

df 


-f(o-l-169-K329fl 


dF(^) 

df 


169P(r)-0. 


Let the Maclaurin series for P(f) be X c„^; on substitution, we easily 
obtain the recurrence formula for the coefficients c„, namely 


where 




“ UnCn+i -f Cn, 

(n -I- 1) ((» q- 1)* — a -f- I 69 I _ fl (ra -I- 1) (2n -H) 

169 (2n -1-1) ’ 325(2»-1) 


* Ippell, Comptm Btndut, tot. (1880), pp. 311-211 ; at exampl* 10, p. 396 <i^a. 
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At first sight, it appears fi-om the recurrence formula that Co and c, can 
be chosen arbitrarily, and the remaining coefficients c,, c,, ... calculated in 
terms of them ; but the third order equation has a singularity at ?= 1, and 
the series thus obtained would have only unit radius of convergence. It is 
necessary to choose the value of the ratio Ci/Co so that the series may con- 
verge for all values of f. 

The recurrence formula, when written in the form 


(Cn/Cn+l) “ + / 


Vn+l 


(Cn+l/Cn+l) 

suggests the consideration of the infinite continued fiaction 


«n + 


Un+i + + 


lim \u„ 


+ . . . + W„+„J 


The continued fraction on the right can be written* 
u„K (n, n + m)jK (n + 1, n -(- m), 

where AT (n, n m) = j 1 , Vn+i/Un, 0 , 

l-W.'A. 1 . »»W“n+l. • 

0 , - u.-f, , 1 , . 


I - Kim, 1 i 

The limit of this, as m — oo , is a convergent determinant of von Koch’s 
type (by the example of § 2-8'2); and since 


<K 

2 


"r«r+. 


— 0 as n 


it is easily seen that K (n, oz) 1 as n x . 


. 


Therefore, if 


c„ ^ u„ K (n, X ) 

c„+, if (n -t- 1, X ) ■ 


then c„ satisfies the recurrence formula and, since c„+,/c„ ^ 0 as n x , the 
resulting series for /"(f) is an integral function. From the recurrence formula 
it is obvious that all the coefficients c„ are finite, since they are finite when n 
is sufficiently large. The construction of the integral function F(f) has 
therefore been effected. 


19'63. The solution of Mathieus equation in terms of F(f). 
If w, and w, be two particular solutions of 

thenf tu.roi' (7 exp I —j" 


* SrlTMter, Phil. Uag. (4), t. (ISSS), p. 446 [IfatA. Papert, i. p. 609} 
t Abel, JewntalfST itath. n. (1837), p. 82. Primes denote difleientUtions with regard to f. 

27—2 
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where (7 is a definite constant. Taking w, and ii», to be those two solutions of 
Mathieu’s general equation whose product is F (f ), we have 
to/ _ W 5 = ^'(0 

Ml, Ul, “ f4(l _ Ml, F{^)' 

the latter following at once from the equation 

Solving these equations for Wi’/mi, and mi, /mi,, and then integrating, we at 
once get 

where 7 ,, 7 , are constants of integration; obviously no real generality is lost 
by taking c, = 7 , = 7 , = 1 . 

From the former result we have, tor small values of j ?|, 

«i, = 1 + Cfi + i (c. + C‘)^+0 (r*), 

while, in the notation of § 19-ol, we have — ia+ Sq. 

Hence C'’=» 16q — o — c,. 

This equation determines C in terms of a, q and c,, the value of c, being 
if (1, oe ) — {u,/r ( 0 , oc )j. 

ExampU 1. If the soKitions of Matfaieu’e equation he <*'“^(± 2 ), where <(>( 2 ) la 
periodic, shew that 

_/« F(coa*z) 

Example 2. Shew that the zero# of E{{) are aJl simple, unless C=0. 

(Stieltjea) 

[If /"(f ) could have a repeated zero, ir, and w, would then have an essential singularity.] 

IB'S. A second method of constructing the Maihieu function. 

So far, it has been assumed that all the various series of § 19'3 involved 
in the expressions for ce^ic, q) and q) are convergent. It unit now be 
shewn that cey (z, q) and se„ (z, q) are integral functions of z and that the 
coefficients in their expansions as Fourier series o.re power series in q which 
converge absolutely when 15 t» sufficiently small*. 

To obtain this result for the functions ces (z, q), we shall shew how to 
determine a particular int^rd of the equation 
d^u 

^ + (a + I6q cos 2s)u = ifr (a, q) cos ^2 

* The essential part of this theorem is the proof of the wnvergerict of tht teries vhkh ocour 
in the eoej^aentr; it is already knowa 10’2» 10*21) solntioas of Mathieo’s equation are 
integral fonotions ol z, and (in the case of pmodte solutions) the existeooe of the Fourier 
expansion foUosrs from 1 9*11. 
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in the form of a Fourier series converging over the whole ^-plane, where 
(a, q) is a function of the parameters a and q. The equation (a, q) — 0 
then determines a relation between a and q which gives rise to a Mathieu 
function. The reader who is acquainted with the method of Frobenius* as 
applied to the solution of linear differential equations in power senes will 
recognise the resemblance of the following analysis to his work. 

Write 0 = ilT* + Sp, where N is zero or a positive or negative integer. 
Mathieu’s equation becomes 

+ N'u = — 8 (p + cos 2z) u. 


Ifp and q are neglected, a solution of this equation is u = cosiVz= L\(2), 

say. 

To obtain a closer approximation, write —8(p + 2q cos 2z) Ua (z) as a sum 
of cosines, i.e in the form 


— 8 {(/ cos {N—2) 1 + p cos Nz + q cos fiV + 2) zj = F, (i), say. 

d^U T 

Then, instead of solving + N-u = F, (z), suppress the termsf in Fj (z) 

which involve cos Nz\ i.e. consider the function W, (z) wherej 
W, (z) = F, (z) + 8p cos Nz. 

A particular integral of 


d’u 

dz* 


+ N'u 


W.(z) 


« = 2 + + 2)z| =f7.(z), say. 

Now express — S(p + 2qcoa 2z)U,{z) as a sum of cosines; calling this 
sum F, (z), choose Oj to be such a function of p and q that Fj, (z) + a, cos Nz 
contains no term in cos Nz ; and let F, (z) + a, cos Nz = (z), 

u 

Solve the equation + N'u= (z), 

and continue the process. Three sets of functions (z), F„(z), W„ (^) 
are thus obtained, such that U^iz) and W'„(z) contain no term in cosA^z 
when m^O, and 

(z) = F„ (z) + a„ cos Nz, F„ (z) = - 8 (p + 2? cos 2z) (z), 

-^-UN»r,(z>=F„(z), 

where is a function of p and q but not of z. 

* Journal fUr Math, l-xxvi. (1878), pp- 314-234. 

t The reMon for *hU eappruBion ia that the partioalar iategral of ~ 4 ./^u=oosN 2 
oontaiQi oon-pwiodk temu. 

X Unleee in which oace iri(*)=F'|(r) + 0(p + 5 ) ooar. 
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It follows that 

} m-O «=! 


= s v„(z)+( s B,„')cosj\r* 

Msel / 

= -8(P + 29 Cos 2 ^) S f7„_, a„')cosi\^^. 

fl»=0 ' 


Therefore, if U{z)= 2 Um (r> be a uniformly convergent series of analytic 

»»“0 

functions throughout a two-dimensional region in the *-plane, we have 
(§ 5-3) 

— +(fi + 1 6q cos U (z) = yfr (a, g) cos Nz, 


where 


■f (a, q)= i. o„ 


It is obvious that, if a be so chosen that (a, q) = 0, then If (z) reduces 
to ce^ (s). 

A similar process can obviously be carried out for the functions sejt (i, q) 
by making use of sines of multiples of a 

19'61. Tht convtrgmze of the teriet defining Mathieu fmctumt. 

We shell now examine the expansion of § IB'S more closely, with a view to investigating 
the convergence of the series involved. 

When « > 1, we may obviously write 

1 » 

c,(s)= I •3,.,coe(A’-2i-)x+ j o,^,cos (A+2r) x, 

r=l r=l 

the astorisk denoting that the first summation ceases at the greatest value of r for which 

r^\S. 

®*‘"* ^ii+i (*)=“•♦! cos Ax-8(/)+2j'c082i)P',(r), 

it follows on equating coefificjetabs of cos(W + 2r)x on each side of the equationt that 

o»tl“8?(e»,l+Afcl), 

i*Vr-i+“)%.r+i)} (r=l, 2, ...), 

r(r-W)/9.^,,,=2 (r«4A). 

These formulae hold universally with the following conventions ^ : 

w “s,0=^s,0=‘> Vr“l*».r=® ('•>«), 

^"1 jjv-i when S is even and r=4A, 

4(.v+ 1)*3.. icy-i) "hen S is odd Mid r-J (A- 1). 
t When N=0 or 1 these equations must be modified by the su pp re ssi on of ^ the eoeflSoientS 


Kr 


J TOie eonventions (li) and (iii) are doe to tbs fact that oosrwoos (-s), ooeSsnooa Sx). 
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The render mil ensil; obtain the following special formulae 
(I) a,-8p, Oi-8(p + g), (i\r= 

(III) Oj^r nud are homogeneous polynomials of degree n in p and q 


= 1 ), 
(A^=0). 


S o^r— d,, S 

flsr Aarr 

V'Co, + 

r (/■ + JT) i,-2 (Jr-i + -«lr + 1 )} (A), 

r(r-JV) Br^2{pBr+q + CB)» 

where i4oB£o3Bl and is subject to conveotions due to (ii) and (iii) above 
Now write «?,= -q {r (r + ^)— 2p}“*, iff,'* — j -{r (r — ^) — 2p)“* 

The result of ehmmating . Ar~u -dr+ij • • from the set of equations (A) is 


If 

we have 


^fAft=(-)’-w,tr2 .w^Ay.» 

where A, is the infinite determinant of von Koch’s type (§ 2*82) 
A,= 1 , «’r+l* ^ i 0 » . 

^r+lf 1 » 0 , . . 

1 0 , W,+J, 1 , 


The determinant converges absolutely (§ 2 82 eiample) if no denominator vanishes ; 
and Af-vl as r-»-® (cf S 19 52). If p and q bo given such values that A)#0, 
2yj^r(r+A'), where r«l, 2, 3, , the senes 

40 

J (-)’’l 0 l COs(iV+2r) t 

r»l 

represent an integral function of z. 

In like manner • ^r^r* where l>r is the finite determinant 

1 » 0 , |, 

*^r + !l» 1 » .. j 

the last row being 0, 0, ... 0, I or 0, 0, ... 0, l + according as 

y 18 even or odd. 

The senes S (i ) is therefore 

ABtO 


coBiVr+Ao-' 2 (-)*'WiWj .Wg.Ar0os(if+2r)8 
r**l 

r<\?f 

+2)9”* 2 ( — )’■»!' iP2'...ip//>^co8(A'-2r)«, 
r«*l 

these series converging uniformly in any bounded domain of values of x, so that term-by< 
term diflTerentiations are permissible. 

% 

Further, the condition ^ (a, q)—0 u equivalent to 

i.e. yiAoAi-J (WiAjAi+»i'A^)“0. 

If wa multiply by 
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the eipressiou on the left becomes an integral function of both p and q, ♦ (a, q), say , the 
terms of («, q), which are of lowest d^rees in p and q, are respectively p and 


Now expaJid 


— (~ 

2 irl j ♦( 


a^+i} 


>(iV*+8p, q) dp ^ 

ID ascendiDg powers of (cf § 7 31), the contour being a small circle in the p plane, with 
centre at the origin, and | q { being so small that ^ + 6p, q) has only one zero inside the 

contour Then it follows, just as in ^ 7 31, that, for sufficiently small values of |yl, 
we may eiLpand /> as a power senes in q commencing* with a term in ^ , and if j q 
be sufficiently small and will not vanish, since both are equal to 1 when 

On substituting tor p in terms of q throughout the senes for U (z), we sec that the 
senes involved in («, q) are absolutely convergent when | ^ | is sufficiently small 
The senes involved in seft (£, q) may obviously be imostigated in a similar manner 


19 7. The method of chaiige cf parameteri 

The methods of Hill and of Lmdemaon Stieltjes are effective in determmmg but 
only after elaborate analysis Such aualysis is inevitable, as ^ vs by n« means a simple 
function of q, this may be seen by giving q an assigned real lalue and making a vary 
from - 00 to + oo , then /* alternates between real and complex values, the changes taking 
place when, with the Hill Mathieu notation, A (0) sin* ( Jw »Ja) passes through the values 
0 and 1 , the complicated nature of tins condition is duo to the fact that A(0) is an 
elaborate expression involving both n and q 

It 18, however, possible to express p and a in terms of q and of a new parameter <r, and 
the results are very well adapted for purposes of niuneiical computation when | ? | is small J 
The introduction of the parameter cr is suggested by the senes for tty (2, q) and aej (2, 9) 
given IQ § 19 3 example 1 , a consideration of these series leads us to investigate the 
potentialities of a solution of Mathieus general equation in the form (s), where 

(* -<r) + f*3 cos (32 -'<r) + 63Bin (32~<r)+aRC08 (62 - tr)+h* sin (52- <r)+ , 

the parameter v being rendered definite by the fact that no term in oais {t - a) is to appear 
in <i> (z), the spocial fuuctions tei (2, 9), cei (x, q) arc the cases of this solution m which 
<r IB 0 or 

On substituting this expression in Mathieu’s equaticm, the reader w ill have no difficulty 
in obtaining the following approximations, valid for ^ small values of q and real values 
of (T 

ft —^q 8in2<r - 129* sin 2 tr - 129*8in4a+(7 (9*), 

a *1+89008 2o- + ( - 16+8 oo8 4ff)9*-89*oo8 2(r+{^j|^ -88co8 4or) q ^-^0 {9®), 

39* sin 2 o- + 39® sin 4 o- + ( — ^ am t<t +9 am 6 ff) 9*+ 0 (9®), 
fr, cos 2 <r + ( — *1^ + 6 cos 4 o-) 9* +(—-^^008 2 a- + 7 cos Gtr) 9*+f? (9*), 

“fi + sm 4cr + 0(9*), 

**5 “ %9“ + 1 9® cos 2a- + ( - ^^+1^008 4r)9*+ 0(9^), 

07 *^9^ sin So- + 0(9*), + 

a» = 0(9^), 

the constants involved 10 the vanous functions 0 {(f) defending 09 cr 


* If N-1 Uu 8 result has to be modified, siuoe there is an additional term 9 00 the right and 
the term 9 */lN - 1 ) does not appear 

t Whittaker, Froc Edinburgh Sfath Soc xxzn (1914), pp 76-80 

$ They have be^ applied to HilPs problem by Inee, Monthly Notices of the R. A S, lizv 
(1916), pp 496-448 

f The parameters q and 0 are to be regarded ae fandamental in this analysis, instead of 
a and 9 as hittierto 
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197. 19-8] 

The domains of values of q and <r for which these senes converge have not yet been 
determined* 

If the solution thus obtained be caller! A (2, o-, q\ then A (2, tr, q) and A (z, — try q) form 
a fundamental system of solutionN of Mathieu’s general equation if ^4^0 

Exampit! L Shew that, if <r^i xO ft and ^=01)1, then 

a- 1 124,841,4 , /i = tx 0*046 993,6 , 

shew also that, if troei and ^^0*01, then 

a* 1321,189,3 , /i-* xO 145,027,6 

Example 2 Obtain the equations 

fi^Aq sin 2<r— 4^03, 
a 1 + 8^ 008 2(r — M* •“ 8^53 , 

expressing y. and a m finite terms as functions of g, cr, and 63 
Example 3 Obtain the recurrence formulae 

|-4n{M + I) + 8^ cos a<r-8^fc3±8^ (2n + l)(a3-8in 2o-)} 22» + i + 8^(z2«_i+Z2« + 3)=0, 

where + 1 denotes 1 + ta^ + 1 or + 1 - la^ * 1 , according as the upper or lower sign is 

taken 

19 8 . Tfie aeymptotte solution of Matkieu e eqit^tion 
If in Mathieus equation 

dhi / 1 ,, ^ \ 

5? + ( a + 2 cos 2zj M « 0 

we write X sin we get 

where = a + 

This equation has an irregular singularity at infinity From its resemblance to BessePs 
equation, we are led to write v and substitute 

1=1 +(at/f) + (a8/^*) + 

lu the resulting equati6u for i , we then find that 

the general coefficient being gi>en b^ the recurrence formula 

2i(r+l)a,,, = {i-;V« + X=‘+r(r+l)}+(2r-l)i^fl,_j-CH-2r + |)i*a,_3 
The two series 

are formal solutions of Mathicu’s equation, reducing to the welbknown asymptotic 
s^utions of Bessel’s equation (§ 17 5) when The complete formulae which conuect 

them With the solutions have not yet been published, though some steps 

towards obtaining them have been made by Dougatl, Proc Edtnbvrqh Math, Soc sxxtv 
(1916), pp 176-19fr 

* It seems highly probable that, tf |f | ie safllciently small, the series converge for all real 
values of 0-, and also for oomplez values of e for wbtoh |/(v)f is suffioiently small It may be 
notieed that, when q is real, real and purely imaginary values of v eorreepond respeetively 
to real and purely imaginai^ values of 
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MiscEUANBonB Examples. 

I. Shew that, if I:=»/(32}), 

2irc<o(r, j) = «k)(0, j) ^ coo {k Bxmmt B) ce^ifi, q)d6. 

2. Shew that the even Hatbieu funotioos satisfy the integral equation 

0(t)xrX J Jq {ik {ooo 8 + coo B)} O {B)dB. 

3. Shew that the equation 

(flp+c)'^+Sta^+{X*cP+m) u—0 

(where a, c, X, m are constants) js sstiaSed b; 

«■=/«*" »(»)< 2 « 

talcen round an i^i[Ho{pnate oontonr, provided that ■> (s) satisdes 

(oi»+c)-^+2M^V(X*ci»+»»)r (»)-0, . 
which is the tune as the equation for u. 

Derive the integral equations satis6ed b; the Mathieo functions as partioolar cases of 
this remit. 

* A oomplate bibliognplij is given Iqr Humbert, Fonetiont dt Mathieu «t fometiont de Lamd 
Fatis, 1926). 
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4. Shew that, if powers of q above the fourth are neglected, then 
3« +5'* ( J cos bz — cos 32 

+ q^ coft 72 — ^ coH 52 + ^ cos 32) 

+?*(r4o 52+^ cos 82), 

(^j J ) = sin 2 + sm 32 + ( J am 62 + »in 32) 

+ ^ (iV 72 + J am 52 + ^ sin 82) 

(t 4 o 7s + If am 52 — ^ am 3s), 

ce^ (2, j J = eoa 2z + ? ( li 01 w 42 - 2) + A / cos 62 

+5 ® (^co« 82 +^^ cos 4r+^) 

+?*(^ioC08 1^^ + I*8 cos 02) 

(Mathieu ) 


5 Shew that 

CCj ( 2 , y) = C08 32 + 5'( - C082 + J 008 52) 

4-^*(COB2 + T^COa72)+^(-4 008 2 + f 5 cos 5^. + g\j C08 92) + 0 (^•)i 
and that, in the case of this function 

a=9+49*-893+0(y*; 


(Mathieu ) 


6 Shew that, if y (2) be a Mathieu function, then a second solution of the corresponding 
differential equation is 

y(*)| 

Shew that a second solution • of the equation for ct, (c, y) is 
toe, (s, y) - 4} am 2i- Sy* sin - 


7 If y (z) be a solution of Matbieu’s general equation, shew that 
{y(z + 2ir)+y(z-27r))/y(z) 

18 constant 


8 Express the Mathieu functions as senes of Bessel functions m which the coefficients 
are multiples of the coefficients in the Fourier senes for the Mathieu functions. 

[Substitute the Fourier senes under the integral sign in the int^ral equations of 
§ 19 S2 ] 

9. Shew that the confluent form of the equ&tions for (2, q) and ««« (2, 9), when the 
eooentncitj of the fundamental ellipse tends to sero, is, in each case, the equation satisfied 
by (tir cos 2) 

10 Obtain the parabolic cylinder functions of Chapter xvi as confluent forms of the 
Mathieu functions, by making the eooentncity of the fundamental dlipse tend to unity. 

11 Shew that ee^ (s, q) can be expanded m senes of the form 

• « 

Z ^ii,coe*"2 or Z cos**" + * «, 

•IbO MsO 

according as n is even or odd; and that these senes converge when ] oosz ] < 1. 


* This solution is called q ) ; the second solotiooB of the equatjons satisfied by Maihieu 
fuDOtiODB have been investigated by Inoe, Proe, Edinburgh Math. Soe. xxxui. (1915), pp. 2-16. 

See also $ 19*9. 
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12. With the notation of example 11, shew that, if 




•/: 


g)de, 


then X„ IS given by one or othei of the senes 


provided that these senes converge 


n -.9,x I I (im+l ) ' 


13 Shew that the diSercntnl equation aatiafied by the product of any two aolutiona 
of Bessel s equation for fimctioiis of order » is 

3 (3 - 2«) fd +2«) M + 42 * (3 + 1) K - 0, 
d 

where S denotes i ^ 

Shew that one solution of tbm equation m an integral function of z , and thence, by the 
methods of \9 5-19 53, obtain the Bessel functions, discu^ing particularly the case in 
which a 18 an int^r 

14 Shew that au approximate solution of the equation 

fi'^u 

-Tjr+(^ +/^amh*i)««»0 

IS w«»(''(co8eclw)^sm{^i coshr+f), 

where C and « are constants of integration it is to be assumed that k is large, A is not 
very large and z is not small 



CHAPTER XX 


KLLIPTIC FUNCTIONS GENERAL THEOREMS AND THE 
WEIERSTRASSIAN FUNCTIONS 

201. Doubly-pertodic functions 

A most important property of the circular lunctions sm.*, cos^, tan^, ... 
IS that, if f (s) denote any one of them, 

f(s + 2ir)=/(z), 

and hence /(r + 2nir) =/(^), for all integer values of n. It is on account 
of this property that the circular functions are frequently described as 
periodic functions with period 'lir To distinguish them from the functions 
which will be discussed m this and the two tollowing chapters they are 
called aingly-periodic functions 

Let a),, aig be any two numbers (real or complex) whose ratio* is not purely 
real A function which satisfies the equations 

f{z + 2a>,)=f(z), f(z-k-2a>,)=f(z), 

for all values of z for which f (z) exists, is called a doubly-penodic function 
of z, with periods 2to,, A doubly-penodic function which is analyliic 

(except at poles), and which has no singularities other than poles m the 
fanite part of the plane, is called an elliptic function. 

[Note Wbat is now known as an eUiptic mtegrali occurs lu the tesearcbes of Jakob 
Bemonlli on the Elastics Maclaunn, Fagnsno, Legendre, and others considered such 
integrals in connexion with the problem of rectif^nng an arc of an ellipse, the idea of 
‘inverting an elliptic integral (Ji 21 7) to obtain an elliptic function is due to Abel, 
Jacobi and Gauss.] 

The periods 2<»,, 2a)a play much the same part in the theory of elliptic 
functions as is played by the single penod in the case of the circular 
funotiona 

Before actually constructing any elliptic functions, and, indeed, before 
establishing the existence of such functions, it is convenient to prove some 
general theorems (§| 20'll-20 14) concerning properties common to all 
elliptic functions, this procedure, though not strictly logical, is convenient 

* If IB real, the parallelogramB defined in g 80 11 oollapse, and the fonotton redooee to 
a amglj'penodio fimotion when wy/wj la rational , and when ia irrational, it baa been ahewn 
b; Jacobi, Journal fUt Math, xiii. (1836), pp. 65-5t> [Oes Wrrke^ ii. (1863), pp. 35-86] that the 
fnnotion redaoca to a oonatant. 

t 1. brief diaeuaeion of elliptic Integrals will be found m 23'7-23*74i. 
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because a lai^e number of the properties of particular elliptic functions cai 
be obtained at once by an appeal to these theorems. 

Example. The diSerentiat coefficient of an elliptic function is itself an ellipti 
function. 

20'11. Period-parallelograms. 

The study of elliptic functions is much facilitated by the geometries 
representation afforded by the Argand diagram. 

Suppose that in the plane of the variable z we mark the points 0, 2a>i 
2o>j, 2a), + 2o),, and, generally, all the points whose complex coordinates are 
of the form 2mo), + 2no)j, where m and n are integers. 

Join in succession consecutive points of the set 0, 2a),, 2o), 4- 2a),, 20),, 0, 
and we obtain a parallelogram. If there is no point a> inside or on the 
boundary of this parallelogram (the vertices excepted) such that 

/(x + a>) =/(r) 

for all values of z, this parallelogram is called a fundamental period-parallelo- 
gram for an elliptic function with periods 2a),, 2a),. 

It is clear that the r-plane may be covered with a network of parallelo- 
grams equal to the fundamental period-parallelogram and similarly situated, 
each of the points 2ma)i -h 2«o), being a vertex of four paiallelograms. 

These parallelogwims are called period-parallelograns, or meshes ; for all 
values of z, the points z, z-i-2aj,, ...r-J- 2ma), + 2na)„ ... manifestly occupy 
corresponding positions in the meshes; any pair of such points are said to 
be congruent to one another. The congruence of two points z. z' is expressed 
by the notation z' s z (mod. 2<a,, 2a,). 

From the fundamental property of elliptic functions, it follows that an 
elliptic function assumes the same value at every one of a set of congruent 
points ; and so its values in any mesh are a mere repetition of its values in 
any other mesh. 

For purposes of integration it is not convenient to deal with the actual 
meshes if they have singularities of the integrand on their boundaries ; on 
account of the periodic properties of elliptic functions nothing is lost by 
taking as a contour, not an actual mesh, but a parallelogram obtained 
by translating a mesh (without rotation) in such a way tbat none gf the poles 
of the integrands considered are on the sides of the parallelogram. Such a 
parallelogram is called a cell. Obviouriy the values assumed by an elliptic 
function in a cell are a mere repetition of its values in any mesh. 

A set of poles (or zeros) of ^n elliptic function in any given cell is called 
an irreducible set ; all other poles (or zeros) of the function are congruent to 
one or other of them. 
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20 - 11 , 20 - 12 ] 


20'12. Simple properties of elliptic functions. 

(I) The number of poles of an elliptic function in any cell is finite. 

For, if not, the poles would have a limit point, by the two-dimensional 
analogue of § 2’21. This point is (§ 5*61) an essential singularity of the 
function ; and so, by definition, the function is not an elliptic function. 

(II) The number of zeros of an elliptic function in any cell is finite. 

For, if not, the reciprocal of the function would have an infinite number 
of poles in the cell, and would therefore have an essential singularity ; and 
this point would be an essential singularity of the original function, which 
would therefore not be an elliptic function. [This argument presupposes 
that the function is not identically zero.] 

(III) The sum of the residues of an elliptic function, f (z), at its poles in 
any cell is zero. 

Let G be the contour formed by the edges of the cell, and let the comers 
of the cell be f, t -H 2a)i, t + 2&)i + 2<»,, t -I- 2a>i. 


[Note. In future, the periods of an elliptic function will not be called 2a>j 
indiS-ercutly ; but that one will be called 2a>, which makes the ratio etjtai have a positive 
imaginary part ■, and then, if C tw described in the sense indicated by the order of the 
ooHiera given above, the description of C is counter.docimm. 

Throughout the chapter, we shall denote by the symbol 0 the contour formed by 
the edges of a cell.] 


The sura of the residues of/(z) at its poles inside C is 

If If rt+tu, (•<+*», +i«, /■(+&•, rt ) 

^ L = 2Vt 1 L ^ -U. + 

In the second and third integrals write z + 2tt),, z -I- 2 q), respectively for 
z, and the right-hand side becpmes 


1 1 ft+S"! 

{/(*)-/(^ + 2o..))*-^.)^ {/(z)-/(zd-2a,.)jdz. 


and each of these integrals vanishes in virtue of the periodic properties of 
f(z ) ; and so f f{z) dz = 0, and the theorem is established. 


(IV) Liouville’s theorem*. An elliptic function, f(z), with no poles in a 
cell^is merely a constant. 

For if /(z) has no poles inside the cell, it is analytic (and consequently 
bounded) inside Mid on the boundary of the cell (§3-61 corollary ii); that is 
to say, there is a number K such that |/’{») j < K when z is inside or on the 
boundary of the cell. From the periodic properties of f{z) it follows that 


* This modiacation of the theorem of g 5-8S ie the reeult on which Liourille haaed hie 
leotnree on eUiptie tnnotions. 
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f{z) is analytic and |/(«) | < JT for ail values of z \ and so, by § S’dS, / (s) is 
a constant. 

It will be seen later that a very large number of theorems concerning 
elliptic functions can be proved by the aid of this result 


20 ' 13 . The order of an elliptic function. 

It will now be shewn that, if f(z) be an elliptic function and c be any 
constant, the number of roots of the equation 


f{z)^c 


which lie in any cell depends only on f {z\ and not on c ; this number is 
called the order of the elliptic function, and is equal to the number of poles 
of f(z) in the cell. 


By § 6'31, the dififerenee between the number of zeros and the number 
of poles o{f(z) — c which lie in the cell G is 


2iri /, 


■fy-J-dz 

cf{z)-c 


Since /'(z + 2Mi)=/'(z + 2<a,)=/'(z), by dividing the contour into four 
parts, precisely as in § 20'12 (III), we find that this integral is zero. 


Therefore the number of zeros of f{zi—c is equal to the number of 
poles of /(*) - 0 ; but any pole of f{z) — e is obviously a pole of f{z) and 
conversely; hence the number of zeros of f(z) — c is equal to the number 
of poles of f{z), which is independent of c; the required result is therefore 
established. 


[Notb. In determiaing the order of an elliptic funotion by counting the number of 
its irreducible poles, it is obvious, fh>ai § 6'31, that each pole has to be reckoned according 
to its multiplicity.] 

The order of an elliptic function is never less than 2; for an elliptic 
function of order 1 would have a single irreducible pole ; and if this point 
actually were a pole (and not an ordinary point) the residue there would 
not be zero, which is contraiy to the result of § 2012 (III). 

So far as singularities are concerned, the simplest elliptic functions are 
those of order 2. Sneh functions may be divided into two classes, (i) those 
which have a single irreducible double pole, at which the residue is zero in 
accordance with § 20'12 (III) ; (ii) those which have two simple poles at which, 
by § 20'12 (in), the residues are numerically equal but opposite in sign. 

Functions belonging to these respective classes will be discussed in this 
chapter and in Chapter xxii under the '’ames of 'Weierstrassian and 
Jacobian elliptic functions respectively ; and it will be shewn that any 
elliptic function is expressible in terms of functions of either of these 
types. 
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2014. RelMion between the zeros and poles of an elliptic function 


We shall now shew that the sum of the affixes of a set of irreducible 
zeros of an elliptic function is congruent to the sum of the affixes of a set of 
irreducible poles 

For, with the notation previously employed, it follows, from § 6 31, that 
the difference between the sums in question is 


(®) 2*711. (Ji J t+2m, J / {^) 

^ rt+u .1 2n);)/' jz + 2a)a) | . 

2'7n / 1 1 f{e) f(z + 2o>f) ( 

2m If \f(z) /(«+2q),) [ 


dz 


1 

2'7rt 

27ri 


( r !<+*«. r "](+s», 

2*0, Uog/< 2 ) ^ + 2 o..j log/(,s)J^ 


on making use of the substitutions used in § 20 12 (III) and of the penodic 
properties of f{z) and /' {z) 


Now f{z) has the same values at the points t + 2a)i, / + 2oi, as at f, so 
the values of log/(z) at these points can only differ from the value of f(z) 
at t by integer multiples of 2m, say - 2n7n 2nim, then we have 

— f dz = 2mo>, + 2 . 10 . 2 , 

2in Jc /U) 

and so the sum of the affixes of the zeros minus the sum of the affixes of 
the poles is a period , and this is the result which had to be established 


202 The construction of an elliptic function Definition of ^ {z) 

It was seen in § 20 1 that elliptic functions may be expected to have 
some properties analogous to those of the circular functions It is therefore 
natural to introduce elliptic functions mto analysis by some definition 
analogous to one of the definitions which may be made the foundation 
ofHhe theory of circular functiona 

One mode of developing the theory of the circular functions is to start 
from the senes 2 (a - wiw)-*, calling this senes (sm a)~*, it is possible 

MB ><0 

to deduce all the known properties of sm z , the method of doing so is briefly 
indicated in § 20'222 

2S 


W. M. A 
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The analogoua method of founding the theory of elliptic functions is to 
define the function ^ (^) by the equation* 

2 '^ ^^ \(/! — — (2mii), + 2 »hb,)‘} ’ 

where a,, tu; satisfy the conditions laid down in §§ 201, 20T2(1II), the 
summation extends over all integer values (positive, negative and zero) of 
m and n. simultaneous zero values of m and n excepted 

For brevity, we wnte in place of 2i»(u, + 2na>„ so that 
p(z)=x-»+ 2' 


When m and « are such that |flm,n| i» large, the general term of the 
senes defining p ( 2 ) is 0(|flm »|~’), and so (§3 4) the series converges 
absolutely and uniformly (with regard to 2 ) except near its poles, namely 
the points fl„ „ 

Therefore (§ 5 3), fp ( 2 ) is analytic throughout the whole z-plano except 
at the points where it has double poles 

The introduction of this function |>( 2 ) is due to Weierstrassf , we now 
proceed to discuss properties of ^ ( 2 ), and in the course of the investigation 
it will appear that p ( 2 ) is an elliptic function with periods 2a>, , 2a>s 


For purposes of numencaJ computation the senes for p (r) is useless on account of the 
slownesu of jts oonvergeoce Elliptic functions free from this defect will be f»btaizjed in 
Chapter xxr 


Exam'pU Pi'ove that 


^ = (£.)' ^ ^ „ J. - j-. 1 ? "] 


20 21 Periodicity and other properties of p (r) 

Since the senes for p (x) is a uniformly convergent senes of analytic 
functions, term-by-tenn differentiation is legitimate (§ 5 3), and so 


= = (Tri 


The function p'(z) m on odd function of 2 , for, from the definition of 
p' (z), we at once get 

p' (- z) = 2 2 (z + n„,„)-> 

m, R 


* Throughout the (diapter S will be written to denote a Bumtnatioii over all integer values 

w, n 

of m and n, a prime being inserted (Z'j when the term for which mstnsO hae to be omitted 

m, n 

ttoxD the enmmation It is also customarj to wnte (r) for the denvate of ^ ( 2 ) The ase of 
the prime in two senseB wiU not cause confoeion 

t Wtrle, 11 (IB95), pp 246-256 The subject matter of the greater part at this chapter is 
dne to 'WeierstrasB, and le contained in bis lectors, of which an account has been published by 
Si^warz Formeln und Lekrsdtze turn Oehraueke der tlliptuchen Funktxonen^ Naeh Vorleeungen 
und Aufxeiehmaigtti de$ Herrn Prof K W€\fr$tr<a* (Berlin, 1 b 98), See aleo Cayley, Journal de 
Math X (1845), pp 385-420 [Math Papers, t pp. 160-182], and Eieenstein, Journal /Ur Math. 
XXXV. (1847), pp 137-184, 186-274. 
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But the set of points — n is the same as the set „ and so the 
terms of fp' (— z) are just the same as those of — but in a different 

order. But, the series for being absolutely convergent (§ 3'4), the 

derangement of the terms does not affect its sum, and therefore 

p' (- z) = -p'{z). 

In like manner, the terms of the absolutely convergent series 

m, n 

are the terms of the serie.s 

in, n 

in a different ortler, and hence 

p(-z) = p(z); 

tiioi is to say, p (z) is av even function of z. 

Further, p' (r + Sm,) = — 2 2 (« — f)„ „ + 26),)“* ; 

m, n 

but the set of points « - 2a), is the same as the set Dm, „, so the series 
for p'(z + i(i),) is a derangement of the series for p'(z). The series being 
absolutely convergent, we have 

• p'(z + 2o>,)^p'(z); 

that is to say, p'(z) has the period 2a), ; in like manner it has the period 2a),. 

Since (z) is analytic except at its poles, it follows from this result that 
p'(z) is an elliptic function. 

If now we integrate the equation p' (z + 2a),) = p {z), we get 
p (r + 2a),) = p{z) + A, 

where A is constant. Putting z = — a>i and using the fact that p(z) is an 
even function, we get .d = 0, so that 

jl tz + 2a),) = p (z) ; 
in like manner p(z + 2o),) = p (z). 

Since p (z) has no singularities but poles, it follows from these two results 
that p (z) is am elliptic function. 

There are other methods of introduciog both the circular and elliptic functions into 
analysis ; for the circular functions the following may be noticed ; 

* (1) The geometrical dehnition in which sin t is the ratio of the side opposite the angle 
2 to the hypotenuse in a rightw.ngled triangle of which one angle is 2 . This is the definition 
given in elementary text-books on Trigonometry ; from our point of view it has various 
disadvantages, some of which are stated in the Ap{>endix. 

(2) The definition by the power series 

“n*-*-ri + 6i-"" 


28—2 
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(3) The definition bj the prodmrt 

sin .=, (l - (l (l - .... 


(4) The definition by ^inversion* of An integral 

0 

The periodicity properties may be obtainod easily from (4) by taking suitable paths of 
integration (cf. Forsyth, Theory of Functions, (1016), 104), but it is extremely difficult to 

prove that sin x defined in this way is an analytic function. 

The reader will see later (§§ 22*82, 22*1, 20*42, 20*22 and § 20*63 example 4) that 
elliptic functions may be defined by definitions analogous to each of these, with corre- 
sponding disadvantages in the oases of the firat and fourth. 

Example. Deduce the periodicity of ^(x) directly from its definition as a double series. 
[It is not difficult to justify the necessary derangement.] 


20 * 22 . The differential equaiion mtUfied by ^ {z). 

We shall now obtain an equation satiaiied by f(z)» which will prove to 
be of great importance in the theory of the function. 

The function ^ («) — which is equal to 2' \{z - ifl 

IK, » 

analytic in a region of which the origin is an internal point, and it is an 
even function of z. Consequently, by Taylpr’s theorem, we have an expansion 
of the form 

(p («) - jr* = + 0 izf) 

valid for sufficiently small values of | r {. It is easy to see that 
^,=6orn-V, JI,=140 2' n-f,. 

m. i» iWf K 

Thus ip(z) = z-^ + ^g,z' + ^g,z'+0{z‘); 

differentiating this result, we have 

ip'{z)=--2ir^+^g,z-r\g,^ + 0lz^). 

Cubing and squaring these respectively, we get 
f' (^) = ^ 0 

I9'*(z) = 4r^ - 1 g,z-^ -*g^+0(z‘}. 

Hence (z) - 4IP (?) = - - g, + 0 (*•), 

and so (z) — 4jp* (z) + g,ff (z) +g,= 0 (z*). 

That is to say, the function p'* {z) — 4p’ (z) + js|» (z) + g„ which is 
obviously an elliptic function, is analytic at the origin, and consequently 
it is also analytic at all congruent points. But such points are the only 
possible singularities of the function, and »u it iz an elliptic function with 
no eingularitiee ; it is therefore a constant (§ 20T2, IV) 

On making z ^ 0, we see that this constant is zero. 
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Thut, Jwudly, the fvmoiion ^{z) gatiafiea the differential equation 
j»'> (i) = 4 jp* ( 2 ) - (^) - 9i. 

where g, and g, (called the invariants) are given by the equations 
g^=60l'n-\, jr. = 140 S' n-'„. 

m,n m, • 

Oonversely, given the equation 

if numbers w,, &>, can he determined* such that 

^,=60 2' a-*,. . 9 , = 140 2' n-“.. 

ffi.n m.n 

then the general solution of the differential equation is 

y = jp(+2 + a), 

where a is the constant of integration. This may be seen by talcing a new 
dependent variable u defined by the equationf y = jf) (u), when the differential 

equation reduces to — 1. 


Since jp( 2 ) is an even function of 2 , we have y = fp(i±a), and so the 
solution of the equation can be written in the form 

without loss of generality. 

ExamfU, Deduce from the differential equation that, if 

p(*>=7-*+ 2 
•-I 

then e2=yj/2’'.5, .I, c,=yi“/2'- 3 . 5*. 

3yj.‘73_ 9i _ +—yi- r„= 

^~2V5.T.ir 2‘. 3. 5’. 13^2*. 7*. 13’ “ 2‘,3.5r7.n 


20'221. The integral formula for |>( 2 ). 

Consider the equation 

2 =1^ (iP-g,t-g,)~^dt, 

determining 2 in terms of f ; the path of integration may be any curve which 
does not pass through a zero of 4f* — g,t — g,. 

On differentiation, we get 

and so f =^(2 + o), 

where a is a constant. 


* The difiBeolt probleia of efliabltshiog the existeooe of sooh nombers luad ^ when and 
Pi are giyen ia sohed in 8 31 78. 

f Thia equation in tt alwajra bae aolations, bj § SO'IS. 
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Make f — * oo , then « — » 0, since the integral converges, and so a is a pole 
of the function j), le., a is of the form and so f=p(* + flm,ti) = j?(^)' 


to 


/ QD 

(4<’ — g,t — g,) ~^dt is equivalent 
the equation ?= jf>(«) is sometimes vvntten in the form 

a = I (4,^ — g^t—g,)~^dt. 

20 * 222 . An tUuifratton from the theory of the cimtlar functwng 

The theorems obtained in 20*2 20 221 may he illuBtrated by the correaixjnding 
results lo the theory of the circular functions Thus we may deduce the pro^ierties 

of the function cosec* 2 from the senes 2 {z— m the following manner 

Denote the senes by/(2) , the senea converges absolutely and uniformly* (with regard 
to 2 ) except near the points mir at which it obviously has double poles Except at those 
points, f(f) IS analytic. The effect of adding any multiple of ?r to 2 is to give a senes 
wh(^ terms are the same as those occumug in the original senes; smte the senes 
conveiges absolutely, the sum of the senes is unaffecteil, and «o f{z) u a periodic function 
of 2 unth period n 

Now consider the behaviour of /(z) 10 the strip for which - itr $ iR(2) From 

the penodicity of /(i), the value of/(2) at any point in tlie plane is equal to its value at 
the corresponding point of the stnp In the strip /(2) has one singulanty, oamqly , 
and /(x) 18 bounded as z^ec in the stnp, because the terms of the senes for /{z are 

small compared with the corresponding terms of the comparison senes S' 

mac-CE> 

In a domain including the point «=0,/(2)-2“* is analytic, and is an e\en function, 
and consequently there is a Maclaunn ex|>aDsioD 


valid when 1 2 1 < ir 


/(*)-r-»= 2 a„e*‘. 
It 18 easily seen that 

a*,=2jr~*" (2n + l) 2 m*"* 


and so aj=6ir * 2 

Hence, for small values of { 2 |, 

l^fferentiating this r^ult twice, and also squaring it, we have 

r(2) = 62 '* + tii + 0(x2), 

It follows that /" (r) — fz) + 4/(2)= 0 (z^) 

That IB to say, the function /"(z)- 6/^ (z)+ 4/ (x) is analytic at the origin and it is 
obviously periodic Smoe its only pcmsible singularities are at Uie points fnw, it follows 
from the periodic property of the function that it is au integral function. 

* By oompansoD with the senes Z' 

* m»-« 
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Further^ it is bounded as ^-►cc in the strip since /(«) is bounded 

and so i8*/"(«). Hence /"(«)-6/*(a)+4/(«) is bounded in the stnp, and therefore from 
its j>eriodicity it is bounded everywhere. By Liouville’s theorem 5‘63) it is therefore 
a constant. By making ue i^oe that the constant is zero. Hence the function 

cosec* z satisfioB the equation 

/''(2)=6/*(^)-4/(4 

Multiplying by 2/''(^) and integrating, we get 

where c is a constant, which is easily seen to be zero on making use f the power series 
for f (z) and/ (2). 


We thence deduce that 


■2z^( 

J/U) 


when an appropriate path of integration is chosen. 

1. If y = p (^) and primes denote differentiations with regard to 2, shew that 

4^.4 -^'3 = A I(y-«i)~‘ + (j'-'’4)~* + (y-e3)'’l-ii/(3'-fi'"‘U^-e!)"‘(y-e3) *, 
where ri, Cs are the roots <if the equation 4r* -git~gs^0 

[We have y'^^iy'-giy-gz 

=“• (y - <>,) (y - «j) (y - Cs) 

Differentiating logarithmically and dividing by y, we have 
2y’/y'^= X (y-«rr‘ 

r=l 

Differentiating again, we have 

y> y^- • 

Adding this equation multiplied by ^ to tbe square of the preceding equation, 
multiplied by readily obtain the desired result 

It should be noted that the left-hand side of the equation is half tlie Schwarzian 
derivative t of z with respect to y; and so z is tbe quotient of two sidutious of the 
equation 

(i^v 1 3 ® 3 ® 1 

rfy ^ r=oj 

Example 2. Obtain the ^properties of homogeneity’ of the function |>(<), namely that 

Mdiere | denotes the function formed with penoda 2»i, 2os and piz; ff 2 , y*) 
denotes the function formed with invariants gj, ys . 

[The former is a direct consequence of the definition of ^ (c) by a double aeries ; the 
latter may then be derived from the double series defining the y invariants.] 


* The seriea* for f" («) may be compared with 2' m'*. 

m^-» 

t Cayley, Camb. Phil. Tran*, xni. p. 5 [Ifat/r. Papm, zi. p. 3.48]. 
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20 ‘ 3 . The addition-theorem for the function ip{e). 

The functiou {p {z) possesses what is known as an addition-theorem ; that 
is to say, there exists a formula expressing jp (x + y) as an algebraic function 
of f(z) and jp(y) for general values* of z and y. 

Consider the equations 

^'{z):=Aip(z) + B, |>'(y) = .4p(y) + JS, 
which determine A and B in terms of z and y unless jp(*) = jp(y), i.e. unless f 
z= ±y (mod. 2«,, 2o)j(. 

Now consider p’ (?) ~ (?) ~ -B. 

gva function of ? It has a triple pole at t = 0 and consequently it has 
three, and only three, irreducible zeros, by § 20 13 ; the sum of these is a 
period, by §2014, and as ? = z, ?=y are two zeros, the third irreducible zero 
must be congruent to — z — y. Hence - z — y is a zero of jp' (^) - A^ (?) - B, 
and so 

ff>’(-z- y) = Af(-s-y)-t- B. 

Eliminating A and B from this equation and the equations by which A 
and B were defined, we have 

, P(«) P'W 1 1 = 0. 

i p(.y) p'(y) 1 I 

I p(*+y) -p'(* + y) 1 I 

Since the derived functions occurring in this result can be expressed 
algebraically in terms of p (z), p (y), p (z + y) respectively (§ 20’22), this 
result really expresses p (2 + y) algebraically in terms of p (z) and p (y). 
It is therefore an additwn-iheorem. 

Other methods of obtaining the addition-theorem are indicated in §20'311 
examples 1 and 2, and §20'312. 

A symmetrical form of the addition-theorem may be noticed, namely 
that, if M + r w = 0, then 

P(“) P"(“) ^ =0 

p(r) p'(®) 1 

p (w) p' (w) 1 

20 ' 31 . Another fdrm of the addition-theorem. 

Retaining the notcltion of § 20'3, we see that the values of ?, which make 
p' (?) — Ap (?) — 5 vanish, are congruent to one of the points z, y, —z —y. 

* It Is, of ooane, OBiieceeMry to^ consider tbs special oases -wben or r, or p + r is a period, 
t The function qua funation of z, has doable poles at points oongrueut to 

and no other ridgnlaritics ; it therefore (g 30*18) has oul^ tvo irrednoible seros ; And the poiots 
congruent to zssi^ thwefore gire all the seros of pi*)- P (p)> 
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Hence !»''*(?)— [Afp (f) + 5)’ vanishes when f is congruent to any of the 
points z, y, — z — y. And so 

4(P* (?) - A V (D - (2^^ + g.) fp (0 - (-S’ + S'.) 

vanishes when ^ (?) is equal to any one of p («), (y), §)(z + y). 

For general values of z and y, ^ (z), fp (y) and jp{z + y) are unequal and 
so they are all the roots of the equation 

42> -A’Z^- (tAB + y,) Z - (£» + y.) = 0. 

Consequently, by the ordinary formula for the sum of the roots of a cubic 
equation, 

jf> (^) + P (S) + lf> (^ + y) = j 

and so + - P (^) - p (y), 

on solving the equations by which A and B were defined. 

This result expresses p(z + y) explicitly in terms of functions of z and 
of y. 


20 311 . The dupl> cation formula for jp(z). 


The forms of the addition-theorem which have been obtained are both 
nugatory when y=z. But the result of § 20'31 is true, in the case of any 
given value of z, for general values of y Taking the limiting form of the 
result when y approaches z, we have 

lim»,(.-ry) = llim{<^-g:jg^^ 

From this equation, we see that, if 2z is not a period, we have 


, (2.) -I l.m .f (rt 


on applying Taylor's theorem to p (r -H A), ff (^ -f A) ; and so 


(p(2r) 


MP'(e). 


2p(^'). 


unless 2z is a period. This result is called the duplication formula. 


Example 1. Prove that 


1 fP>IrP'(?)r 


P(*)-P(»+y), 


qua function of c, has no ungularitios at points ooogruent with cnOf and, by tnAiring 
use of Liouvllle’s theorem, deduce the addition-theorem. 
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Exempt 2 Apply tlie prooess indicated m example 1 to the function 

PW rw 1 

p (y) FiSf) 1 

^(^+y) -F(^+y) 1 

and deduce the addition-theorem. 

Example 3 Shew that 

P (2+y)+P (*-y)“{P (*)-P(y)}-*[{2P W P(y)-i?>} {P W+P(y)} -?=] 

[By the addition-theorem we ha^e 


P(«+y)+P(2-y) 




PW-p{y)+ 




4 l^(«)-F(y)i 




"4 

Replacing and P (y) by 4p{r) -^ 2 ^ and ^p^iy)-gtPiy)-ff$ reepec- 

tively, and reducing, we obtain the required result j 
Example 4 Shew, by Liouville’a theorem, that 
d 


dt 


(Tnnity, 1906 ) 

20 312 AUVn* method of provxiig the addition tkem-em for p {z) 

The following outline of a method of eetabhahing the addition theorem foi p{z) is 
instructive, though a completely ngoroua proof would bo long and tedious 

Let the invaimnts of p{s) be y«, take rectangular axes OX^ OY ii>a piano, and 
consider the mtersectioas of the cubic cune 

With a variable line y = m;r+n 

If any [loint {Xi, yj be taken on the cubic, the equation in z 

P(z)-x,=0 

bft£ two solutions ~zi (§ 20 13) and all other solutions are congruent to these two 
Since p 2 (z)a=4^ (*)^y 2 |^(*)‘“y 3 » have p^{z)=yi^ , choose zj to be the solution for 
which p (z,)^ +yi, not -yj 

4. nuQiber Z\ thus chosen will be called parameter of (x,, y^) on tbo cubic 

Now the abscissae of the lotersections of the cubic with the variable line 

are the roots of 

<fi (ar) 3 4ar' - g^s {mx + n)* 0, 
and so tp (x)3 4 {x -^Xi) (x — x^) {x-^Xs) 

The variation in one of these abscissae due to the variation in position of the line 
consequent on small changes dm, hn in the coefficients m., n is given by the equation. 


(ff {Xj.) Jrt = 

dm cn 


0, 


and so 
whence 


<p' {Xr) dx, = 2 {mXr + n) (Xfdm -b dn), 


dxr 


•2 1 




fZimXr^'n 4/{xr) ' 

provided that x^^Xi are unequal, m that (jrr)>4:0. 

* Jtnzmalfiir Math. ii. (1827), pp. 101-181; m. (1628), pp. 160-190 [Oeuvret^ i. (Ohrlatiania, 
1839), pp 141-252] 
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Now, if we put dm+dn)/<^(d:), gua function of x, into partial fractioDB, the result is 


I Ar/{X-Jer\ 

r»l 


whore lim T(xdm-hdn)^-7^ 

9 (^) 

— Xj.{Xyffm-\-dn) hm (x — x,.)/0(a) 
x-*-Ar 


by Taylor’s theorem 
Putting rs* 0 , we get 


a» +dn)j<f> (x,), 

1 Sx,/y,=0, le £ Szr = 0 


r«l r-1 

That 18 to say, the hum of the parametert of the pointn of tnteraection ig a conetaJU 
litdependent of tht poBition of the hive 


Vary the lino so that all the j»oint« of interscctiou move olf to infinity (no two points 
coinciding during tins process), and it is evident that ii + ^^ + a's is equal to the sura of the 
paranieterH when the line ih the ime at infinity , but when the line is at infinity, each 
parameter is a period of ^ {z) and therefore + period of p (z) 

Hence the sum <tf the panuneters of three collinear points on the cubic is congnient to 
zero This result having lieeii obtained, the dcterminanial form of the addition theorem 
follows as in ^ 20 3 


2032 The constants e^, e, 

It will now be shown that |» {*>,), (where 0 ) 8 = - cd, - oij), are 

all unequal , and, if their lalues be e,. e,. then e,, e,, e, are the roots of the 

equation W — g,t — y, = Q 

First consider Since is an odd periodic function, we have 

^'(o),) = -/ (-&),) = -J)'(2<». - a),) = -p'(to,), 

and so («,) = 0 

Sim ilarly (ai,) = p' (oi,) = 0 

Since ip'(z) 18 an elliptic function whose only singularities are tuple poles 
at points congruent to the origin, {z) has three, and only three (§ 20-13), 
irreducible zeros. Therefore the only zeros of p'(r)^re points congruent to 
ea,, w,. 6), 

Next consider jfi(x) — e. This vanishes at «, and, since |>'(6),) = 0, it has 
a double zero at Since p(z) has only two irreducible poles, it follows 
from §20-13 that the only zeros of ^(z) — e, are congruent to a),. In like 
manner, the only zeros of p{z)-et, fp(z) — e, are double zeros at points con- 
gruent to a)j, a), respectively. 

Hence e, it Sj e>. For ff e, = e,, then |i(*) — e, has a zero at aij, which is 
a point not congruent to ai,. 

Also, since (p'*(z)“4|>*(z) — 5 is|)(z) — and since p'(z) vanishes at a>,, <»j, 
<»,, it follows that 4(fi* (z) — g,ff {z)—g, vanishes when p (z) = e,, «, or 

That is to say, e,, Sg, are the roots of the equation 
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From the well-known formulae connecting roots of equations with theii 
coefficients, it follows that 

ei + Sj + e, = 0, 


6,6, -(- e,e, + e^et ■■ 




«!«>«. = 4 S'*- 

Example 1. When and are real and the discriminant — 27<jr3* is positive, shew 
that Cl , eg, es are all real ; choosing them so that si > S3 > 09, shew that 


and 


“s”-* 


80 that tti is real and &>$ a pure imaginary. 

£xampU 2. Shew that, in the circumstances of example I, (a) is real on the peri- 
meter of the rectangle whose comerd are 0, «>3, a>j' 

20*33. The addition of a half-period to the argument of ^ (r). 

From the form of the addition-theorem giren in § 20*31, we have 


and so, since 
we have 
he. 

CD using the result 


p + «.HP 

PW-.4 n {(P(r)-r.), 

r»l 


|> (* + i»l) = «j + 




S «..=0i 

r*l 


this formula expreases fp in terms of 1^(2). 

Exaniple 1, Shew that 

fp (i», 1*01 ± {(e, - 0») (01 -* 0s)}^ 

Example 2. From the formula for cforabmed with the result of example 1, 

shew that 

(Math. Tnp. 1913.) 

Example 3. Shew that the value of fp* (* + »2)P' (* + ®a) i» equal to 

the discrimutant of the equation ^ — 

[Difierentiating the result of § 20*33, we have 

+ Ml) - - («l “ «,) («, - «s) 1^' (*) (P (*) ^ *1 1 “ * i 
frcHD this and analogous result*, we have 

r w F (»+»i) r (/+-*) p (*+«>e> 

fwl 

which is the dieoriminant >n question.] 
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Exam^ 4. Shew that, with appropriate interpretations of the radicals, 

p- - - 2 {(«! - «j) («, - 1>3)}* {(«! - «l) * + («I - «#)*! ■ 

(Math. Trip. 1913.) 

Example 5. Shew that, with appropriate interpretations of the radicals, 

(P (2^) - (P (2i) - «s)* + (P (2*) - «3i* (P (20 - «,}1 

+ (P (&) - «■)* (P (2*) - ej) 1 = P (0 - P (20. 


20*4. Quaai-periodic functions. The function* 

We shall next introduce the function ?(«) defined by the equation 

d^(z)_ 


dz 


■-pW. 


coupled with the condition lim l^(z) — z ') = 0. 

Since the series for fp(z) — z~^ converges uniformly throughout any 
domain from which the neighbourhoods of the pointsf Cl'^n are excluded, we 
may integrate term-by-term (§ 4'7) and get 

f (z) -z-> = - f {p (z) - 2 -“} dz 
Jq 

= - 2 ' ri(z-n^,nr-n-‘.}dz, 

m.n J 0 


and I 


f(2)=i 


1 


I- 2' 3 — 

|», n 1^ -” flffl 




ni 


The reader will easily see that the general terra of this series is 
0(|n„,„|-“> as in„,ni-+oo; 

and hence (cf §20-2), ?(r) is an analytic function of z over the whole x-plane 
except at simple poles (the residue at each pole being + 1) at all the points 
of the set fi*, 


It is evident that 


- f (- X) = 1 -t- 2' 

* m. n + 


and, since this series consists of the terms of the series for f(x), deranged in 
the same way as in the corresponding series of § 20-21, we have, by § 2'.'i2, 

that is to say, f (x) w an odd function of z. 


* This fUDohon ahonld cot, of eonraa, be oontosed with the Zeta-fhaatioD of Bieniium, 
dltoufiMd in OhApter xm. 

t The Bjmbol O',,^ „ is need to denote nil the points with the exception of the origiu 
(of. iao‘3). 
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Following up the analogy of § 20-222, w6 may compare ( (j) with the function cot 
defined by the senes *“'+ I' {(j-m!r)~<-K«iir)~‘}, the equation ^ cot 2 = -ooaeo" 

corresponding ^ ^ f (2)= — P(j). 

2041. The quasi-periodicitif of the function ^(e). 

The heading of § 20’4' was an anticipation of the result, which will now b« 
proved, that f(^) is not a doubly-periodic function of z; and the effect on 
f(i) of increasing z by 2(»i or by 2(a, will be considered. It is evident from 
§20-12 (III) that f (z) cannot be an elliptic function, in view of the fact that 
the residue of ^(z) at every pole is + 1. 

If now' we integrate the equation 

p(^-|-2<i>,) = (j»(z), 

we get f(r-t- 2 <»,)=f( 2 ) + 27),, 

where 2i), is the constant introduced by integration ; putting 2 = — <a, , and 
taking account of the fact that f (t) is an odd function, we have 

Ui = ?(o>i)- 

In like manner, ? + Suij) «=i, f (2) + 27 ?j, 

where (.<»%)■ 

Example 1 Prove bj’ LiouviUo’m theorem that, if = then 

K(-*^)+f(y)+cwi’‘+ra)+r(y)+r(^)=o 

(Frobeuius u Stickelbergor, Lxxxviii.) 

[This result is a paeudo-additiou theorem. It is not a true addition -theorem since 
(^)y i' (y)> (' (^) algebraic functions of ( (x), ( (y), ( («).] 

Example 2. Prove by Liouville's theorem that 

2 1 P{x) P{x),~ 1 P{x) P(^) =f(x+y + s)-C(^)-fey)-C(^)- 

1 FCy) P(y) 1 1 fiy) P'<j) 

1 PW rw I ' 1 FW F(*) 

Obtain a generalisation of this theorem involving n variables. 

(Math. Trip 1894.) 

20-411. The relation between th <fnd Vi- 
We shall now shew that 

1 

’lio’s - = 2 

To obtain this result consider I ((z)dz taken round the boundary of a 

c 

cell. There is one pole of ^(z) inside the cell, the residue there being -f 1. 

Hence 2114 . 

■ c 
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Modifying the contour integral in the manner of § 20'12, we get 


ft+Ui 

= — 2i7ii j dt + 2f), I dt, 

2tn = — 4»),ei), + 4»;,ia,, 


dz 


and so 


which IS the required result 


2042. The fancUon <t{z) 

We shall next introduce the function a{z), defined by the equation 
logo-(*) = ?(^) 

coupled with the condition bm (<r( 2 )/xj = 1 


On account of the uoiformity of convergence of the series for ?( 2 ), except 
near the poles of f( 2 ), wo may integrate the senes term-by-term. Doing so, 
and taking the exponential of each side of the resulting equation, we get 


ciz) = zlV Ifl 

m n I V 






the constant of integration has been adjusted in accordance with the condition 
stated 


By the methods employed m §§20 2, 20’21, 20 4, the reader will easily 
obtain the following results 

(I) The product for <r{z) converges absolutely and uniformly in any 
bounded domain of values of r 

(II) The function <r( 2 ) is an odd integral function of z with simple zeros 
at all the points ilm.n- 

The function a {z} iiiay be compared with the function sm z defined by 
the product 

the relation log sin z = cot z corresponding to ^ log a (x) = f ( 2 ) 


20'421 The qtiaiii-penndicUy of the funohon o{z). 

If we integrate the equation 

?(x-l-2®.) = fW+2i?.- 

we get cr (x -^ 20 ), ) = (x), 

where c is the constant of integration ; to determine c, we put x = — oi,, and 
then 

o’(o),)= — <r (o),). 
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Consequently c = — , 

and o- (« + 2(u,) «« - e“’' <'+“'> <r (*). 

In like manner o- (r + 2a),) = — e*»><»+“f) o- (r). 

These results exhibit the behaviour of o-(r) when * is increased by a 
period of fi (*). 

If. as in 1 20'32, we write «,= — *>, — a),, then three other Sigma-functions 
are defined by the equations 

<Tr{e) = e~^(T (t + a>r)fa-(a)r) (r = 1, 2, 3). 

The four Sigma-functions are analogous to the four Theta-functions dis- 
cussed in Chapter xxi (see § 21 '9). 

Example 1. Shew that, if m aod n are any integers, 

<r(« + 27 »<ai + 2 n<» 2 )**( (z) exp + + 

and deduce that ia an int^er multiple of -lirr. 

Example 2. Shew that, if q=sGxp bo that 1 9 1 < 1, and if 

^ (S S) i. ^ ’ 


then F{z) is an integral function with the same zeros as a{z) and also F{z)l<r{z) is a 
doubly- periodic ftinctioa of z with penods 


Example 3. Deduce from example 2, by using Liouville’s theorem, that 


/ \ 2<Ul 

(r(<)= -i 


Example 4. Obtain the result of exam|)le 3 by exiaessing each factor on the right os 
a singly infinite product. 


20'6. Formulae esepressing any elliptic function in terms of Weierstrassian 
functions with the same periods. 

There are various formulae analogous to the expression of any rational 
fraction as (I) a quotient of two seta of products of linear factors, (II) a sum 
of partial fractions ; of the first type there are two formulae involving Sigma- 
functions and Weierstrassian elliptic functions respectively; of the second 
type there is a formula involving derivales of Zeta- functions. These formulae 
will DOW be obtained. 


20'9t. The expression of any ellif^ic function in terms of p (^) and p' (s). 

Let f(s) be any elliptic function, and let p (e) be the Weierstrassian 
elliptic function formed with the same periods 2o),, 2ia,. 

We first write 

/(^) = 1 [/(*) +/(- *)] + i [{/(*) -/(- *)! 
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20-5-20-52] 

The functions 

f{z) f /(- z), \f(z) -/(- z)} W{z)]-- 
are both even functions, and they are obviously elliptic functions when f (z) is 
an elliptic function. 

The solution of the problem before us is therefore effected if we can 
express any even elliptic function (z), say, in terms of ip (z). 

Let a be a zero of <f> (■*) > then the point in the cell congruent 

to - o will also be a zero. The irreducible zeros of (z) may therefore be 
arranged in two sets, say a, , a and certain points congruent to — a, , 

“ I • • • — ttn • 

In like manner, the irreducible poles may be arranged in two sets, say 
bi, 62 , . 6 ni and certain points congruent to — 6 ,, —b,, .. — 6 b- 

Consider now the function * 

1 [y U ) - V («r) ) 

<<>(^)r=ll(f> (^)-k'(6r)J ■ 

It IS an elliptic function of z, and clearly it has no poles , for the zeros of 
(z) are zerosf of the numerator of the product, and the zeros of the 
denominator of the product are polesf of t)>(z) Consequently by Liouville’s 
theorem it is a constant, Aj, say 

Therefore <!> (z) = A, fl I*'; , 

that IS to say, <f> (r) has bei'n expressed as a rational function of p (z) 

Carrying out this process with each of the functions 

we obtain the theorem that any elliptic function f {z) can he expressed in terms 
of the Weierstrassian elliptic functions p (z) and p' (z) mth the same periods, 
the expression being lational in fl)(z) and linear in p'[z). 

20 52. The expression of any elliptic function as a linear combination of 
Zetaf unctions and their deneates. 

Let /(z) be any elhptio function with periods 2a>,, 2a>j. Let a set of 
irreducible jioles of /(z) be a,, ... a„, and let the principal part (§5'61) 

of f (z) near the |X)le at be 

I 0* 1 , , Ofc, rfc 

* z - at (z-atf '' (z- atfs ' 

* If any one of the points or b. Is congruent to the ongm, we omit the corresponding 
factor (Or) O' ^ ~ (^r) (o' polo) of the product and the zero (or pole) 

of 0 (z) at the origin are then of the same order of mnltiplioity In this prodnct, and in that of 
§ 20 53, factors corresponding to multiple seros and poles have to be repeated the appropriate 
number of times 

f Of the same order of multiplicity 


W. M. A. 
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Then we can shew that 

f{z) = A, + 2^ - at) - ct,,^‘(z - at) + .... 

d' 

where Ag is a constant, and f*’(i) denotes ^ f(i'). 

Denoting the summation on the right by F {z), we see that 
F(z +2a>i)-F{z)= 2 2i;,ct,„ 

ir»l 

by § 20*41, since all the derivates of the Zeta- functions are periodic. 

n 

But 2 ct 1 is the sum of the residues of /(z) at all of its poles in a cell 
and is consequently (§ 20T2) zero. 

Therefore F(z) has period 2<»,, and similarly it has period 2ai, and so 
f{z) — F (z) is an elliptic function. 

Moreover F(z) has been so constructed that f(z)— F(z) has no poles at 
the points o,, Oj, ... a„; and hence it has no poles in a certain cell. It is 
consequently a constant, A,, by Liouville’s theorem. 

Thus the fuiictuin f(z) can be eizpaiided in the form 

" r* /_V-‘ 

A, + l ^ ,-^Vi <'*•• 

*=l,=i (# — !)! 

This result is of importance in the problem of integrating an elliptic 
function f(z) when the principal part of its expansion at each of its poles is 
known ; for we obviously have 

f * nr 

/{z)dz = A,z+ 2 c* , log <r (r — Ot) 

4=1 L 

+ ^ Ct 

1)1 ' 

where C is a constant of integration. 

Examfle. Shew by tbe method of this article that 

p'w=irw+*94. 

and deduce that 

where C is a constant of integration. 


•-at) 


+ ('i 


20'63. The expression of any elliptic function as a quotient of Sigma- 
functions. 

Let f{z) be any elliptic function, with periods 2&>, and 2a»,, and let a set 
of irreducible zeros of f(z) be Oj, a», ... a^. Then (|20T4) we can choose a 
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set of poles 6,, b,, ... in such that all poles 'of f{z) are congruent to one or 
other of them andf 

Ct) + Og + . . + On = + ij + ... + in 

Consider now the function 

" <r(z- O r) 

<r(z~ 5^) 

This product obviously has the same poles and zeros as /(z), also the 
effect of increasing z by 2<u, is to multiply the function by 
" exp 12i;, (z - a,)l ^ 
exp j2»j, (z - ir)} 

The function therefore has period 2 <b, (and in like manner it has period 
2 a> 2 ), and so the quotient 

/(,)_ n 

r-i<r(z-hr) 

IS an elliptic function with no zeros or poles By Liouville’s theorem, it must 
be a constant, A, say 

Thus the function /(z) can be expressed in the form 

ral<T (Z 6 ,.) 

An elliptic function is consequently determinate (save for a multiplicative 
constant) when its periods and a set of irreducible zeros and poles are known 

Example 1 Shew that 

0 , - - " ‘‘nil 

Example 2 Deduce by differentiation, from example 1 , that 
and by further differentiation obtain the addition theorem fur p (2) 


Example 3 If 2 ar= ^ 6,1 shew that 

r=i r»l 

I *^t«r-6i)<r(ar-&2) q-(ar-^s) 

r=i (»r-ai)«7-(ar-aj « 

the a denoting that the vanishing factor aiOr—Oy.) is to be omitted 
Example 4 Shew that 

F (*) - ‘'r * <^p* {«)/<r* ( 2 ) (r = 1 , 2, 3) 

^ [It IS customary to def/ne (p (z) — to mean not — a-,. («)/»■ (z) ] 

Example 5 Katablish, by example I, the ‘ three term equation,’ namely, 
o-(z+a) <r(z — a) cr (6 + 0) <r(6-c)+<r(«+6)<r (z- b)v{c-^a)tr fc-a) 

(z+c) IT (* — c) <r (a + 6)«r (a — 6)*»0 

t MaUiple nro8 or poles are, of ooaree, to be reokoned aeoording io their degree of malti 
phmty , to determine 6i , 6a, 6,^, we ohoose 6^ , 6^ , 6,^1 , 6.' to be the set of poles m the oell m 

which Oi, og, Ue, and then choose 6., congment to 6„', m such a way that the required 
equation la eatiafied. 


29—2 
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[This result is duo to Weierstrsss ; see p. 47 of the edition of his lectures by Schwai 
'The equstiou is characteristic of the Sigma-fiinction ; it has been proved b; Halpb< 
JF'onctiona i. (Paris, 1886), p. 107, that no function essentially diflPerent from t 

Sigma-function satisfies an equation of this type. See p. 461, example 38. 

20'54. The connexion between any two elliptic functiom with the sait 
periods. 

We shall nov prove the important resiilt that an algebraic relation exis 
between any two elliptic functions, f (a) and if> (t), with the same periods. 

For, by §20'51, we can express /(s) and ^(r) os rational functions of th 
Weierstrassian functions p (e) and p' (s) with the same periods, so that 
/(s) - iJ, [p (e). p' (s)i, 4>(s)=Rt [p (z), p' (x)}. 

where and R.^ denote rational functions of two variables. 

Eliminating p (s) and p' (z) algebraically from these two equations and 
p'' (z) = 4p' (z) - g^p (z) - g„ 

we obtain an algebraic relation connecting f(z) and if>(z) ; and the theorenc 
is proved. 

A particular case of the proposition is that every elliptic function is con- 
nected with its derivate by an algebraic relation. 

If now we take the orders of the elliptic functions f(z) and <fi (z) to be m 
and n respectively, then, corresponding to any given vadue of f(z) there is 
(§ 2013) a set of m irreducible values of z, and consequently there are m 
values (in general distinct) of <f> (z). So, corresponding to each value of f there 
are m values of ^ and, similarly, to each vcdue of ^ correspond n values of /. 

The relation between /(z) and ^ (r) ia therefore (in general) of degree m 
in <f) and n in 

The relation may be of lower degree. Thus, if /(z) = p(z), of order 2, and 
<f) (z) = p' (z), of order 4, the relation is — 

As an illustration of the general result take f(z)^p (a), of order 2, and 
(r) = p (r), of order 3. The relation should be of degree 2 in ^ and of 
degree 3 in /; this is, in fact, the case, for the relation is i#>’ = — ^i/— ^s- 

Example. If u, v, iv are three elliptic fuuctione of their argument of the second order 
with the same periods, shew that, in general, there exist two distinct relations which are 
linear in each of u, r, w, namely 

A uvw+Bvw.^-C'um+Due.t-E tt + F ®-K7w-(- ff —O, 
d ’aWr Bva +C’u’u+ Uuv + E'u + F'v + ff'w + = 0, 
where A, B, H' are constants. 

20*6. On the integration of \a,ic^ + 4a,®’ + 60,®* 4a,a -I- a,} ' 

It will now be shewn that certain problems of integration, which are 
insoluble by means of elementary functions only, can be solved by the intro- 
duction of the function j»(x). 
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20-54, 20-6] 

Let + 4o,«* + 6a,«* + ia,a: + o, =/(*) be any quartic polynomial 
which has no repeated fikotorg ; and let its invariants* be 

g, = 0 , 0 ^ - 4(1,0, + 3(V, 

^, = 0,0,0, + 20, 0,0, — 0,’— 0,0,’— Oi'o,. 

Let i = I [/ (t)l ~^dt, where x, is any root of the equation /(x) = 0; then, 

if the function |f) («) be oonstructedf with the invariants g, and g„ it is possible 
to express x as a rational function of p{z\ g^, g,)- 

[Note. The reason for asaumiug that /(x) has no repeated factors is that, when/(*) 
has a repeated factor, the integration can be effected with the aid of circular or logarithmic 
functions only. For the same reason, the case in which a,— a, =0 need not be oonsidered.] 

By Taylor’s theorem, we have 

/(t) « 4A , (t - x„) + 6^, (< — x^y + 4Ai (t - *<,)> + (t - XaY, 

(since / (ir,) = 0), where 

Aa—da, ™ Ooir, "b fl, , 

A,= 0 , 1 ,* + 2a,x, + Oa, 

A, = a,®,* + 3o,(c,* + 3a,Xi, + a,. 

On writing (t - = t, (a; — x,)~‘ = f , we have 

r—j (4.4,T* + 6il,T* + 4.4iT + .4oj“^(iT. 

To remove the second term in the cubic involved, writej 
r = A,-'(<r-iA.). f = J,- (» - i^.), 

and we get 

* = [” 14®* - (3il,* - 44.^,) o- - (2AaAaA, - A,' ~ .1. A,*)) " *dv. 

V a 

The reader will veply, without difficulty, that 

SA^-iAiA, and 2AiAaA,— A,' ~ A,A,* 

are respectively equal to g, and g,, the invariants of the original quartic, 
and so 

Now « - <r, + j 4, j» — 

and hence « = + i /' (a,) {p (* ; y.) - A/" (*•))“'. 

so that X has been expressed as a rational function o{p{s-, g,, g,). 

* Banuide and Panton, Theory of Equatioru, n. p. 118. 
t See I ai-73. 

t Tfaii snbstitntioD is legitimate since ds%0; for the equation dj=0 involTei f{i)=0 
having csiq, as a repeated root. 
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This formula for ® is to be regarded as the integral equivalent of tbe 
relation 

«■=[ 

BsampU 1. With the notation of this article, shew that 


Example 2. Shew that, if 




where a is any constant, not neoeasarily a zero of /(^), and /(:r) is a quartic polynomial 
with no repeated factors, then 

, , , f/W}^P'(^)+4/'(«)(PW-A/"(°)i+A/W/"'(°) 

the function p («) being formed with the invariants of the quartic / (x). 

(Weierstrasa.) 

[This result was first published in 1865, in an luaugural-dissertation at Berlin by 
Biermaun, who ascribed it to Weierstrass. An alternative result, due to Mordell, Meesengtrt 
XLIV. (1916), pp. 138-141 is that, if 




s//!*, y) ’ 

where /(^, y) is a homogeneous quartic whose Hessian is h (x, y\ then we may take 

y-6p'(z)V/-iF(3)/.-JA.. 

where /and h stand for /(a, h) and A(<z, 5), and sufRzes denote partial differentiations.] 
Example 3. Shew that, with the notation of example 2, 

o I /'(«) 

VW-- 2(j._a? “24"’ 

aud r («)= - +4-({^V} 


20'7. The umformisatwti* of curves of gmus unity. 

The theorem of 1 20'6 may be stated somewhat differently thus ; 
If the variables x and y are connected by an equation of the form 
y* = o,** + 4a,«* + 6a,ii* + 4 <i,ie + o,, 


then they can be expressed as one-valued functions of a variable z by the 
a: = a:, + i/' (a:,) f|i (a) - ^f" (x,)} 

y = - i/' (®.) *>' (*) {|> W - A/" (®«)! 

where f{x) = a„a^ + 4o,a* -J- 6a,a? + 4o,<r t-n„x, is any zero of /(«), and the 
function f> (z) is formed unA the invariants of the guarttc ; and z m such that 

« = [ (/(<)}"**• 

J S. 




* This term employs the word uniform in tbe sense ons-viUued. To prevent eonfasion witti 
the idea of anifonnity as ex^dained in Chapter six, ihrougbont the present work we have used the 
phrase * One-vaload fonetion ’ as being pr^rable to * onitorm fnnotion.’ 
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207J 

It IS obvious that is a two- valued function of x and z is a four- valued 
function of y , and the fact, that x and y can be expressed as one-valued 
functions of the variable z, makes this variable z of considerable importance 
in the theory of algebraic equations of the t)rpe considered , z is called the 
vmiformigtng vanable of the equation 

y' = a^x‘ -(- 4ai r* Sa^x^ -I- 4a,z -t- a. 

The reader who is acquainted with the theory of algebraic plane curves will be aware 
that the; are classified according to their dtjicitency or a number whose geometrical 

significanoe is that it is the diffei*eDce between the number of double points poasossed 
by the curve and the maximum number of double points which can be possessed by a 
curve of the same degree as the given curve 

Curves whose deficiency is aero are called untcurud f ^ the equation 

of a unioumal curve, it is well known i that x and y can be expressed as * o^ionoZ function* 
of a parameter Siuoe rational functions are one valued, this parameter is a umformieing 
variable for the curve in question 

Next consider ciirvea of genus unity, let f{T^ y)=0 be such a curve, then it has 
been shewn by CIel«ch,t that x and y can be expressed as rational functions of f and 17 
where r;’* is a polynomial iii f of degree three or four Hence, by ^ 20*6, ^ and ij can be 
expressed as rational functions of ^(r) and (these functions being formed with 

suitable invariants), and so x and y can be expressed as one valued (elliptic) functions of 
which is therefore a uniformising vanable for the equation under consideration 

When the genus of the algebraic curve /(r, y)*=0 is greater than unity, the unifumii- 
aation can be efifocted by meaus of what are known as automorphic function* Two classea 
of such functions of genus greater than unity have been constructed, the first by Weber^ 
Gbttinger Nach, (1886), pp 3't9-370, the other by Whittaker, Ph%l Tran* cicil (1898), 
pp 1-32 The analogue of tho period (larallelogram is known as the ^fundamental polygon ’ 
Id the case of Weber’s functions this polygon is *multiply>conDected, 1 e it consists of a 
region containing islands which have to be r^arded as not lielonging to it , whereas in 
the case of the second class of functions, the polygon is ^simpl} connected,’ 1 e it contains 
no such islands The latter class of functions may therefore be r^arded as a more 
immediate generahsation of elliptic functions Of Ford, Introduction to theory of Auto- 
morphtc Functions^ Edinburgh Math Tracts, No 6 (1915) 

REFERENCES 

K Wkibrsthabs, Werkcy l (1894), pp 1-49, ll (1895), pp 245-255, 257-309 
C Briot et J C BougUET, Theone de* fonction* elliptigue* (Paris, 1875 ) 

H A. Schwarz, Fomieln und LekretUee ntm Oebraucke der elhptiecken Funitwnen Na<A. 

VorU*ungen und Aufzeichnungen de* He>rm Prof K Weierstra** (Berlui, 1893 ) 

A L Daniels, ‘Notes on Wdierstrass’ methods,* Amenoan Journal of Math vi (1884), 
pp 177-182, 263-269 . ViL (1885), pp. 82-99 
J Liouville (Lectures published by C W Borchardt), Journal fur Math. Lxzxvtii 
^ (1880), pp 277-310 

A Em^BPER, EZfiptM'As (Zweite Auflage, von F MUUer, Halle, 1890 ) 

J Tannery et 3. Houc, Fonction* Flhptigue* (Pans, 1893-1902 ) 

* French Retire, German Oetehiecht 
t Sea Salmon, Higher Plan* Curve* (Dablln, 1873), Ob n 

X Journal fUr Math lxiv (1866), pp 210-370 X proof of Gie result of Glebsoh is given by 
Forsyth, Theory of Function* (1918), § 248 See also Cayley, Proc London MatK 80 c iv (1873), 
pp 847-862 [Math Papers, vnx pp 181-1871 



456 


THE TRiNSCBNDENTAL ECNCTI0N8 


[chap. XX 


1. Shew that 


S. Prove that 


Misceixaneods Examples. 


*> (« ) - P (« -y) “ - F («) r (y) IP («) - P (y)} - *■ 

PM-P 3 *p*» <P(y) -PW) 
P« P(*+y+«-) ®5s|y(2){|j(y)-p(tr)j' 


where, on the right-hand side, the aufaieot of differmtiation is aymmetrical in <, y, and vr. 

(Math. Trip. 1897.) 

3. Shew that 


P"(*-y) 

r{y-w) 

F" («’-«) 

“iyi 

F"(*-y) 

P" 

' (y-B7) 

P"(«,-r) 

r (^-y) 

r (y-®) 

r 


P (^-y) 

P 

(y-w) 

p («■-*) 

P (^-y) 

P (y-«) 

P (»-*) 

1 

1 


1 

1 


4. If 


y-p(r)-«„ y': 


dt ’ 


(Trinity, 1898.) 


(Math. Trijx 1897.) 


shew that y la one of the valuea of 

•[y' (y - j ^ log y)* + («i - ^) («i - '3)} * • 

5. Prove that 

2 {P W - «} {P (y) - P («)}• (P (y +») - «}* (P (y -») - e)* - 0 , 

where the eign of summation refers to the three arguments Zy tr, and e is any one of the 

(Math. Trip. 1896.) 


roots @ 2 , 

6. Shew that 


P(.-t-wi) _^ fP( tw»)-P(wi) 


P(») 


I PW-P(«i) 




7. Prove that 


(Math. Trip. 1894.) 


8. Shew that 


p (2.)~P (z»-» (P (a ) -p (i«,;}« iP (r) -P («,-»■ J«,)>« 

(Math. Trip. 1894.) 


p („ + ,) p («-,)^ (P WVi-HW+9, (P («HP 0)) . 

(Trinity, 1908.) 

9. If p(«) have primitive perioda 2 <b„ 2wi and /(»)“{P («)-P (wj)}^, while Pi(«) 
and ft (u) are aimilarly oonatruoted with perioda 2«)/n and 2 hj, prove that 


Pt (») “ P («) + ’* j IP («+ - P (2«.>i/«)). 


and 


/i (»)^ 


n/(u+2m»,/n) 

m»f9 

n f{2mt^fn) 


(Math. Trip. 1914 ; the first of the formulae is due to Kiepert, 
JoumaifUr Math. luvi. (1873), p. 39.) 
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10. If *»P(li+<i), y-P(«-a), 

when a is consteat, shew thst the curve on which (x, y) lies is 

(xy + cx + ty + Jyj)* — 4 (X +y + c) (cjy - Jya), 

(Burnside, Memenger, X3i.) 
SP"S («)- 3y,p"> (K)+y,»-27 {P («)+?,}* 

(x*+ 6 cx®+e*)~ 4 dir, 

•r .1, * r- 

venfythst ^ p(^’ 

the elliptic function being formed with the roots — c, 4 (c+e), i («-«)• 

13. If m be any constant, prove that 


where e»P(2a). 

11. Shew that 

12. If 


(Trinity, 1909.) 


(Trinity, 1905.) 


p'wl 


■ pw-pw 


• (»»<«> 


-*’(*» dg 


pW-P(y) 


-hll 


{P(s>-<vUPW-«.) ’ 


where the summation refers to the values 1, 2, 3 of r ; and the integrals an indefinite. 

(Math. Trip. 1887.) 

14. Let B(x) = 4x* + Bx> + Cx» + i)x + B, 

and let f“0(x) be the function defined by the equation 

when the lower limit of the integral le arbitrary. Shew that 

2<l)' (a) ^ <#)' (o+y) ±^' (a) d.'(g-y)4-»'(o) _ di'Cn+y)-^*' W 

<fi(x+y) -<#■(«)“ d>(g+y*)-^(g) y)-d>(“) 4>(“+y) -</>(*) 

»'(g-y) -♦'(*) 

" ,^(a-y)-<p(x) ' 

[Hermite, Proc. Math. Congrtn (Chicago, 1896), p. 10.V This formula is an 
addition-formula which is satisfied by every elliptic function of order S.] 
16, Shew that, when the change of variablee 

^ = il’h 7'“fV7’ 

is applied to the equations 

7‘ + ,(l+f>«) + f’-0, 

they transform into the similar equations 


= 0, 


h’+q' ifw" 




= 0. 


JI)'-(-l +p^ 

Shew that the mult of performing this change of variables three timee in succession 
is a nturn to the original variables f, , ; and hence pnve that, if f and ij be denoted as 
functions of » by E{u) and F(u) mpectively, then 

^(«+^)=^). 

when A is one-third of a period of the functions E{v.) and F{*). 

Shew that ^(«) “ ^ - P (* : 8tt 9ili 

y»“-i-gp’-2r6P‘- 

(Pe Bran, 6/e«rngt af K. Vet. Ahad., StocHolm, uv.) 


where 
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16. Shew that 


F(.‘) 


_ 2g'(t->-Hi)g-(«+««t)g' (z- wi - “i) 


and 


(«) <r (Wl) IT (Wj) IT (•>! +«2) 

O" r,\ ^{‘ +o)<T(‘-a)‘T{ ’ + ‘)<'(.‘>-<’) 


(Math. Trip. 1913.) 


(Math. Tnp. 1895.) 


where 

17. Prove that 

p (»- o) (p (* - i)= p (a- 6) {p (»- o)+ P («- 4)- p (O)- p (4)} 

+ P' ra - ») {f - a) - f (* - 4) + f (a) - C (4)} 

+ P(o)P(4). 

IB. Shew that 

2|P(k)-P(«i) P(e)-P(w)i + n;- 

(Math. Trip, 1910.) 

19. Shew that 

f (“i) +f («i) + f (w«) - f (“i +“i +“3) 

a(p(»,)-p(at)Ht>(««t)-P(«3n<e(»t)-P(“tn 

F {«i) {(f> W - f? («.))+P' (««) {P («,) - P («.)} + P' (u,) (p (a,) - P («s)) ' 

(Math. Tnp. 1912.) 

20. Shew that 

<r(x+y+t)e(j-y)ff (y-3)»-(<-x) 1(1 P(x) P(x) 


(>)»’(») 


1 P<y) F(y) 


1 1 pii) P(3) 

Obtain the addition-theorem for the function p (<) from tbie result. 

21. Shew by induction, or otherwise, that 


1 PW P(*o)-P*-''W 
1 p(»i) p(»i)-P"-‘'(»i) 


-/ . c(ro+»i + — + 0 n<r(r.t-v) 

-(-) 1.2 ...n. 


1 PW P(».)...P-‘l(s.) I 

where the product is taken for pairs of ail integral values of X and y from 0 to n, such 
thatX<^ 

(Frobeniua u. Stickelberger*, Jovmal fiir Math. Lzxzni. (1877), p. 179.) 
22. Expreea 

1 P(x) p*(*) p(x) 

1 P(y) P(y) P'(y) 

1 PCs) p(s) PCs) 

1 p(») p(«) p(«) ' 

as a fraction whose numerator and denominator are products of Sigma-fnnotions. 

* Bee also Kiepert, Journal fllr Math. nzxn. (1878), pp. 21-38 ; Hermits, Journal fOr Math. 
uzxn. (1877), p. 8i8. 
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Deduce that if i8-»p(y), y— P(*), i“P(»)i where jr+y+«+ii— 0, then 

(sj— Cs) {(o— «i) 0 — ej) (y — «i) (4— «i)}i 

+(«j — «i) 0-«») (y ~ «s) (4-es))^ 

+ (<1 -«>){(“-«») O - ej) (y -»«)(*- «a))* = ('s - «») (*s - «i ) («i “ «!)• 

(M&tb. Trip. 1911.) 


23. Shew that 


2C(2tt)-4r(«)* 




24. Shew that 


(Math. Trip. 1905.) 




and prove that <r (nw)/{<r (tt)}** ia a doubly-periodic function of u. 

25. Prove that 


(Math. Trip. 1912.) 


f _ f (, _ J) _ f („ _ 6) + f (2a _ 2J) = . 

('Math. Trip. 1895.) 

26. Shew that, if «i+«j 5+^3 + ^4“0, then 

{If (^,)P = 3 {IC(^,)) isp(z,)} + zp'M, 

the summationa being taken for f»:l, 2, 3, 4. (Math. Trip. 1897.) 

27. Shew that every elhptic function of order n can be expree»ed aa the quotient of 
two expresaiona of the form 

«iP (* + fc) + ^aP' (^ + 6) + . . . + *> (^ + *)’ 

where 6, O], Ot, ... Ou constanta. (Pamlev^, BuUettn cfe la Sqc. Math, xxvii.) 

28. Taking «i>cj>C 3 , P(w)»«i, P(»')*-«3» 

consider the values aaeumed by 

f(w)-uf («)/»' 

as u passes along the perimeter of the reotangfe whose corners are - w, » , o> + a , •«»+«* 

(Math. Trip. 1914.) 

29. Obtain an integral of the equation 


in the form 




lU bUV AVI iU 

where e is d^ned by tlM equation 
' (»’-3F.)P(c)=3(6»+y,). 

Aiao, obtain anothu' integral in the form 

fffr+o,) «■ (*+<«,) , . ,, ,, 

- (7) e*P { - »f (0|) - »f (Of)}. 

where P(ai) + P(<'»)=i. P'(«i)+P’(«4)“0, 

and neither Oi+oi nor Oi-Oj ia oongruent to a period. 


(Hath. Trip. 191 S.; 
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30 Prove that 

/ V g (*+ai ) g- (g+<i) g (*+gs) tr (t+gi) _ 

o- { 2^ + i (<i 4- £ 9 + ^ + £ 4 )} 

ia a doublj-periodio function of suoh that 

^ (*) (* +»i)+5f (*+»s)+^ (*+«i +»i) 

« - 2<r { J (jEa + 2a - «! - £4)} ff (i (% + £i - £fl - S4)} «■ {i (^i + ^ ^ “ ^4)} * 

(Math. Trip. 1893.) 

31. If f{z) be a doublj-periodio function of the third order, with poles at 2=Ci, t^c%i 
£=Ca, and if ^(2) be a doublj-periodic function of the second order with the same periods 
and poles at 2»a, its value iu the neighbourhood of t=a being 

(2)= + Xi (2 — a)+Xj (2- 0)*+ ...) 

prove that 

4X» {/" (a) _/" <«) -X {/' (a) +/' m !<>> (Cl)+ {/(«)-/(«) |3>.X, + ^ (C) 4 . (C,)| -0. 

(Math. Trip. 1894.) 

32. If X(j) be an elliptic function with two poles a,, Oj, and if s,, zj, ... be 2n 
constants subject only to the condition 

«i + «5 + ... + i*i— »(oi + a,), 

shew that the determinant whose tth row is 

1, X(»(), X*(r,), ... X-(z,), X,(z<), XMX.M, X»(z,)X,(z,), ... X-« (z.) X, (r,) 

[where Xi (it) denotes the result of writing zj for z in the derivatc of X (z)], vanishes 
identioally. (Math. Trip. 1893.) 

33. Deduce from example 21 by a limiting process, or otherwise prove, that 

P'(z) P"W -(-)->{ll 

rw r'w-f'w ^ 

I 

I 

pc- >)(z) p<>l(z) ... jlX^-^ICz) I 

(Kieport, Journal fUr MatL Lxivi.) 
34 Shew that, provided certain conditions of inequality are satisfied. 


<r(z + tf) - TT f ni ry\ Str • W / , . 

•' = 5 — (cot — +oot 5 -^) + — Iy»“ 8 in— (nu+ny), 

0(1)0 (y) 2 <b, \ 2w, 2»,/ m, ^ »i 

where the summation applies to all positive integer values of m and n, and }«exp (oitt^/u,) 

(Math. Trip. 1896.) 

36. Assuming the formula 

viz* „ _ 1 — 87C00S — +9** 


prove that 


ViZ* I-89C00S — hjC 

, . 2®i ■ wz ' »i 




nn-z 

1 — *■ ■ - ooe — 

l“j*» «*] 


when 2 eatiefies the inequalities 


■“(2)<''Ci) -=•*(£)■ 


(Math. Trip. 189a) 
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36 Shew that if 2w be any expression of the form 2in«| + 2nii>3 and if 

then « IS a root of the sextic 

iC* - 6giX* - 40j,x;“ - 5gi'x> - Sgt^sX - •> 0, 

and obtain all the roots of the sextic (Trinity, 1898 ) 


37 Shew that 


where 


38 




log 


(»+Wo) ’ 


-J 1 1 ,A./ ^ 1 

“■•■6 J5«(*)-P“(2o)’ (a- fc) 

(Dolbrna^ Darboua^ Bulletin (2), xix ) 

Prove that every anal^i-ic fuDCtion f{z) which satisfies the three term equation 
I /(e+a)/(«-a)/''6+c)/‘(ft-c)«0, 


for general values of a, 6, c and is expressible as a finite oombiiiation of elementary 
functions, together with a Signia function (including a circular function or an algebraic 
function as degenerate cases) 

(Hermito, Fonctionz eUxphques, i p 187 ) 

[Put f»ra=A=c»0, and then/(0)=0, put 6"C, and then f{a — h)-\-f{b-a)=0y so 
that f{») IS an odd function 


U F{z) IS the logarithmic denvate of f{t\ the result of differentiating the relation 
with respect to 6, and then putting b^c, is 

fU+a)f(z-a)f[2h',f {0) i, , c,_ ,, 

Differentiate with re8|>ect to 6, and put 6=0 then 

f{z-\-a)f{z^a){f (0)P 


^F it)- F {a) 


If / (0) were aero, F {z} would lie a constant and, by integration, /(*) would be of the 
form A exp (Bz + Ce^), and this ih an odd function only in the trnial case when it is ^ro 
If / (0)^0, and we write F (r)= —♦(*), it is found that the coefficient of a* in the 
expansion of 

12/(x+a)/(r-o)/{/(r)J> 


18 6 (♦ (r)}* - * («), and the coefficient of o* in 1 2 { {‘I* ^<x) — ♦ {z)) ih a linear function 
of ♦ {z) Hence ♦ (x) is a quadratic function of ♦ \z) , and when we multiply this 
function by 4> (z) and integrate we hud that 

{♦ (b)P= 4 {♦(i)P+12^{^(2)P+125*(£; + 4C, 
where A By C are constants If the cubic on the right has no repeated factors, then, by 
§ 20 6, 4> (e) = ^ (2 + a) + ^, where a is constant, and on integration 
' /(*)“« O' (x+a) exp ( — A’z- i), 

where K and L are constants , since fit) is an odd function and 

/( 2 )*<r(x) exp {-^At^-L} 

If the cubic has a repeated factor, the Sigma function is to be replaced (cf ^ 20 222) by 
the Bine of a multiple of t, and if the cubic is a perfect cube the Sigma function is to be 
replaced by a multiple of ^ ] 
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THE THETA FUNCTIONS 

21 1. The definition of a Theta-function. 

When it is desired to obtain definite numerihal results in problems 
involving Elliptic functions, the calculations are most simply performed 
with the aid of certain auxiliary functions known as Theta-funchoiis. These 
functions are of considerable intrinsic interest, apart linm their connexion 
with Elliptic functions, and we shall now give an account of their funda- 
mental properties. 

The Theta-functions were first systematically studied by Jacobi*, who 
obtained their properties by purely algebraical methods ; and his analysis 
was so complete that practically all the results contained in this chapter 
(with the exception of the discussion of the problem of inversion in §§ 2T7 
et seq.) are to be found in his works. In accordance with the general scheme 
of this book, we shall not employ the methods of Jacobi, bui the more 
powerful methods based on the use of Cauchy’s theorem. These methods 
were first employed m the theory of Elliptic and allied functions by Liouville 
in his lectures and have since been given in several treatises on Elliptic 
functions, the earliest of these works being that by Bnot and Bouquet. 

[Note. The first fuuctiou of the Theta-function type to appear in Analysis was the 
h'ariitian fitnction^ IT (1— of Euler, Introductw in Anaiyein Infinttorum, I. 

(hausanne, 1748), § 304 ; by means of the results given in () 2T3, it is easy to express 
Theta-functions in terms of Partition functiona Euler also obtained properties of products 
of the tyi>e 

5 (1+i-), n dtif*"), n(l±a4«-i). 

«■! B=1 SMl 

The aasociated senes I S S m*’ had previously occurred in the 

i»»0 

posthumous work of Jakob Bernoulli, Ar9 Oonjectandi (1713), p. 5t>. 

* Fundamenta AVra Tkeonae /’ufieftonufit Ultpttcarian (£diugBberg» 18129), and Qet. Werke, 
i, pp. 497-538. 

t The Partition function and aesooiatod fusetiooB hare been studied by Gauss, Comm. Soe. 
reg. trt. Qotttngeiutt rec. i. (1811). pp 7-12 [Werke, a. pp, 16-21] and Werke, ni. pp. 4S3-480 and 
Cauchy, Comptes Jteadxa, x, (1840), pp. 178-181. For a discussion of properties of varions funotioos 
iuTolving what are known as Baeic number$ (which are closely connected with Partition fuootiona) 
see Jackson, Proc. Royal Soe. hxxiv. (19U6), pp. 64-72, Proo. London Isfotk. Soc. (1) xzrni. (1897), 
{Ip. 476-486 and (2) i. (19(>4), pp. 63-88, n. (1904), pp. 192-220; and Watson, Comb. Phil. Tnau. 
zxx. (1912), pp. 281-299. A fundamental lonnuia m the theory of Basic numberB was given by 
Heine, Kugeljvnkttanen (Berlin, 1878), t. p. 107. 
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Theta-funotions also oocur in Foimer’s La Tkktne Analytique de la ChaXew (Pans^ 
1822), cf. p. 265 of Freeman's translation (Cambridge, 1876). 

The theory of Theta-functions was developed from the theory of elliptic functions 
by Jacobi in his Fundatnenta Nova Tkeoruie Functionum ElUpttcarum (1829), reprinted 
in his Oes. i pp 49-239; the notation there employed is explained in § 2162 

In hiB subsequent lectures, he introduced the functions discussed in this chapter , an 
aocount of these leoturee (1638) is given by Borchardt in Jacobi’s Werke, i. pp. 497-538 
The most important results ooniained in them seem to have been discovered in 1835, 
of Kronecker, Sitzungghenchte dtr Akad zu Berltn (1891), pp 653-659 ] 

Let T be a (constant) complex number whose imaginary part is positive , 
and write q * so that | ^ | < 1. 

Consider the function ^(^, q), dehned by the senes 

%{z,q)= i 

qua function of the variable z. 

If A be any positive constant, then, when | z | $ j 4 , we have 
I I $ 1 3 

n being a positive integer. 

ce 

Now d'Alembert’s ratio (§ 2 ' 36 ) for the series 2 ] q is | q 

which tends to zero as n -► * . The series for & (s, q) is therefore a senes of 
analytic functions, uniformly convergent (§ 3 34 ) m any bounded domain of 
values of z, and so it is an integral function {§§ 5 ' 3 , 5 ' 64 ). 

It IB evident that 

S {s, 5) = 1 + 2 2 cos 2ns, 

•»i 


and that 

^(s + TT, y) = a(s, q); 

further 

a (z TTT, 9) = 2 


= — q-^e~”‘ 2 (—)»+' 

H— — » 

and so 

a (z + n-T, 9) = - q-'e-’^ S (z, q). 


In consequence of these results, ^ (z, q) is called a quasi dovhly-periodic 
function of z. The effect of increasing s by tt or ttt is the same as the effect 
of multiplying S (s, q) by 1 or — and accordingly 1 and — q~'e~^ are 

called the multipliers or periodicity factors associated with the periods ir and 
nT respectively. 

21 T 1 . The four types of Theta-funotions. 

It IB customary to write ^4 (s, q) in place of & (*, q) ; the other three 
types of Theta-functions are then defined as follows • 
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The function 9) is defined by the equation 

q) = 'it,(^e + \ir, q^j~ \ + 2 2 q*^ co8 '2 b£. 

Next, %{z, q) is defined in terms of q) by the equation 
a. (X, q) = - ? B-T, g) 

« = — * 

and hence* ^i(x, g) = 2 2 (— )"gi"*4)’8in(2n + l)ir. 

•»o 

Lastly, (x, q) is defined by the equation 

(X. g) =&, + |ir, g^ = 2 2 g^"'''^^" cos(2n + l)x. 

Writing down the series at length, we have 

(x, g) = 2g^ sin x - 2g^ sin 3x + 2g^’‘ sin 5z — . . . , 

(x, g) = 2gi cos x + 2g* cos 3x + 2g’^ cos oz+ ..., 

^i(x, g) = 1 + 2gcos2x + 2g‘cos 4x + 2g*cos fix + ... , 

(x, g) = 1 - 2g cos 2x + 2g* cos 4x — 2g* cos fix + — 

It is obvious that (x, g) is an odd function of x and that the other 
Theta-functions are even functions of x. 

The notation which has now been introduced is a modified form of 
that employed in the treatise of Tannery and Molk ; the only difference 
between it and Jacobi’s notation is that S, (x, g) is written where Jacobi 
would have written (x. g). There are, unfortunately, several notations in 
use ; a scheme, giving the connexions between them, will be found in § 2r9. 

For brevity, the parameter g will usually not be specified, so that (x), ... 

will be written for (x, g), When it is desired to exhibit the dependence 

of a Theta-function on the parameter t, it will be written ^ (x ] t). Also 
^j(O), ^,(0), ^,(0) will be replaced by ^4 respectively; and will 

denote the result of making x equal to zero in the derivatb of (x). 

Example 1 . Shew that 

Ss(x, ?)=53(S!», ?‘)-tSj(2x, f), 

3,iz, q)-S,(2z, q*). 

Example 2. Obtsin the results 

5, (s)*= (x-blw) »= — iJf5s(x + ^ir-l'4vr)= — iif54(x + j|WT), 

.3a(x)= iftis if54(x+^n' + iTrT)= 5j(x+^fr), 

5^(2)= 54(2 + ^ 12 ) «** -1-^vt)»= JfSjfa-t^iTT), 

^4 (2J= — iiWi tJISafx + iir-t' iwr)«“ ^sCx + iir), 

where s'*. 

* Throughout the chapter, the mau^- valued fuootioo ii to be interpreted to mean 
exp (XviV). 
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Sxamf^ 3. Shew that the multipliers of the Theta-functions associated with the 
periods ir, yrr are given by the scheme 



3.W 

5 ,( 2 ) 

3.W 

s.W 

IT 

-1 

- 1 

1 

1 

trr 

-Jf 

N 

N 

-y 


where 


Examjple 4, If S ( 2 ) be any oue of the four Theta-functiuns and ^ {z) its denvate with 
respect to 2 , shew that 


3'(z4^)_S'(j) il'(j+ir7-) S'Ji) 

3(z + ff) 5(2)’ 5(2+ffr)°' 5(2)' 


21'12 The zeros of the Theta-functions 

From the quasi-penodic properties of the Theta-functions it is obvious 
that if ^ ( 2 ) be any one of them, and if 2 „ be any zero of ( 2 ), then 

+ mir -t- niTT 


18 also a zero of & (z), for all integral values of m and n 

It will now be shewn that if C be a cell with corners t,t + ir,t + Tr + irT, 
t + ITT, then & (z) has one and only one zero inside C. 

Since ^ (z) 18 analytic throughout the finite part of the r-plane, it follows, 
from § 6 31, that the number of its zeros inside C is 


27n 


r V£z) 
le 


dz. 


Treating the contour after the manner of § 20'12, we see that 


2irtJc 


dz 


* 



It 1^(2) 

y^+ir 

I iidz, 


(2 + irT)| 
&(2 -1- wt)) 


dz — 


_i_ r+’"\'A'{z) v(2+w)) 

27nJ, l^(r) &(2-l-7r)l 


dz 


by § 2T11, example 4. Therefore 


2712 


f ^ 


dz •= 


1 , 


that is to say, S ( 2 ) has one simple zero only inside C , this is the theorem 
stated. 


W. K. A. 


30 
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Since one zero of (z) is obviously z = 0, it follows that the zeros of 
(z), (z), (z), &4 (z) are the points congruent respectively to 0, 1 tt, 

^ ir H- i wr, 2 ITT. The reader will observe that these four points form the 
comers of a parallelogram described counter-clockwise. 

21 '2. The relations between the squares of the Theta-functions. 

It is evident that, if the Theta-functions be regarded as functions of a 
single variable z, this variable con be eliminated from the equations defining 
any pair of Theta-functions, the result being a relation* between the functions 
which might be expected, on general grounds, to be non-algebraic ; there 
are, however, extremely simple relations connecting any three of the Theta- 
functions ; these relations will now be obtained. 

Each of the four functions &i’’(z), &,*(z), S>’(z), S 4 ’(z) is analytic for all 
values of z and has periodicity factors 1, q~’e~^ associated with the penods 
TT, TTT ; and each has a double zero (and no other zeros) in any cell. 

From these considerations it is obvious that, if a, b, a' and b' are suitably 
chosen constants, each of the functions 

a%' (z) H- fc V (x) a' Si’ (x) + 6'S«’ (x) 

S.*(x) “ ’ &,«(x) 

is a dovbly-periodio function (with periods tt, ttt) having at most only a 
simple pole in each cell. By § 20T3, such a function is merely a constant; 
and obviously we can adjust a, b, a', &' so as to make the constants, in each 
of the cases under consideration, equal to unity. 

There exist, therefore, relations of the form 

V (x) = aV (z) 6V (x), V (x) = (z) + 6'V (x). 

To determine a, b, a', V, give z the special values ^ vrr and 0 ; since 

we have V = -oV. V = V = - “'V. V = fr'V- 

Consequently, we have obtained the relations 

V (z) V = V (x) V - V (z) V, V (z) V = ^4’ (z) V - V (z) V. 

If we write z + for z, we get the additional relations 

V (x) V = (x) X' - V (x) V, V (x) V = a.' (z) a.’ - V (z) V 

By means of these results it is possible to express any Theta-function in 
teni)s of any other pair of Theta-functions. 

* The soslogona lelsthm for the lanetiona ihii and eoaz is, ol oonise, (tint)*H-(eoes)*sl. 
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CoroHary. Writing in the last relation, we have 

v+v-v, 

that IB to say 

169(l + g> »+9> »+g» ‘+. ..)*+(! -2?+2?*-2?* + -)’*C1 + 29+V+*9*+--)‘- 
21-21. The addition-formulae for the Thetaf unctions. 

The results just obtained are particular cases of formulae containing two 
variables ; these formulae are not addition -theorems in the strict sense, as 
they do not express Theta-fiinctions of 2 + y algebraically in terms of Theta- 
functions of z and y, but all involve Theta-functions of z~y as well as of 
z + y, z and y. 

To obtain one of these formulae, consider (2 + y) (z — y) qua function 
of 2. The periodicity factors of this function associated with the periods tt 
and TTT are 1 and q~' e~^. 

But the function tt&,’ (2) -i 6S,'(2) has the same periodicity factors, and 
we can obviously choose the ratio a:b ao that the douhly- periodic function 

a'ht'(z ) + b^i‘{z ) 

%(z + y)X(z-y) 

has no poles at the zeros of ^,(2 — y) ; it then has, at most, a single simple 
pole in any cell, namely the zero of %{z + y) in that cell, and consequently 
(§ 2013) it is a constant, i.e. independent of 2 ; and, as only the ratio a : 6 is 
so far 6zed, we may choose a and b so that the constant is unity. 

We then have to determine a and-6 from the identity in 2, 

1 2) -t- (2) = %(z + y)%iz- y). 

To do this, put 2 in turn equal to 0 and 5 w -I- ^ n-r, and we get 

“V- V(y), 6a,*^^7r-l- i7rT^ = a,^|'7r + |7rT-t- y)&, -S' + g -"t - y) ! 

and so a = S,’ (y)/S^,’. 6 = (y)/S»'. 

We have therefore obtained an addition-formula, namely 

a, (2 -I- y) a, (2 - ‘y) a,” = V (y) V (r) + ^1’ (y) ^1* (^)- 
The set of formulae, of which this is typical, will be found in examples 1 
and 2 at the end of this chapter. 

21*23. JaeobCs fundammlal formulas*. 

The addition-formulae just obtained ore particular cnees of a set of identities first given 
by Jacobi, who obtained them by purely algebraical methods ; each identity involves as 
> many as four independent variables, w, 2, y, s. 

Let tf-, y, y, s' be defined in terms of w, x, y, 2 by the set of equations 
fief =, —iB+s+y+z, 
iP wm tv-x+y.+s, 
if - w-bx-y-hs, 

Si- >• w-bx-by-s. 

* Qss. Werks, i. p. SOS. 


30—2 
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The render will easily verify that the coDaexioQ between w, x, y, * and ia a 

reciprocal ooe*. 

For brevity t, write [r] for 3, (w) (^) (y) (*) and [rj for («'') C^?') (y) -Sp (*')• 

Consider [3], [17, [SJ, PJ, [47 qua functions of z. The effect of increasing z by »r or itt 
is to transform the functions in the first row of the following table into those in the second 
or third row respectively. 


[3] 

[JI 

[21 

[37 

[47 

(it) I [3] 

1 

-[27 

-[17 

[47 

[37 

(wr) j A^[3] 

~yw 

J^[37 

^[*7 



For brevity, fif has been written in place of q~^ 

Hence both — [l7+[2j +PJ+[47 P] l*ave periodicity factors 1 and and so 
their quotient is a doubly-periodic fiinction with, at most, a single simple pole in any cell, 
namely the zero of ^5 (z) m that cell 

By § 30*13, this quotient is merely a constant, i.e. independent of and considerations 
of symmetry shew that it is also independent of n*, x and y. 

We have thus obtained the result 

A[3]--[lJ+[2I+[3j+[4]', 

where A is Independent of vf^x, e; to determine A put v^nx^^y^z^Oy and we get 

dV=V+V*fV; 

and so, by § 21 *2 corollary, we see that ^ » 2. 

Therefore 2p]« -[lj+[2j + [3j + [4j ( 1 ). 

This is one of Jacobi’s formulae ; to obtain another, increase Xf y, i (and therefore 
also w', x', y'f <>') by ^ ; and we get 

2[4]=[1J-[2I+[3J + [4]' (li). 

Increasing all the variables in (1) and (11) by Jttt, we obtain the further results 

2[2]-[i7+[27+PT-[47 (i»)» 

2[Z]«[1J+{8J-C37 + [47 (iv). 

[Not*. There are 266 eKpressions of the form -Jp (w) 3, (jt) (y) 5, («) which can be 
obtained fiom ^3 (tc) ^3 (4?) ^3 (y) 9^ (3) by increasing ir, 4:, y, z by suitable half-periods, but 
only those in which the suffixes yi, r, z are either equal in pairs or all diflbrent give rise 
to formulae not containing quarter-periods on the ngbt-band side.] 

SxaTt^oU 1. Shew that 

[l] + [2]=[iy+[2I, [2]+13]-[2]' + [3]', [1]+[4]-[1J + [4J, [3]+[4]-[3I+[4T, 

[ll+PJ'PT+W, M+W-IiJ+W. 

* In Jacobi’s work the ugns of v, jr', |r', s' are ohanged throughont so that the complete 
symmetry of the rations iedeetroyed; the symmetrioat forme joet given srsdneto H. J. 8. Smith, 
Proc. London Math, Soz. l (Kay 21, 1866, pp. 1-12). 

t The idea of Ibis abridged notation is to be traced in H. J. B> Smith’s memoir. It seems, 
howev«, not to have been used before Kroneoker, Journal /Ur Math. ca. (1687), pp. 260-272- 
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Example 2 Bj writing w+Jir, x+^a for w, x (and consequently y'+iw, r'+Jir 
for y, y), shew that 

[3344]+[22U]=[4433]' + [1122J, 
where [3344] means 3j (w) 3a (a) S 4 (y) ^4 (r), etc 
Example 3 Shew that 

2 [1234]>=[3412]' +[2143J - [J234]' + [4321]" 

Example 4 Shew that 

3i‘ («)+ + 34* (») 

21 3 Jacobis expressions for the Iheta-functwns as infinite products* 

We shall now establish the result 

n ( 1 - 25 «-' cos 24 + ?«->), 

(where G is independent of 4 ), and three similar formulae 
Let /(^)= S 11 

i»«l n=l 

each of the two products converges absolutely and uniformly in any bounded 
domain of values of 4 , by § 3 341, on account of tbe absolute convergence of 

OB 

E 5*"“' , hence / ( 4 ) is analytic throughout the finite part of tbe 4-plane, 
*>■1 

and so it is an integral function 

The zeros of / ( 4 ) are simple zeros at the points where 

, - 2, - 1, 0, 1, 2, ) 

1 e where 2t4 = (2n -h 1) itit -(- imin , so that f(z) and ^ 4 ( 4 ) have the same 
zeros, consequently the quotient has neither zeros nor poles in 

the finite part of the plane 

Now, obviously /(z -t- tt) =/ ( 4 ) , 
and f(s+wT)= II (1— q’"+'e^) H (1 — 

TI «1 H*:! 

=/(4)(l-9-‘e-~)/(l-9e“) 

= -q-'e^f(s) 

Thai IS to say /(s) and 'b,(z) have the same periodicity factors (§ 21 11 
example 3) Therefore '^t(z)lf(z) is a doubly-penodic function with no 
zeros or poles, and so {§ 20 12) it is a constant 0, say , consequently 

&4 ( 4 ) = (? n (1 - cos 24 -f y™"*) 

•>-] 

[It will appear in § 21 42 that 0 = II (1 - 9 ").] 

•=i 

Write 4 + jW for 4 in this result and we get 

S', ( 4 ) = (4 n (1 -t 2g”“’ cos 24 -b 
* Cf. Fundanunta ^ova, p. 14£. 
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Also 





and so 
while 

Example. 


= -iqie'‘ 0 11 (-1 5 (1 - g”*-**-*') 

= 20gi sin « n (1 - n (1 - ?*«-**), 

«|b 1 nnl 

5, (z) — 20g^ sin s II ( 1 — 2g”* cos 2l + g*") 

fl = l 

a, (z) = a, + 5 

= 2(?gi COB « n (1 + 2g*“ cos 2z + g“). 

f»= I 

Shew that* 

1 5 5 (n-g»*)|'- 1 n^a+?*>-‘)|' 


(Jacobi ) 


21‘A The differential equation satisfied by the Theta-fiunctums. 

We may regard as a function of two independent variables z 

and T , and it is permissible to differentiate the series for S, (z \ t) any 
number of times with regard to z or t, on account of the uniformity of 
convergence of the resulting series (§ 47 corollary) ; in particular 

= — 4 2 n' exp (n’mr + 2niz) 

*jr% dr 


Consequently, the funciion ^3 {z \ r) satisfies the partial differenUal equation 


1 . 3»y dy 

i’^dz^'^dr" 


0 . 


The reader will readily prove that the other three Theta-functions also 
satisfy this equation. 


21*41. A relation between Theta-funciions of zero argument 
The remarkable result that 

V{0) = i^.(0)a.(0)a.(0) 

will now be establishedf. It is first necessary to obtain some formulae for 
differential coefficients of all the Theta-functions. 

* Smoohi desoribe« this result (Fund. Nova, p 90) ae * aeqaatio ideniioa satis abstnisa.' 
t Several proofs of this important proposition have been given, bot none are simple. 
Jaoobi’s origmal proof (Oe». Werk^^ x. pp< 516-517), though somawhat more dtffioalt than the 
proof given hoe, is well wor^ study. For a different method of proof of the prdiminary lonnula 
given in the text, see p. 490, example 21. 
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Since the resulting series converge uniformly, except near the zeros of 
the respective Theta-functions, we may differentiate the formulae for the 
logarithms of Theta-functions, obtainable from § 21‘3, as many times as we 
please. 

Denoting differentiations with regard to z by primes, we thus get 


Making z 0, we get 




■ .Ii 1 + e-“J 


1 +v“'‘e“ 

“ 2t^'e“ _ » 2ig»-'ej»^ ] 

.r, 1 -t- e“ “ .r, 1 

I (2iT5“-*e“ I ] 

nZi (1 + ^ Jti (1 -I- g"-' e-^y\ ■ 


V (0) = 0. (0) = - 8^. (0) ■ 


In like manner. 


V(0) = 0, V(0) = 8a,(0) 2 


^-1 


a.' (0) = 0, %" (0) = (0) 1^- 1 - 8 ^ j ; 

and, if we write a, (r) = sin z . (z), we get 

4.' (0) = 0, <#." (0) = s<f, (0) S • 

» = 1 ~ g > 

If, however, we differentiate the equation (z) = s\n z.<f> (z) three times, 
we get 

a; (0) = 4 (0), 3,"' (01 = 3f ' (0) - 4 > (0). 


Therefore 


and 


' = 24 '' - 1 • 

V(0) „=,(!- 9"*)’ ’ 


V(0) V(0) VW 

^^,(0) ^ ^,(0) ■^■^,(0) 


. s r_ I - 1 . i 1 

L (l+g»»-7 


|[-S 

L »-i< 


.+ 2 


2 




i(i-H9")= ' „r.(i-5»)‘ ,=i(i -?“)»] 

on combining the first two series and writing the third as the difference of 
two series. If we add corresponding terms of the first two series in the last 
line, we get at once 
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Utilising the differential equations of §21'4, this may be written 
1 d&.'(0|T) 

a7(0|T)" dr 

1 d&.(0|T) 1 <fa.(0|T) J «»4(0 |t) 

&j(0|t) dr ^&,(0|t) dr '*’& 4 ( 0 |t) dr 
Integrating with regard to t, we get 

V(0. 9 ) = Ca.(0. 9 )a.( 0 , 9)a.(0, q). 

where C is a constant (independent of q). To determine C, make }— »0; since 
limg”i&i' = 2 liro 5 “IS, = 2 lim^, = l, limS 4 = l, 

g -»0 ^-^0 9'*»0 


we see that C = 1 ; and so 
which IS the result stated. 




21 ' 42 . The value of the constant G. 

Froio the result just obtained, we can at once deduce the value of the 
constant G which was introduced in § 21'3 
For, by the formulae of that section, 

3,' = ,^(0) = 2qiG 5 (I-?")', '^, = 2^0 U (1 +9”)', 

«sl •«! 

Sr, = G n (1 + &4 = G n (1 - 9»-')*, 

and so, by § 21'41, we have 

n (1 - q”'y = G> n (1 + 9”*)* n (1 + 9^>)> n (i - q*'-'y. 

j*«=l »«l »=l n«l 

Now all the products converge absolutely, since ] 9 1 < 1, and so the 
following rearrangements are permissible- 

I n(i- 9"-')n (i-9”)|.|n(i + 9"— )n(i-i-9*")l 
= fi (1 - 9") n (1 + 9") 

w*! *1=1 

= n(i- 9 n 

f*=l 

the first step -following from the consideration that all positive integers are 
comprised under the forms 2n — 1 and 2n. 

Hence the equation determining G is 

n (1-9”)*-G*, 

luid 80 G = ± n (1 — 

*=1 
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To determine the ambiguity in sign, we observe that (r is an analytic 
function of q (and consequently one- valued) throughout the domain j g ] < 1 ; 
and trom the product for we see that 6—*l as q-*0. Hence the 

plus si^ must always be taken , and so we have established the result 

0= n (l-g“). 

*1 = 1 

Example Shew that 
Example 2. Shew that 

n=\ 

Example 3, Shew that 

1 + 2 1 ?*■= nKl-v’-Xl+y®"-';*}. 


21-43 Connexion of the Sigmoe- function unth the Theta^f unction*. 

It hae been set'ti 20 421 example 3) that the function tr{z\ a*}), formed with 
the (leriods 2<i>t, ioi;], in exprennible in the form 

" « = ■;' “I- (tf) s'n (£i) {(l -2y>-coa^+y.*) (1 -?*«)- j , 

where y»=etp (irtuij/wi ) 

If we oomjwre this result with the product of ji 21 4 for D, (t ( t), we see at once that 

To eipreen in terms of Theta-functioos, take logarithms and differentiate twice, 
BO that 

- W— (£,) - (£,)■[??; - {ffeTJ- 

where v = and the function in that defined in § 21*41. 

Ex^iaiiding in asoending jxiwers of z and equating the terms independent of 2 in this 
result, we get 

B, 3 \2<»,/ \2»J 


and so 


*71* 


_»r»_ 3,'" 

■l2»j 3,' 

Consequently 0-(7|<O|, 6>s) can be exi^essed m terms of Theta-functions by the 
formula 


where 

> Example. Prove that 


- (H w., = «P (- "^y) 3. (r I ^) , 


/lAisSi"' »i\ 

’’ V12b,>3,' 2«,/ ■ 


21-6. The expression of elliptic functions by means of Theta-functions. 

It has just been seen that Theta- functions are substantially equivalent 
to Sigma-functions, and so, corresponding to the formulae of §§ 20-5-20-53, 
there will exist expressions for elliptic functions in terms of Theta-functions. 
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From • the theoretical point of view, the formulae of §§ 20’5-20’63 are the 
more important on account of their symmetry in the periods, but in practice 
the Theta-function formulae have two advantages, (i) that Theta-functions 
are more readily computed than Sigma-functions, (ii) that the Theta- 
functions have a specially simple behaviour with respect to the real period, 
which is generally the significant period in applications of elliptic functions 
in Applied Mathematics. 

Let f{z) be an elliptic function with periods 2(u, , 2<»2 ; let a fundamental 
set of zeros (a,, a,, ... On) and poles (/9,. /8i, ... /9„) be chosen, so that 


2(a,-/S.l = 0. 

r*l 

as in § 20'53. 

Then, by the methods of § 20 53, the reader will at once verify that 


where Aj is a constant ; and if 


a>i 


m, 

be the principal part of /(z) at its pole /S,, then, by the methods of § 20'.V2, 

/(2) = A, + I ^ lof? ( - 2-;-- ‘ • 

where Aj is a constant. 

This formula is important in connexion with the integration of elliptic 
functions. An example of an application of the formula to a dynamical 
problem will be found in §22 741. 

Example. Shew that 

VW V cl , 3,9," 


and deduce that 


VW * is, (i) " 'V ’ 

[ i’ V (2) V a,' (2) /I A W 

]e 1»,(2) U’' V V' 


21'51. Jacobis imaginary transformation. 

If an elliptic function be constructed with periods 20),, 2o)„ such that 

/(Wj/oi,) > 0, 

it might be convenient to regard the periods as being 2a)„ — 2o), ; for these 
numbers are periods and, if I (o),/o),) >0, then also / (- ta,jo>i)>0. In the 
case of the elliptic functions which have been considered up to this point, 
the periods have appeared in a symmetrical manner and nothing is gained 
by this point of view. But in the case of the Theta-functions, which are 
only quasi-periodic, the behaviour of the function with respect to the real 
period w is quite different from its behaviour with respect to the complex 
period wr. Consequently, in view of the result of § 21'43, we may expect to 
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obtain transformations of Theta-fanctions in which the period-ratios of the 
two Theta-functions involved are respectively t and — 1/t. 

The transformations of the four Theta-functions were first obtained by 
Jacobi*, who obtained them from the theory of elliptic functions ; but Poissonf 
had previously obtained a formula identical with one of the transformations 
and the other thfee transformations can be obtained from this one by ele- 
mentary algebra. A direct proof of the transformations is due to Landsberg, 
who used the methods of contour integration^. The investigation of Jacobi's 
formulae, which we shall now give, is based on Liouville’s theorem ; the precise 
formula which we shall establish is 

where (- tV) " i is to be interpreted by the convention i arg (- ir) | < ^ w. 

For brevity, we shall write - = 9' = exp(7rtT'). 

The only zeros of ^,{z\t) and &,(t'z]t') are simple zeros at the points 
at which 

z — mir + iiirr + t nirr + ^ + 2 

respectively, where ni, n, m', n take all integer values ; taking m' = — » - 1, 
n' = m,, wo see that the quotient 

is an integral function with no zeros. 

Also '^(2 + ttt) -r ■llr(z) = exp 'l -r- = 1, 

\ TTtT 

while ijr(z — it) -r-ijr{z) = exp ( x = 1. 

Consequently ifr(z) is a doubly-periodic function with no zeros or poles; 
and BO ( 1 20 T 2 ) 'lr(z) must be a constant, A (independent of z). 

Thus .dS, (i j t) = exp(»T'x"/7r)5,(zT'| t') ; 

and writing z + ^tr, x + ^ vtt, z -h ^ it - t iirr in turn for z, we easily get 

(z I t) = exp (vt'z‘Itt) &s (z-r' 1 t'), 

(z 1 t) = exp (ir'z^jir) (zt' j t'), 

(z I t) = — t exp (tV'z’/w) (zt' j t'). 

• Journal fUr Math. ui. (1828), pp. 403-404 [On. H'erke, i. (1881), pp. 264-265]. 
t d* VAcad, de$ Set. vi. (1837), p. 593; th* Bpeoial ease of the formula in wlaieh ts=0 

hftd bten gWeu earlier hy Poisson, Journal d« V^ccie po{p(«c/m/^u£, xu. (eahier xiz), (1823)2 
p. 430. 

X This method ie indicated io example 17 of Chapter ti, p. 134. See Landsberg, Journal f&r 
Math CXI, (1803), pp. 234-263. 
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We still have to prove that A =(— tr)!; to do so. differentiate the last 
equati<m and then put z 0 ; we get 

^V(0|T) = -tW(0lT'). 

But (0 1 t) = a, (0 1 t) a, (0 1 t) (0 1 t) 

and a,' (0 1 t') = a, (0 1 t') a. (0 1 t') a. (0 1 t') ; 

on dividing these results and substituting, we at once get A~‘ = — it, and so 

A ^ ± (— iT)^. 

To determine the ambiguity in sign, we observe that 
.Aa,(0jT)=a.(0|T'), 

both the Theta-functions being analjdic functions of t when J (t) > 0 ; 
thus .d is analytic and one-valued in the upper half r-plane. Since the 
Theta-functions are both positive when t is a pure imaginary, the plus sign 
must then be taken. Hence, by the theory of analytic continuation, we 
always have 

this gives the transformation stated. 

It has thus been shewn that 


<» 1 * 
^ ^ntriT+ante _ ^ 


Example 1. Shew that 


when tt'— - 1. 


S.(0!r)_S,_(0|T') 
3a(0|r) V(0 |tO 


Example 2, Shew that 

3s{Olr+l) 

5,(dfT+ir 3,(0iT) 

Example 3. Shew that 



and-shew that the plus sign should be taken. 


21'62. Landen’s type of trams/ormation. 

A transfonnation of elliptic integrals (§ 22-7), which is of historical 
interest, is doe to Landen (§ 22'42}; this transformation follows at once 
from a transformation connecting Theta-functions with parameters r and 2r, 
namely 

a,(z|T)a,(z|T) &,(0|T)a.(0iT) 

■ &.(2z|2t) a.(0|2T) ■ 

which we shtdl now prove. 

The zeros, of St, (z f r) ^4 (z j r) are simple zeros at the points where 
»aB^m-l-0ir+[n + g^'jrT and where z — mir + fn + wr, where m and n 
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take all integral values , these are the points where •= tott + it . 2t, 

which are the zeros of (2r | 2 t). Hence the quotient 

Sl.(2z|2r) 

has no zeros or poles. Moreover, associated with the periods tt and irr, it 
has multipliers 1 and (— = 1 , it is therefore 

a doubly-periodic function, and is consequently (§ 20-12) a constant. The 
value of this constant may be obtained by putting z = 0 and we then have 
the result stated 

If we wnte z + ,* irr for z, we get a corresponding result for the other 
Theta-functions, namely 

(z|T)a, (z|t) ^ a, (0 1 t) a. (0_| t) 

^,(2z|2r) a.{0i2T) ■ 

21 6 . differential equations satisfied by quotients of Theta-functions 

From § 21 11 example 3, it is obvious that the function 
&.(z)-li,(z) 

has periodicity factors — 1, -(- 1 associated with the periods rr, ttt respectively, 
and consequently its derivative 

la.' (z) a«(z) - V (z) (z)l - V (z) 
has the same periodicity factors 

But It IS easy to verify that (z) (z)/^,“ (z) has periodicity factors - 1, 

)- 1 , and consequently, if </> (z) be defined as the quotient 

1^. (z)a.(z)-a.'WS>.(z)}- |S.(z)a,(z)), 
then <l> (z) 18 doubly-periodic with periods n and irr , and the only possible 
poles of 4> (*) tvre simple poles at points congruent to i tt and ^ w ^ wr. 

Now consider ^ ^z -(- i , from the relations of § 2T1 1 , namely 
- 1 ? ■ * e ■ “ a, (z), ^4 ^ -’tt) “ »9 ' (z), 

^i(z-t-^7rT^ = 5"ie‘“a,(z), Si^z + jTrrj = 5'"*e-''a,(2), 
we easily see that 

^.^z + iirr) = i-a;(z)a.(z)-t V(z)a.(z)) {a,(z)a,(z)l. 

Hence ^ (z) is donbly-periodic with periods w and ^ wr ; and, relative to 
these periods, the only possible poles of <f>{s) are simple poles at points 
eonyruent to 
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Therefore (§20'12). ^(z) ia a constant; and making z—*0, we see th 
the value of this constant is -i- =sSV.“ 

We have therefore established the important result that- 

writing f = (z)/'dt (•*) and making use of the results of § 21 ’2, we see that 

This differential equation possesses the solution Sj (e)l'^i (z). It is nc 
difficult to see that the general solution is ± Si (^ + a)/^i (z + o) where 
is the constant of integration, since this quotient changes sign when a i 
increased by ir, the negative sign may be suppressed without affecting th 
generality of the solutioiL 
&eapiple 1. Shew that 

d P»W1 ,,-»i(r) Ss(l) 

J^xampU 2. Show that 

21'61. The geneste of the Jacobtan Elliptic funitton* snn. 

The differential equation 

(a)* “ f 

which was obtained in § 21-6. may be brought to a canonical form by a slight 
change of variable. 

Writef = y, = « , 

then, if fcl be written in place of the equation determining y in terms 

of u is 

This differential equation has the particular solution 

The function nf u on the right has multipliers - 1, 1 associated with 

the periods w^j*, it is therefore a doubly-periodic function with 

periods 2wS',P, -wr^,’. In any cell, it has two simple poles at the points 
congruent to j7rT&,* and n^,' + and, on account of the nature of the 

quasi-periodicity of y, the residues at these points are equal and opposite in 
sign ; the zeros of the ftinotion are the points congruent to 0 and wS,*. 

• iMotn and other earlr writers used the natation ilnan in plaee of «n. 
t Notice, from the formnlae of g 21-8, that 2,4=0, ft, 4.0 when | j | < 1, ezeept when j=0, In 
ivbiob OM4 lihe ThMikefcuM^ozu dagsxMrftte; tbe scbstatntiont ftTe th^rsfoM IvgitiiBftto. 
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It ia customary to regard y as depending on k rather than on q ; and to 
exhibit y as a function of m and k, we write 

y = an (u, k\ 

or simply y = mu. 

It ia now evident that an (u, ir) is an elliptic function of the second 
of the tjrpes described in § 20-J 3 ; when y— >0 (so that k—*0). it is easy to see 
that sn (tt, A)— »sin v. 

The constant k is called the modulus; if k'^ = so that k' + k'^ = l, 

k' is called the complementary modulus. The quasi-periods are 

usually written IK, 2iK', so that sn (u, k) has periods 4iK, 2iK'. 

From § 21'ol, we see that 2If ' = ir&,*(0 | t'), so that K' is the same 
function of t' as K is of t, when tt' = — 1. 

Exo/mple 1. Shew that 

'dz ^4 («) ^ ^4 («) ^4 (a) ’ 

and deduce that, if y = ^ then 

^2 ^4 (^) 

(3^)’=(i -«>)(*'> + *>«•). 

Example 2. Shew that 

± idrL-o.Vf) 
dt ' 3t(t) 

and deduce that, if y= j- and u=iB^, then 

•»3 St(Z) 

Example 3. Obtain the following results : 

=S3=l-h2j + V + 2?’+-, 

(^)* = S4-1-2? + 2?' + V--. 

A' = ^,r->log(l/y). 

[These results are couveuient for calculating k, H, K, K' when q is given.] 

21 '62. Jacohis earlier notation*. The Theta-function ©(«) and the 

Eta-function H (u). 

The presence of the factors in th® expression for sn (a, k) renders it 
sometimes desirable to use the notation which Jacobi employed in the 
Fundamenta Nova, and subsequently discarded. The function which is of 
primary importance with this notation is 0 (u), defined by the equation 
0(u)-a.(ua.-'iT), 

so that the periods associated -with 0(u) are 2K and 2iK'. 

* This U the notation amplored tfarongbout the Fundamenta Nona. 
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The function %(u + K) then replaces &>(^'); and in place of ^i(*) we 
have the function H (u) defined by the equation 

+ -I t), 

and (z) is replaced by H (u + AT). 

The reader will have no diflSculty in translating the analysis of this 
chapter into Jacobi's earlier notation. 

Example 1. If shew that the singularities of are simple poles 

at the points congruent to iff' (mod 2ff, 2»ff') ; and the reeidue at each singularity is I. 
Example 2. Shew that 

H' m)= Jwff-* H ( ff) e (O) e (ffi. 


21 ‘7. The problem of Inversion. 

Up to the present, the Jacobian elliptic function sn (ti, k) has been 
implicitly regarded as depending on the parameter q rather than on the 
modulus k ; and it has been shewn that it satisfies the differential equation 

where le’ = &,•* (0, q W (0. 9) 

But, in those problems of Applied Mathematics in which elliptic functions 
occur, we have to deal with the solution of the differential equation 

in which the modulus k is given, and we have no a priori knowledge of the 
value of q ; and, to prove the existence of an analytic function sn («, k) 
which satisfies this equation, we have to shew that a number r exists* such 
that 

l:* = V(0iT)/V(0|T). 

When this number t has been shewn to exist, the function snfii, k) can 
be constructed as a quotient of Theta-functions, satisfying the differential 
equation and possessing the properties of being doubly-periodic and analytic 
except at simple poles ; and also 

lim sn (u, /t)/u == 1. 

«-w0 

That is to say, we can invert the integral 


(■» * 

« (1- «•)*(!-/«•)*’ 


do as to obtain the equation y sn (u, k). 


* Tb« eiUtencQ of t nombar r, for which I (r) 0, isToivM Uie ezictence of % namber q saeh 

that If jd. An alt^native prooednre wooM be to dieooii* the differentUl eqiution directly, 
after tike nwimer of Obeptar x. 
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The difficulty, of course, arises in shewing that the equation 
c-V(0|T)/V(0|r), 

(where c has been written for Ic^). has a solution. 

When* 0 < r < 1, it is easy to shew that a solution exists. From the 
identity given in §21*2 corollary, it is evident that it is sufficient to prove 
the existence of a solution of the equation 

l-c = V(0]T)/V(0iT), 

« /I _ 

which may be written 1 - r == 11 , - ^ . 

Now, as q increases from 0 to 1, the product on the right is continuous 
and steadily decreases from 1 to 0; and so (§3 63) it passes through the 
value 1 — c once and only once. Consequently a solution of the equation 
in T exists and the problem of inversion may bf' regarded as solved. 


21*71. TKe jyrohltfn. of ini'ertion for complex valuet of c The modvlar functions 
f (’■)i 9 (’■)> ^ 

The problem of mversiou may be regarded as a problem of Integral Calculna, and it 
may be proved, by somewhat lengthy algebraical investigations involving a discussion of 

the behaviour of / (1 - i*) “ ^ (1 - ” 1 dt^ when y lies on a ‘Rieraann surface,’ that the 

J 0 

problem of inversion possesses a solution For an exhaustive discussion of this aspect of 
the problem, the reader la referred to Hancock, EUxptic FunUiom^ i (New York, 1910) 


It IS, hfjwcver, more in accordance with the apint of this work to prove by Cauchy’s 
method (§ b*31) that the equation (0{ (0 1 t) has one root lying in a certain 

domain of the r-plaue and that (subject to certain limitations) thi.s root is an analytic 
function of c, when < is n^^arded as variable It has been seen that the existence of this 
root yields the solution of the inversion problem, so that the existence of the Jacobian 
elliptic fuiiction with given modulus k will have been demonstrated. 

The method just indicated has the advanU^e of exhibiting the potentialities of what 
are known as modular functions The general theory of these functions (which are of 
great importance in connexion with the Theories of TransfomiRtuni of Elliptic Functions) 
has been considered in a treatise by Klein and Fncket 


Let 


j l+e 


» 


U+e'” 

.(Sfl-Owm 8 




P^V(0|r; 

) W(Oir)- 

V(0|t) 

V(0|r)’ 


A(t)= 

Then, if rr'= — 1, the functions just introduced possess the following properties-: 
/(t + !2)-/(t), y(T+2)-j(T), /(t)+?(t) = 1, 

/(T + l) = A(r), /(r')=ff(T), 9(y)-f(r), 

by §§ 2r2 corollary, 21 "SI cjzample 1 


* This 18 the case which is of practical importance. 

t F, Eleiii, Vdriesvnffen Ubtr die der eltiptisehen Modulfunktionen (ausgearbeitet and 

vervolistkndigt von H. Fricke). (Leipsig, lb90.) 


W. M. A. 


31 
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It is easy to see that as /(r)-^+ao, theftinctioos A«“”^/(r)«/i(r) aud y (t) tend to 
unity, uniformiy with respect to R (rX when '> 1 ^ ^ (r) ^ 1 ; and the derivatee of these two 
fiinotions (with regard to r) tend uniformly to xem* in the sAine circumstanoes. 

21 * 711 . Tfu principal $olu^^ of f[T)^c^O. 

U has been aewi in § 6*31 that, if /(r) is analytic inside and on any contour, Swi times 
the number of roots of the equation /(i')—d-%»0 inside the contour is equal to 



talceD]roand the contour in question. 

Take the contour ABCDEFE' D'C‘S A shewn in the figure, it being supposed 
t^porarily f that /(r) — t has no zero actually on the contour. 



*1 0 1 


The contour is constructed in the following manner : 

FE is drawn parallel to the real axis, at a large distance from it 

AB is the inverse of FE with ssepect to the circle { r {«• 1. 

BC Is the inverse of EB with respect to | r |«b 1, D being chosen so that Dl « AO. 

By element^ geometry, it follows that, since C and Z> are inverse points and 1 is its 
own inverse,' the circle mi m os diameter passes through C and so the arc OB of this 
drcle is the reflexion of arc Ail in the line E 

The lefr-hand half the figure ie the tefiezian of the right-hand half in the line 
J?(f)scO. 

^ This follows from, the expreMions for the Thsta*fanottoj» ss power series lo it being 
obearved that + 

t The valnes of/(r) at points on the contour are dieoussed in 1 31*713. 
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It will now be ehewn that, unless* e> 1 orc^O, the equation /(r)-e<=0 baa one, and 
only one, root inside the contour, provided that FE is sufficiently distant from the real 
axis. This root will be called the ‘principal root of the equation. 

To establish the existence of this root, consider f taken along the 

various portions of the contour. 

Sinoe/(T+2)=/(r), we have 


/W- 


df(r) 




Also, as r desoribea BC and BO', r describes B'B and ED respectivelj ; 

and 80 

- 0 , 

because g (T'+2)n^(r'), and consequently corresponding elements of the integrals canoeL 
Since/(r±l) — A(r), we have 

1 dk{T)^ 




• dr ; 


'B'^bA(t)-c dr 

but, as r' describes B'AB^ r describes EE\ and so the integral round the complete contour 
reduces to 


( 

J BE 


f 1 df{r) , 1 dh(r') 

'■ t/w- 


— + - , I df{r')\ 

dr k (t') — c dr /{r'j—e dr } 

J BB- l/W- 


dr 


. d/M _ 

-c dr A (t) (1 — c. A(t)} 


M(r) . 1 

dr y W - C dr J 


Now as EE' moves off to infinityt, /(r)— c-» — c+0, y ( t )- c -*-1 — c+0, and so the 
limit of the integral is 

- lim ( - — ^-7-7-; -r Oog A (v)) dr- 

J BB' l-e.A{r) dr' * ' " 

trriB 

But 1- c. A and so the limit of the 

integral is 


h 


iridr^2wi. 


Now, if wo choose BE' to be initially so far from the real axis that / (r) - c, 1 — c . A (r), 
9(r)— c have no seros when r is above EE, then the contour will pass over no zeros 
0^ /(r)-e as EE moves off to infinity and the radii of the arcs CD, EC, B’AB diminish 
to aero; and then the integral will not change as the contour is modified, and so the 
original contour integral will be 2in', and the number of zeros of /(r) - c inside the original 
contour will be precisely one. 


* It is shevm in g 21-TI2 that, if or c<0, then /(T}-e has a aero on the contour, 

t It has hesn supposed temporarily that c+0 and cAtl. 


31—2 
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21 712. The values of the modttlar function f (t) on the contour considered 

We now have to diacuaa tiie point motioned at the beginning of § 21 711, oonoeming 
the zeroB of f{r) - c on the lines* joining ±1 to +l + floi and on the semicircles of 
OSCl, (-1)(7^0 

As r goes from 1 to 1 + ao i or from — 1 to — 1 + oo i, /(r) goes from - go to 0 through 
real n^ative values So, if c is negative, we make an indentation m J)E and a corre- 
sponding indentation m , and the int^als along the indentations cancel m virtue of 
the relation /(r + 2)+/(i) 


Asr describes the Beniicircle0.5C^I,r goes from — 1 + co i to — 1, and/Cr)*^ (/)■=! f{r ), 
and goes from 1 to + <z) through real values , it would be posMble to make indentations in 
fr(7and B'C' to avoid this difficulty, but we do not do so fur the following reason the 
effect of changing the sign of the imaginary pari of the number c is to change the sign of the 
real part of r Now, if Q<.R(c)<l and /(c) be small, this merely makes r cross 0./* by a 
short path , if Ji{c)<lO^ t goes from DE to Df E' (or vice lerea) and the value of q alters 
only slightly , but if B. (c) > 1, r goes from BC to Z? C , and so q is not a one valmn! function 
of c so far as circuits round + 1 are concerned , to make q a one \aluod function of c, 
we cut the c plane from +1 to -l-ao , and then for values of c m the cut plane, q is 
determined as a one valued analytic function of c say q (c), by the formula q (r)=c'* 
where 


•(c)» 


-L ( 

2w« J 


dfir) 


2»r» //(t) — C dr 




as may V>e seen from ^ 6 3, by using the method of § 5 22 


If c describes a circuit not surrounding the point ^(c) is one valued, but r (e) is 
one valued only if, in addition, the circuit does not surround the point c«*0 


21 72 The periods^ regarded as functions of the modulus 

Since (0, q) we see from ^ 21 712 that K is a one-valued analytic function of 

when a cut from 1 to + go is made in the c plane, but since K ^ ~-irA, we see 
that E 18 not a one valued function of c unless an additional out is made from 0 to — (o , 
it will apjiear later (§ 22 d2) that the cut from 1 to + « which was necessary so far as 
E 18 concerned is not necessary as regards E 

21 73 The tnversion'problem associated with fVuerstrasnan elliptic functions 
Tt will now be shewn that, when invariants g^^eo, such that it 

18 possible to construct the Weierstrassian elliptic function with these invanantB, that is 
to say, we shall shew that it is posetble to construct i periods 2b>], 2 <i >2 such that the function 
P (2 [ w] , (uj) has invariants g\ and gg. 

The problem is solved if we can obtain a solution of the differential equation 

of the form »ij <»8) 

We proceed to effect the solution of the equation with the aid of Theta-fuootions 
Let v=Az, where A is a constant to be determined yn’esently 


* We have seen that EK can be so cboseo that /(r) -c has no zeros either on EE' or on 
the oiroular arcs 

t On the actual oaloalation of the periods, see B. T A Innes, Proc Edinburgh Royal Soe 
xivn (1907), pp M7-568 
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By the methods of § SI'S, it is easily seen that 

S,' M h (■')- -Si' (-) ^ M (O « hS 

and hence, using the results of § 21 2, we have 

Now let 0}, « 2 i ^ roota of the equation 4y®— ^8=0, cboeen in such an order 

that (01 - Ca)/( 0 i - 08) is a real number greater than unity or negative. 

In these circumstances the equation 


01 - 02 ^ V(Q|r) 
0,-03 V(Olv) 


possesses a solution (§ 21*712) such that l(r)>0; this equation determines the parameter 
r of the Tbeta-iuDctionB, which has, up till now, been at our dispose 
Choosing r in this manner, let A be next chosen so thatt 


Then the function 
satisfies the equation 


^*V=0,-0j. 

y = ^’J^J;;|;JV(0|r)V(0|r) + e, 

(if) 


The periods of qua function of s, are irAt ml A ; calling these 2(»i, 2^^ ^ have 

/(<i»t/w,)>0. 

The function (^(r j may be constructed with these periods, and it is easily 

seen that — 3j*(0 j t) 34*(0| t)-0i is an elliptic function with no pole at 
the origin I ; it is therefore a constant, C, i^y. 

If ^ 3 , O 3 be the invariants of ^{z ) a*,), we have 

and so, comparing coefficients of powers of ^^( 0 ), we have 

0-12C, (?2-iFa-12C* f?3=Jf3-?aC+4C3 

Hence C«0, (? 2 =ys, 

and so the function p(z \ with the required invuiants has been constructed. 


21 ' 8 . The numerical computation of elliptic fumHons. 

The series proceeding in ascending powers of q are convenient for 
calculating Theta-functions generally, even when | 9 | is as large as 0*9. But 
it usually happens in practice that the modulus k is given and the calculation 

* If >1 then 0< ^ ■«; 1 ; and if — — ^-cO, then 1 - ^ > 1, and 

«<-«* «<-'•> «*-«» 

*i-*h i 

The values 0, 1, oo of ( 0 , - 0t)/(^i ~ ^ esclnded sinoe 4 * 27jr8* 

t The sign attached to is a matter of isdiffereooe, since we deal exoloairely with 000 a 
fanotions of r and t. 

$ The torms in r~* oanoel< and there is no term in beoanse the fonetion is eTen. 
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of K, K' and q is necessary. It will be seen later (§| 22'301, 22'32) that 
K, K' are expressible in terms of hypergeometrio functions, by the equations 



but these series converge slowly except when \ k\ and | | respectively are 

quite small ; so that the series are never simultaneously suitable for numerical 
calculations. 


To obtain more convenient series for numencal work, we first calculate q 
as a root of the equation k = (0, q)l^' (0, q), and then obtain K from the 

formula K = j w-a,* (0, q) and K' from the formula 
£■' = ■jr-'ATlogj (I/9). 

The equation k = Sj* (0, 9)/^,’ (0, q) 

is equivalent to* -Jli! — (0, })/&, (0, q). 


Writing 2e = , (so that 0 < f < ^ when 0 < I- < 1), we get 


^.(O .g)-^.( O.q) ^,(0,9 *) 

X(0,q) + Xl0,q) X(0.ty 

We have seen 21'71-21712) .that this equation in y* possesses a 
solution which is an analytic function of ^ when I e | < ^ ; and so q will be 
expansible m a Maclaunn aeries in powers of « in this domainf . 

It remains to determine the coefficients in this expansion from the 
equation 

y + 9* + 9 “ + ... 

+ 29*+ 2y>« + ...' 

which may be written 

9 = e + 29*6 — 9 * + 29”* — 9* + . . . , 

the reader will easily verify by continually substituting 6+29*6 — 9*+... 
for 9 wherever 9 occurs on the right that the first two tennsj are given by 
9 = 6 + 26* +156*+ 1506“ + 0 (6*’). 

It has just been seen that this series converges when { 6 1 < ^ . 


[Note. The first two terms of this expeuisioD usually suffice ; thus, even if t be as 
large as V(0-8704)=0-933..., t=\, 2^-0 0000«», 15f»=0-0000002.] 

BxampU. Given 1 /^/ 2 , oalculate 9 , K, K' by meana of the expanaion just 

obtamed, aud ^ao by observing that t— so that 

[9 = 0-043S138, X=X'-1 854076.] 

* In nnmanoal work 0 .c k< 1, and ao ; is positive and 0 < <. 1. 

t The Tbete.fimotioDB do not vanieb when | 91 <I exoept at so thie gives the only 

posrible hraneh point. 

t Thie expansion was given by Weiaretiaaa, Wtrlu, a. (1895), p. 376. 
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SI'S. The noteUtons employed for tkt Theta^functwo*. 

The foUowiDg echeme mdicates the princip&l By^tems of notation which have been 
empiojed bj varioua writers; the symbok in any one column all denote the same 
function. 


3i (irx) 

3j (ire) 

3a (we) 

3 (we) j 

i 

Jacobi 

3i(x) 

3v(e) 

3,(e) 

3i (e) ! 

1 

Tannery and Molk 

S, (me) 

(ai) 

da (me) 

d(<»e) 1 

Bnot and Bouquet 

3.(«) 


d3(e) 

doW , 

WeierstrasR, Halphen, Hancock j 

d(r) 

dife) 

d,(e) 

1 

da(e) ' 

Jordan, Harkneas and Morley 


The notation employed by Hcrmite, H. J. S. Smith and some other mathematicians is 
expressed by the equation 

S , 0 = 0, 1) 

nss = ao 

With this notation the results of § 21*11 example 3 take the very concise form 

Coyloy employs .Iiicobi's earlier notation (§ 21’62). The advantage of the Weienstraasian 
notation le that unity (instead of ir) m the real period of ds(r) and dn(*). 

Jordan’s notation exhibits the analogy between the Theta-functione and the three 
Sigraa-fiiiictions defined in §20 421. The reader will easily obtain relations, similar 
to that of § 2T43, connecting 6, (x) with o-, (2<ai,2) when r=l, 2, 3. 
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Miscella.neotts Examples. 

1. Obtain the addition-formulae 

Si (y -N) ^ (y - ») V ” V (y) V W -V (y) V W= V (y) V W - V (y) V W 
3 . (y +*) (y - *) V “ i.* (y) V (») -V (y) W (*) =■ V (y) 3 .* W - 3 ,* (y) V (»). 
3 j(y+») 3 ,(y-.)V= 34 *(y)V(*)- 3 ,«(y)V(*)”V(y) 34 *(»)-V(y) 3 ,*(»), 
34 (y+*) 3 «(y-z)V-V(y)V(»)- 3 ,*(y) 3 ,*(s)-V(y) 34 *(*)-V(yl 3 ,*(a). 

(Jaooln.) 

* Beprintsd in his Go. Math. Wirhe, t. (1881), pp. 49-289. 
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S. Obt&m the addition-formu^ 

5. (y + ») ^4 iv - *) V = V (y) V W + V (y) 5i* W = (y) V W + (y) V W, 

3. (y + *) 34 (y - «) V = V (y) 33* (*; +3,« {y) 5,* («) - V 0) V W + 3,* (y ) 3,> (») ; 
and, by increasing y by half perioda, obtain the corresjionduig formulae for 
5, (y + r) 5, (y - j) 3j* and 5,. (y +r) 5, (y - 3) 

where r=l, 2, 3. (Jacobi.) 

3. Obtain the formulae 


3i (y ± r) Ss (y T 2 ) 333 ,= 3, (y) 3, (y) 3, (i) 3 , ( 2 ) + 3s (y) 34 (y > 3, ( 3 ) 3^ ( 2 ), 

33 (y ± 2 ) Sj (y T 2 ) 3 , 34 =3, (y) 33 (y) Sj ( 2 ) 3, {*) + 3^ (y) 34 (y) 3, (j) 3s ( 2 ), 

3, (y ± 2 ) 34 (y + 2 ) 3,3s = 3, (y) 34 (y) 3, ( 2 ) 3, ( 2 ) ± 3, (y) 3, (y) 3, (r) 3, ( 2 ), 

3, (y ± 2 ) 3, (y + 2 ) 3,3, = 3, (y) 3, (y) 3, ( 2 ) 33 ( 2 ) T 3, (y ) 34 (y ) 3i ( 2 ) 34 ( 2 ), 

3. (y ± 2 ) 3* (y + 2 ) 3,34 = 3, (y) 34 (y) 3, ( 2 ) 34 ( 2 ' + 3, (y) 3, (y ) 3, ( 2 ) 3, ( 2 ), 

3s (y ± *) 3, (y + 2 ) 3,3, -3, (y) 3, (y) 33 ( 2 ) 3, (z) + 3, (y) 3, (y ) 3, ( 2 ) 3, ( 2 ). 

(Jacobi.) 

4. Obtain the duplication-formulae 

3 , (2y ) 3,34* = 3,* (y) 34 * (y) - 3,* (y ) 3,* (y), 

33(2y) 3s34«-33»{y)3,» Cy)-S,* (y) 3,* (y), 

34(2y) 3,* =33‘(y)-3,‘(y)=34<(y)-3,‘(y). 

(Jaoobi.) 

B. Obtain the duplication-formula 

3i (3y) 3 , 3 , 34 -= 23j (y) 3, (y) 3, (y) 3, (y). 

(Jacobi.) 

6. Obtain duplication-formulae from the results indicated in example 2. 


7. Shew that, with the notation of § 21 '22, 

[1]-[2] = [4T-[3T, [n-[3]=[l]'-[3]', 

[S]-[3]-[ir-[4T. Pl-W-W-fir, [3]-[4] = [2]'-[l]'. 

8. Shew that 

2 [1 1 22] = [11 22J -(-[221 17 - [4433J + [33447, 

2 [1 133]=[U*17-P[331 17 - [44227 -(- [22447, 

2 [1144]=[11447 -(-[44117 -[332*7 + [22337, 

2[2233j = [22337+[33227-[44117+[il447, 
2[2244]-[22447+[44227-[33117 + [I1337, 

2 [3344] = [33447 + [44337 - [2211 7 + [ 1 1 227. 

9. Obtain the formulae 

2 ir-‘Xi*-2yi n {(1 -?*•)> (I-?** 

*«l 

iii'-*=2y*n {(l+y»')*(l 

noil 


(Jacobi.) 


10. Deduce the foIlowiDg resulte from example 9 : 

5 (l-y>*-‘)»-2yi*'ir'4, D (l+y**-')»-2yi(ii')-*, 

«•! n^l 

n a-t"/ -4,r-»y-ii*i’A->, n (1+y)* 

(JacohL) 
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11. By ooDsidoiiig f ^ ^ ofc taken along the contour formed by the parallelogram 

J ^4W 

whoee oomereare -i»r, iir, 4ir+irr, — Jir+irr, shew that^ when « le a positive integer, 

and d^uce that, when | /(z) { <-^/(9rr)y 

$4 (z) ^ “ 4* fliQ 2«z 

v*r «=i i-?*" 

12. Obtain the following expansione : 

•Si'W 

-jr — r— r — COtZ + 4 2 _ t 

5i(2) .=1 1-?^ 


» (— )»(7^ Sin 
-tanz+4 2 — 

,.i l-g>* 


2nz 


S,’ W 

3,(r) 

W . “ (-)•?■ sin 2 m 

!-«*■ ’ 

each expansion being valid 'n the strip of the r-plane in which the senes involved is 
absolutely convergent. 

(Jacobi ) 

13 Shew that, if | /(y) | < 1 (irr) and | /(«) | < /(«t), then 

(y+r) ■^r 


Q ^ ^ y^ain(2my+2fli). 


14. Shew that, if | /(«) | < J/ (nr), then 

ffil S« , " 

" 4"7:i=H+ ® o. cos 2 m, 


Trvp. 


where a,=2 2 ( _ )» 

(Hath. Tnp. 1903.) 

[Obtam a reduction formula for a, by considenng J {J4 (x)) “ * <fc taken round the 

contour of example 11.] 

16. Shew that 


3i'<x) r 

a.W L 


cotx+4 S 


g** sin 2r "] 


».i l-2g»*ooe2.+g**J 

is a doubly-periodic function of t with no singulanties, and deduce that it is zero. 
Prove similarly that 


3 , («) . ” g**sin2x 

3i(»)'^ * H-2 ^oob 2 z+j**’ 

3t it ) ^ ” g*‘-* Bin2t 

.Sj(*) ,.i 1+2 ^~'co8 2»+}**“*’ 

j g»*~‘ Bin 2t 

■SiW"* ,-i T^^2g®*^^*^oe2»+g*^' 

16. Obtain the values of i, K, K, K' correct to six places of decimals when 
[it-0'896768, P~0-444eiS, 

2-262700, IT -1-668414.1 
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17. Shew that, if w+^+y+eo'Oi then, with the notation of § Sl'S^ 

[3]+[l]=[8] + [4l 

[lS!84] + [34ia]+[2143]+[4321]-0. 

18. Shew that 

y Of) . («) (y+» ) , „ ^i( y)3i(«)^i(y+«) 

~ 3.(y+,) ^"^A4(y)3,(.)2.(y+J)’ 

19. By putting «— y=<, «7«c3ir in Jacobi’e fundamental fonnulae, obtain the following 
resulte : 

V(*) ^ (3a) + V (*) 3, (ai)=.».> (2*) S„ 

V (*) 33 (3i) - 3,* (*) 3, (&*) =.9,« (2*) 9,, 

3,» (x) 3 , (3i) + S,* (x) 9, (3x) =9,» (2x) 9,. 


20. Deduce from example Id that 


{9.> (X) 9, (ax) 94‘+34> (X) 94 (3x) 3^) * +(V (*) 3, (3x) 94« - V (*) 3, (3x) V}* 

- {9,> (x) 9, (3x) 9,» + 94> («) 9, (ax) 9,»} *■ 
(Tnnity, 1882.) 


21. Deduce from LiouviUe's theorem that 

23, (r) 9^(3) 93 (3) 9, (3 ) 
9,(23)'94(6)9,(0)9,(0) 

is constant, and, by making r -e-O, that it is equal to 1. 

Hence, by comparing coefficients of z* in the expansions of 
9,(2*) . , ,3, 

'ashr) * 

by Maclaurio’a theorem, deduce that 


log; 


9l(0)'''’°® 


3, Jr) 
3i(0) 


V'(0) 3."(0) . V(0) . 94"(0) 
SiJO) “9,(0) +9,(0) "^94 (O)- 
Hence, after the manner of § 21 '41, deduce that 

3,'(0)=9,(0)9,(0)9,(0). 


[This method of obtaining the preiiminaiy formula of § 21 41 was suggested to the 
authors by Mr C. A. Stewart] 
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THE JACOBIAN ELLIPTIC FUNCTIONS 

22'1. Ellice functions with two simple poles. 

In the course of proving general theorems concerning elliptic functions 
at the beginning of Chapter xx, it was shewn that two classes of elliptic 
functions were simpler than any others so fer as their singularities were 
concerned, namely the elliptic functions of order 2. The first class consists 
of those with a single double pole (with zero residue) in each cell, the second 
consists of* those with two simple poles in each cell, the sum of the residues 
at these poles being zero. 

An example of the first class, namely fp (z). was discussed at length in 
Chapter xx ; in the present chapter we shall discuss various examples of 
the second class, known as .Jacobian elliptic functions*. 

It will be seen (§ 22T22, note) that, in certain circumstances, the Jacobian 
functions degenerate into the ordinary circular functions; accordingly, a 
notation (invented by Jacobi and modified by Gudermann and Glaisher) will 
be employed which emphasizes an analogy between the Jacobian functions 
and the circular functions. 

From the theoretical aspect, it is most simple to regard the Jacobian 
functions as quotients of Theta-functions (§ 21’61). But as many of their 
fundamental properties can be obtained by quite elementary methods, 
without appealing to the theory of Theta-functions, we shall discuss the 
functions without making use of Chapter xxj except when it is desirable to 
do so for the sake of brevity or simplicity. 

22T1. The Jacobian elliptic functions, sn u, cn u, dn tt. 

It was shewn in § 21'61 that if 

^1 (t*/S'>*) 

^ ^,»,(u/Sr.‘)’ 

the Theta-functions being formed with parameter r, then 

where As* — (0 1 t)/&, (0 1 r). Conversely, if the constant ifc (called lie 

modidusf) be given, then, unless or A:*<0, a value of r can be found 

* These fanotions were introdnoed b; J»oobi, but muij ctf thdr properties were obtained 
mdepemdeDtly hj Abel, who need • different notetion. See the note on p. dU. 

t If 0<b<l, sad 0 ii thesoote eagle raoh that irindsJt, d is esUed the sMKiHisr angle. 
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(§§ 21-7-21-712) for which V(9lf)A.‘(0lT) = fc*. so that the solution 
of the differential equation 

subject to the condition = 1 is 

Kduj^y., 

the Theta-functions being formed with the parameter t which has been 
determined. 


The differential equation may be written 
Jo 

and, by the methods of § 21 '73. it may be shewn that, if y and u are con- 
nected by this integral formula, y may be expressed in terms of u as the 
quotient of two Theta-functions, in the form already given. 

Thus, if 

u == ["(1 - fc*t=)-4dt. 


y may be regarded as the function of u defined by the quotient of the Theta- 
functions, so that y is an analytic function of u except at its singularities, 
which are all simple poles ; to denote this functional dependence, we write 

y = sn (», *), 

or simply y = sn u, when it is unnecessary to emphasize the modulus*. 

The function sn u is known as a Jacobian elliptic fvmction of a, and 


sna = 




(A). 


[Unless the theory of the Theta-functions is assumed, it is exceedingly difficult to shew 
that the integral formola defines y as a function of u which is analytic except at simple 
poles. Cf. Hancock, EUiplic Fvnotumo, i. (New York, 1910).] 


M 94 9, {a/9, >) 

Now write *)-a.9.(ak-) 

(B). 

dn f a A’) - ' 

dn(u.*> 

(C). 

Then, from the relation of § 21 ‘6, we have 


j- 8n « ■ cn tt an u 

du 

(I), 


The modulas will always be iuserted when it is not k. 
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and from the relations of § 21 ’2, we have 

sn* u + cn* u = 1 (II), 

Ir* sn*u + dn’i4 = 1 (Ill), 

and, obviously, on 0 •= dn 0 = 1 (IV). 

We shall now discp^s the properties of the functions sn u, cn u, dn u as defined by the 
equations (A), (B), (C) by using the four relations (I), (II), (111), (IV) ; these four relations 
are sufficient to make sn u, cn u, dn u determinate functions of u. It will be assumed, 
when necessary, that sn u, cn a, dn u are one-valued functions of a, analytic except at. their 
poles ; it will also bo assumed that they are one-valued analytic functions of when outs 
are made in the plane of the complex variable i* from 1 to m and from 0 to — oo . 

22'12. Simple properties of sn u, cn u, dn u. 

From the integral u= [ (1 — f’) “ ^ (1 — ^ dl, it is evident, on writing 

— t for t, that, if the sign of y be changed, the sign of u is also changed. 

Hetice sn u is an odd function of u. 

Since sn (—«) = — sn u, it follows from (II) that cn (— u) = ± cn u ; on 
account of the one-valuedness of cn u, by the theory of analytic continuation 
it follows that either the upper sign, or else the lower sign, must always be 
taken. In the special case u = 0, the upper sign has to be taken, and so it 
has to be taken always; hence cn(-M) = cntt, and enu is an even function 
of u. In like manner, dn u is an even function of u. 

These results are also obvious from the definitions (A), (B) and (C) of 

§ 2211 . 

Next, let us differentiate the equation sn® u -I- cn“ u = 1 ; on using equation 
(I), we get 

d cn « , 

— 5 — = — sn u dn u ; 
au 

in like manner, from equations (III) and (I) we have 

d dn u , 

, = — fc* sn u cn M. 

au 

22T21. The complementary modulus. 

If /fc* + jfc'* = 1 and -I- 1 as A 0, I:' is known as the complementary 
modulus. On account of the cut in the I;>-plane from 1 to ao , fc' is a one- 
valued function ef k. 

[With the aid of the Theta-functions, wo can make pI one-valued, by defining it to be 
S,(01r)/3,(0lT).] 

Example. Shew that, if 

jr=on(«, *). 


then 
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Algo, shew that, if — i 

then y=dn(i(,i;). 

[These results are sometimes written in the form 

J eQ« J Anu 


22'122. Glaisher’a notation* for quotimta. 

A short and convenient notation has been invented by Glaisher to exprea 
reciprocals and quotients of the Jacobian elliptic functions ; the reciprooali 
are denoted by reversing the order of the letters which express the function 
thus 

nsu=l/snti, nou = l/cnu, nd u »» 1 /dn n. ; 


while quotients are denoted by writing in order the first letters of th« 
numerator and denominator functions, thus 

sc u = sn u/cn u, sd u = sn u/dn n, cd u >= cn u/dn u, 
cs u S’ cn u/sn u, ds u = dn u/sn u, dc u = dn u/cn u. 

[Note. Jacobi's notation for the functions snu, cnu, dnu was sinamu, coaam u, 
Asm u, the abbreviations now in use heing due to Gudermann t, who also wrote tu u, 
as an abbreviation for ^nam n, in place of what is now written sc u. 

The reason for Jacobi’s notation was that be regarded the inverse of the integral 

aa fimdamentaJ, and wrote J tt; he also wrote for 

£xampl€. Obtain the following results : 

Jo ) C9» 

^ do* 

J mu • Ji 




22'2. The addttion-theorem for the function sn u. 

We shall now shew bow to express Bn(u + v) in terms of the Jacobian 
elliptic functions of u and v ; the result will be the addition-theorem for the 
function snu; it will be an addition- theorem in the strict sense, as it can 
be written in the form of an algebraic relation connecting sn u, sn v, sn (u + v). 

* Matenger of lfathematie$, n. (1882), p. 86. 

t Journal fUr Uath, zvm. (1888), pp. 12, 20. 

% Fmdammta Nova, p. 90. As k-^0, amu-wtt. 
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[There are numerous methods of establishing the result ; the one givoo is ossentiall; 
due to Euler*, who was the first to obtain (in 1756, 1767) the integral of 


dx 

Vx 



0 


in the form of an algebraic relation between x and g, when X denotes a quartic function 
of X and X is the same quartic function of g. 

Threat other methods are given as examples, at the end of this section.] 


Suppose that u and v vary while u+v remains constant and equal to a, 
say, so that 

dv 

du 


Now introduce, as new variables, a, and Sg defined by the equations 
a, = an u, a, = an v, 

so thatj a,* = (1 — a,*) (1 — i*a,’), 

and a,* = (1 — a,’)(l — i’a,*), since fi® = 1. 

Differentiating with regard to u and dividing by 2ai and 24 respectively, 
we find that, for general value8§ of u and v, 

a, = — (1 + A*) *1 + 4 = - (1 + ^) «i + 2)t*a,‘. 

Hence, by some easy algebra, 

SiBg^SfSi 2Aj*aj Sj [a,* * 

4*a,«-4V “ (4’-*.*)(l-**»iV) ’ 

and so 

(4*8 — 4*i) * 4*i) ^(1 ^**1*4*)'^ — ^*1*®!*) j 

on integrating this equation we have 

4*8 4*1 p 

i-/fc*4v“ ’ 

where 0 is the constant of integration. 

Replacing the expressions on the left by their values in terms of u and « 
we get 

cnudnusnv + cnvdnvsnu ^ 

1 — fc*8n’u8n“ti 


* * .acta Petropolitana, rt. (1761), pp. 85-57. Euler bed obtained some special eases or this 
result a lew jears earlier. 

t Another method is given b; Legendre, PoneHoas Ellipttqvei, i. (Paris, 1895), p. 90, and an 
interesting geometrical proof was given bj Jacobi, Journal fUr Hath, nt. (1893), p. 376. 
r For brevity, we shall denote diSerential eoeffleients with regard to u by dots, thns 

do (Pv 

I I.e. thoM TalDOB for which on v dn « and cn 9 dn v do not Tanish. 
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That 16 to say, we have two integmls of the equation du+ dv = 0, namely 
(i) « + v= a and (li) 

snMcntidn« + sni)enudnu ^ 

1- A’an^asn’o ’ 

each integral involving an arbitrary constant. By the general theory of 
differential equations of the first order, these integrals cannot be functionally 
independent, and so 

sn u cn ti dn o + sn V cn u dn u 
1 — jfc* sn* tt sn* B 

18 expressible -as a function o! u + v, call this function f(u + v) 

On putting B = 0, we see that /(u) = sn ii ; and so the function / is the 
an function. 


We have thus demonstrated the result that 


sn (u + b) = 


sn u cn B dn « + sn B cn u dn u 
1 — ifc* sn* u sn* B 


which is the addition-theorem. 


Using an obvious notation*, we may write 


sn (u + b) = 


SjC^dt s^Cidi 


Example 1. Obtain the addition-theorem for ein u by using the results 

( d8inu\’ , , /dsiuvN* , , 

Example 2. Prove from first that 

(1 _ + f, 

\&u du) l-jfc»SiV 
and deduce the addition-theorem for so «. 

(Abel, Journal fur Math ii (1827), p. 106 ) 

Example 3 Shew that 

' ' tje,d,-s,etdi CiCe+Sjdjtfd, d,o(8-(-**«i«sc,Cj ’ 

(Cayley, Elliptic Functume (1876), p 63.) 
Example A. Obtain the addition-theorem for bd u from the results 

■9i (y (y - ») (y) St (y) S, (t) S, («) Sj (y ) Sj (y) Si («) St («), 

3* (y -b ^ ) 3, (y - *) V- V (y ) V (•) - 3i' (y) Si” (*). 

given ID Chapter xu, Uuoellaoeous Examples 1 and 3 (pp 487, 488). (Jaoobi.) 

Example 6. Assuming that the coordinates of any point on the curve 

can be expressed m the form (sn u, cn u do a), obtain the addition-theorem for sn u by 
Abel’s method (§ 20 312). 


* Thu notation is doe to Olaisber, Meeeenger, i. (1881), pp. 92, 124. 
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[Consider the intersections of the given curve ■with the variahlo curve y=>H- 7 nx 4 -jia;“ ; 
one is ( 0 , 1 ) ; let the others have parameters uj, %, of which m,. may be chosen 
arbitrarily by suitable choice of m and «. Shew that u, + U 2 + U 3 is constant, by the 
method of § 20‘312, and deduce that this constant is zero by taking 
«i = 0, n=— ^(1+iF). 

Observe also that, by reason of the relations 

(i*- »*) 311 * 2 X 3 = 2 m, (!■* — n®) (^Xi + x^ + X 3 ) = 2mn, 

we have 

*,(1 -i* 3 :i» 3 :j>) = *,-^l + - 2mr,X2- 113,3:2 {3;, +*j+*s) 

= (3!, + Xj + 3r, — ns:, XjXj) - (x, +X 2 ) - 2m3,', xj - ax, *2 (^i + * 2 ) 


2221. The addition-theoremx fm- cn u and dn u. 

We shall no'w establish the results 

cn It cn I) — sn M sn « dn Ji dn n 
1 — If sn* u sn’ V 


cn (u + 1 >) ■ 


dn (u + u) = 


dn « dn i) — sn u sn v cn u cn 
1 — if sn” u sn” 0 


V 


the most simple method of obtaining them is from the formula for sn (it + v). 

Using the notation introduced at the end of § 22’2, we have 
( 1 - cn” (« + «) = (!- |1 - sn” (u + v)\ 

= (1 — ifSi’Sj’)” — (SiCjd, + SjCiti,)” 

= 1 — 2i”«,’Sa“ + Ids, ‘ 83 * — S‘ (1 - * 2 ”) (1 — i'*»2’) 

— *2” (1 — s,”) ( 1 — Ids,’) — 2 S]«,c,Cjd,da 
= (1 - s.”) (1 - *.”) + *,”82” (1 - Ids,’) (1 - Ids,') 

"* is,s,G,c,d,d, 


— (CjC 2 s,s,(i,<i,)' 


and so 


cn {« + ») = 


, 8,^,d,d, 

^ l -lds,W ■ 


But both of these expressions are one- valued functions of «, analytic 
except at isolated poles and zeros, and it is ificonsistent with the theory 
of analytic continuation that their ratio should be -h 1 for some values of u, 
and — 1 for other values, so the ambiguous si^ is really definite ; putting 
u = 0, we see that the plus sign has to be taken. The first formula is 
consequently provfed. 

The formula for dn (u -f v) follows in like manner from the identity 
(1 - Af 8 , ”«,•)• - Id (e,c,d, + s,c,d,y 

s (1 — Af 81 ’) (1 — Ids,') -f AfSi’s,” (1 — 8 ,*) (1 - s,') - ilds,s,CiC,d,d„ 
the proof of which is left to the reader. 


W. M. A. 


33 
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JEaaofnple 1. Shew bhat 


dn(t4+«)dD(t£— v)> 




(Jaoobi.) 

[A set of 33 formulae of this nature oonneoting funotions of and of u—n is given 
in the Jihindamenta Novoy pp. 32-34.] 


Bxomple % Shew that 

3 cnu+cnti d ouu+cne 

du snudne + snvdnu 3v sn u dn v+sn vdn u * 


so that (cn u+oD e)/(sni4 dnr+SD rdnu) is a function of u + vonly; and deduce that it is 
equal to {1 +cn (tt+r)}/8n («+«). 

Obtain a corresponding result for the function (siC«4«sCi)/(<fi+<is). 

(Cayley, Menefiger^ xrv. (1886), pp. 66-61.) 

ExamfU 3^ Shew that 

1 — i*BD*(t»+e)im* (tt — ») = (! — Psn^u) (1 — Pen* t>)(l - i:*an* 
ife^+jfe*cn*(»+t;) on* («-»)a=(jfe^+j&*cn<«) (i^+it*cn^r) (1 — i*Bn*«8n*w)''*. 

(Jacobi and Glaisher.) 


Sxample 4. Obtain the addition -theorems for cn(tf do (u+e) by the method of 
§ 22*2 example 4. 


Example 5. Using Glaisher’s abridged notation {Meuengery x (1881), p. 106), namely 
9y c, d‘=’8n u, cn Uf dn u, and Sy C, Z>«sn 2i4, cn 2u, dn 2v, 

prove that 

« 2«cci - ^ l-2/t****bi»i* 


EsampU 6. With the notstiou of example 6, ehew that 

. \-C 1-0 D-k'C-ir D~C 

*^”l+D“A*(l + C)" k‘(D-0 ^k'i+V-k*C' 

, D+C D+ifC-H* lf‘(\-D) i^(l + C) 
e(l + Cfr“^(D-C)~li!'+E~^nK' 
P«+I>+i»C D+C i^(l-(7) P'a+D) 

1+D ^ l + C~ D-C 

22 * 3 . The constant K. 

We hsYe seen that, if 

u» f* (1 - hso-^di, 

Jo 


(Glaisher.) 


then y «• sn (a. k). 

If we t(^e the upper limit to be unity (the path of integration being 
a straight line), it is customary to denote the value of the integral by the 
symbol K, so that sn {K, k) •• 1. 

(It will be seen in g SS'30S that this definition of if is equivalent to the definition es 

geVinSSf-Sl-l 
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It is obvious that caK^Q and dn £■= ± ; to fix the ambiguitj in sign, 

suppose 0 < A; < 1, and trace the change in (1 — as t increases from 0 to 1 ; 
since this expression is initially unity and as neither of its branch points (at 
t as ± hr') is encountered, the final value of the expression is positive, and so 
it is + A;' ; and therefore, since dn ^ is a continuous function of k, its value is 
always + k'. 

The elliptic functions of K are thus given by the formulae 
snifacl, cnir = 0, dn^ = A:'. 

22'301. The expreerion of K in terms ofk. 

In the integral defining K, write t = sin i^, and we have at once 

K=f (1 — k‘ ain^ <j>)~ ^ dA. 

J a 

When I i I < 1, the integrand may be expanded in a aeries of powers of k, 
the series converging uniformly with regard to ij> (by § 3'34, since sin** ^ $ 1) ; 
integrating term-by-term (§ 4‘7), we at once get 

where c = By the theory of analytic continuation^ this result holds for 
all values of c when a cut is made from 1 to + oo in the c-plane. since 
both the integrand and the hypergeometric function are one^valuod and 
analytic in the cut plane. 

Example. Sbew that 



(Legendre, Fonctiont Elliptiqite*y t. (1625), p. 62.) 
22'30Z The equivalence of the deji/nition* of K. 

Taking in ^ 21131, we see at once that an(iirS^)>sl and so qji{\w3^»0. 

Consequently, 1 —sn u nas a double sero at ^^ 9 ’. Therefore, since the number of poles 
of sna in the cell with cornors 0 , 2jp3j*, w (t+1) V, fr(T-l)^*is two, it follows from 
§ SOTS Uiat the only seros of l^snv are at the points a»|ir(4m-t'l+2nr)Ss^ where 
m and n are lot^ers. Therefore, with the defiuition pf § 22*3, 

A'« J*- (4in + IH- Snr) 

Now take r to be a pure imoginazy, so that 0 < 1 , and K is real ; and we have 
ft^O, so that 

4»<4m + l)V“ 

where m is a positive integer or sero ; it is obviously not a negative integer. 

If m ia a positive integer, sinoe j ( 1 sin* ^ function of a and 

so passee through all values between 0 and JT as o increases from 0 to ^tr, we oan find 
a value of a lea than iw, such that 

/r/(4m+l)-4.rV- : 

■u (lwV)~wii a < I, 


and BO 

wUob ia outran since 


32--2 
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Therefore m must he sero, that ia to say we have 

But both K and are analytic functions of h when the c-plane is out from 1 to 
+ 00 , and so, by the theory of analytic oontinuation, this result, proved when 
persists throughout the cut plane. 

The equivalence of the definitions of K has therefore been established. 

Example 1. By conaideriug the integral 

J (1 -«*)-* (1 - W) - i 

shew that an 2^^0. 

Example 2. Prove that 

[Notice that when cn 2u=0. The simplest way of determining the signs to 

be attached to the various radicals is to make and then bq u, cnu, dn 

degenerate into sin u, cos 1.] 

Example 3. Prove, bv means of the theory of Theta-functions, that 
ca4A=dniA=I-i 


22 31. Tha periodic properties (assoctated with K) of the Jacobian 
elliptic functions. 

The intimate connexion of K with periodic properties of the functions 
an u, cn V, dn u, which may be anticipated from the periodic properties of 

Theta-functions associated with | ir, will now be demonstrated directly from 
the addition-theorem. 


By § 22 2, we have 
8n(ii -h K) 


sa ucn K dn K + »n K cn u du u . 

i . I L' — = cdM. 

1 — K* an' u sii' K 


Hence 


, cnfu-hif) 


In like manner, from § 22'2] , 

cn (u -t- K) = — k' ad u, dn (a -i- if) = k' nd u. 

k' ad u 

■pTid'a"~®"“’ 
and, similarly, cn (u + 2K) = — cn u, dn (a + 2if ) = dn u. 

Finally, an (w-f 4if) = — an (u-|- 2Ar) = an a, cn (a -f 4if) = cn a. 

I’hus iK is a period of each of the functions an u, cn u, while dn u has 
the smaller period 2K. 

Hxample 1. Obtain the results 

sn(«+A;=cdB, cnta-tJr)=. -Psdu, dn(a-t-ir)—i'ndu, 
directly from the dehhitions of sn a, cD u, do u as quotients of Theta-functions. 

Example 2. Shew that ceaasfA— u}— A. 
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22'31, 22-32] the jacobian elliptic functions 

22'32. The constant K'. 

We shall denote the integral 


JO 


by the symbol K', so that K' is the same function of k'^ (= c') as K is of 
A* (= c) ; and so 

when the c'-plane is cut from 1 to + 00 , i.e* when the c-plane is cut from 

0 to — oc 

To shew that this definition of K' is equivalent to the definition of § 2T61, we observe 
that if rr' = — 1, A” 18 the oru-oalutd function of ir*, in the cut plane, defined by the equations 

A=i,rV(0 1 t), (0 1 r)-f V (0 , r), 

while, with the definition of § 21 51, 

= iff V (0 1 t'). ( 0 1 t')^ V (0 > t'), 

so that A' must be the same function of i:'* as A is of P , and this is consistent with the 
integral definition of A' as 

f' 

J 0 

It will now be shewn that, if the o-plane be cut from 0 to - oo and from 

1 to + 00 , then, in the cut plane, X' may be defined by the equation 

/■w* ■ , 

Z'=j (s>-l)-i(l 

First suppose that 0< A<1, so that 0< A'< 1, and then the mtegrais 
concerned are real. In the integral 

f\l -k'‘t’)-idt 

'o 

make the substitution 
which gives 

_ 1)4 = k't (1 - A i. (1 - = k’(l- t‘)i (1 - k'H ‘) ' 4, 

ds _ k'H 
dt~ {l-k’'i*)i’ 

it being understood that the positive value of each radical is to be taken. 
On substitution, we at once get the result stated, namely that 

fi" = - 1)- i (1 - d«, 

provided that 0 < A < 1 ; the result has next to be extended to complex values 
of A. 
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Consider (l-fi) ^(1 

the path of integration passing above the point 1, and not crossing the ime^iMiry axis*. 
The path may be taken to be the straight hnee Joining 0 to 1 — A and 1 + A to together 
with a semicircle of (email) radius il above the real axia If (1-^)^ and 
reduce to +1 atj=0 the value of the former at 1+d is (8+4)^* -t(^-l)f) where 

eaqh radical is positive j while the value <rf Uie latter at is H-i' when k is rgal, and 
hence by the theory of snalytio continuation it la always + 

Make and the integral round the semicircle tends to zero like 4^; and so 

(1 -«»)"* (1 dt=S+i ((« - !)■ * (1 - I*. 

which 1 18 analytic throughout the out plane, while JT is analytic throughout the out plane. 
Hence 

18 analytic throughout the cut plane, and as it is equal to the analytic function S' when 
0 < Ir< 1, the equabty ptfsieta throughout thh cut plane , that is to say 

iT' - («> - 1 ) " * (1 - i“«*) " * 

when the e-plane la out firom 0 to - « and from 1 to -h ® . 

Since K + iK'^ (1 — P) “ I (1 - A?<*) " 4 dt, 

we have an (K -f i£'') = l/A, dn (K + %K') = 0, 

while the value of cn (K + iK') is the value of (1 — f*)4 when f has followed 
the prescribed path to the point 1/Jfc, and so its value is — tk'jTc, not -P ik jk. 
ExampU 1. Shew that 

i {<(1-0(1 -Ht)) - 4 <*=1 (<- 1) (H<- 1)) - * di=£, 

Exa/mj^ 8. Shew that f satisfiee the sune linear differential equation as (§ 82'301 
example). 

22'33. The periodic propertieaX {associated vdth K + iK') of the Jacobiam, 
dliptic functions. 

If we make use of the three equatioDs 

sn (iT + 1 ^') =a A"*, cn. (JK. + iK) « — ik'jk, dn {K + iK ') » 0, 

* J2(A)>0 because |argc|<r. 

t The path of integration pasees above the point us k. 

t The double periodicity of snu may be inferred from dynamical considerations. See 
Whittakur, Anaisticat J}ynamio* {I9l7)i 8 44. 
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we get at once, from the addition-theorems for an u, cn u, dn u, the following 
results : 


sn (u -I- Jf -f- iK') “ 


sn u cn (-S' -ttjf) dn (K -(• iK') + sn (.S' -p Q cn u dn u 
1—1^ sn’u sn" (.S' -I- iK') 


= kr‘ dc u. 


and similarly cn (u + if - 1 - iK') = — ik'k~^ nc u, 

dn (u + -V iK') — ik' sc u. 

By repeated applications of these formulae we have 

f sn (« iK + 2iK') •= — sn M, / sn (w + iK + 4iiK ) = sn u, 

I cn (« + 2S' + 2iK') = cn It, -j cn (u + ^K + 4i.S") = cn u, 

!,dn (li 2K + 2iK') = — dn u, idn (u + 4iK + 4iiK') = dn u. 

Hence the functionn sn u and dn u have period 4K + 4aK', while cn u hoe 
the smaller period 2K + 2iK '. 


2234. The periodic properties (associated with iK') of the Jacobian 
elliptic f auctions. 

By the addition-theorem we have 

sn (u + iK') ==sd(u — K i-K + iK') 

= k-'dc(u-K) 

— k~' ns u. 

Similarly we find the equations 

on (u + iK') = — ik~' ds u, 
dn (« -f- iK') = — t cs It. 

By repeated applications of these formulae we have 

f sn (« -I- 2i7r') = sn u, f sn (it ^'S"') = sn u, 

-! cn (« -(- 2tA") = — cn a, •! cn (a 4- 4dK') = cn u, 

Idn (a -I- 2iK') = — dn a, \.dn (a -i- 4iir') = dn u. 

Hence the functions cn u and dn a have period UK', while an a has the 
smaller period 2iK', 

Example. Obtain the formulae 

sn lK-|-2mA''+2niS’')=( — I"" sn «, 
on (B4-2niAr+2nifr') = ( cn «, 
dn (« + 2mA-(-2«iA")=(— I'dii «. 


22’341. 'The behaviour of the Jacobian elliptic functions near the onptn 
and “near iK'. 

We have 
d 

sn a = cn a dn a, sn a * 4^ sn" a cn w dn a — cn a dn a (dn* a -b S* cn’ a). 
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Hence, by Maclaurin’s theorem, we have, for small values of |u|, 
sn u ” M — g (1 + A") + 0 (u*). 


on using the fact that sn u is an odd function. 

In like manner 

cn tt = 1 — |u’ + 0 («*), 
dn ii = 1 — 2 k*u’ + 0 (tt*). 

It follows that 

sn (u + iK') = k~' ns u 




_ 1 _ 1 + 
iui 


+ 0 (tt*) ; 


— i %ld‘ — 1 

and similarly cn (« + iK') — ^ (“*)> 


dn (« + iK') = — - + - ^ iu + 0 (u*). 

u u 

Tt follows that at the point iK' the functions sn v, cn v, dn v have simple 
poles with residues k~', — ik~', — i respectively. 

Example. Obtain the residues of snti, cn», dna at iK' by the theory of Theta- 
fimctious. 


22'36 General description of the functions sn tt, cn tt, dn u. 

The foregoing investigations of the functions sn tt, cn tt and dn it may be 
summarised in the following terms : 

(I) The function sna is a doubly-periodic function of « with periods 
^K, ^iK'. It is analytic except at the points congruent to iK' or to 2K + iK' 
(mod. 4^r, 2iK') ; these points are simple poles, the residues at the first set all 
being ir' and the residues at the second set all being — k~' ; and the function 
has a simple zero at all points congruent to 0 (mod. 2K, 2iK'). 

It may be observed that sn » is the only function of a satisfying this description f for 
if ^ (a) were another such function, sn u~tp (a) would have no singularities and would be 
a doubly 'Periodic function ; hence (§ S0'12) it would be a constant, and this constant 
vanishes, as may be seen by putting a^O; so that tj>{u)^sn a. 

When 0 < A* < 1, it is obvious that K and K' are real, and sn « is real for 
real values of u and is a pure imaginary when a is a pure imaginary. 

(II) The function cn tt is a doubly-periodic function of u with periods 
4ir and 2K -( VtiK'. It is analytic except at points congruent to iK' or to 
2K + iK' (mod. ^K, 2K -i- 2iK') ; these points’ are simple poles, the residues 
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at the first set being — ik~', and the residues at the second set being ik ~' ; 
and the function has a simple zero at al! points congruent to K (mod. 2K, UK'). 

(Ill) The function dn m is a doubly-periodic function of u with periods 
tK and ifiK'. It is analytic except at points congruent to iK' or to ZiK' 
(mod..2If, these points are simple poles, the residues at the first set 

being — i, and the residues at the second set being i ; and the function has 
a simple zero at all points congruent to K + iA''(mod. iK, %,K') 

[To see that the functions ha\e no zeros or poles other than those just specified, 
recourse must be had to thoir defimttons m terms of Theta>fuDctions.J 

22'351. The connexion hetween WeierttroMian and Jacobian eilxptic functiom. 

If 01, e^t 03 he any three distinct numbers whose sum is zero, and if we write 
03 

(XW, ir)' 

we have hu ca* Xu da* Xu 

— 4 (fli -03)* X* 118* Xm (ns* X« — 1 ) {ns* Xu — i*) 

=* 4 X* (e, - 03) " * (y - 03) Cv - «i) (y - («i ” « 3 ) - 03} 

Hence, if X*»0i -63 and (01- «4)/(6i — 03)» then y satisfies the equation* 

and so Cj + («, - Ca) ns^ (e, - e,)! , =- p (a + o , g,), 

where a is a constant. Making u -*> 0, we see that a is a period, and bo 
IP (U , ?at ^a) = «! + («! - es) ns* {a (Ci - Sa)^. 
the Jacobian elliptic function having its modulus given by the equation 

e,-e,' 

22 ' 4 . Jacobis imaginary transfoi'inationf. 

The result of §21'51, which gave a transformation from Theta-functions 
with parameter t to Theta-functions with parameter t = — 1/t, naturally 
produces a transformation of Jacobian elliptic functions , this transformation 
is expressed by the equations 

sn (lu, k) = isc (u, k'), cn (i«. k) = nc (u, k'), dn (lu, k) ■=» dc (a, k'). 
Suppose, for simplicity, that 0 < c < 1 and y > 0 ; let 

C" (l-f) hi -’I-”*’) ■ = t". 

J 0 

snthat ty = sn (lu, k) , 

take the path of integration to be a straight line, and we have 
cn (iu, I;) = (1 -1- y*)l dn (»u. fc) = (1 -I- 

* The values of pg and are, as asual, -^£0303 and isirstfs* 

t Fundamenta Nona, pp. 84, 36. Abel {Journal fUr Math. n. (1827), p. 104) derives the 
double periodicity of elliptic funotione from this result. Gf. a letter of Jan. 12, 1828, from Jaoobi 
to tiegendre [Jacobi, Gbb. Werke, i. (1681), p. 402j 
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Now pTit jy = 9y/(l — IT*)*, where 0 < >? < 1, bo that the range of valut 
of t is from 0 to and hence, if t = »t,/(l — t,*)*, the range ( 

values oi t, is from 0 to iy. 

Then = (1 -«•)* = (1 - V) * *. 

1 - it'i* = (1 - *■%•)- * (1 - 1.*) ~ * 


and we have 


tu = 1^(1 - ‘ * (1 - k'%>) - * t d<, , 

so that If = m(u, k") 

and therefore y = bc(u, k'). 

We have thus obtained the result that 


sn {iu, /fc) = t sc (u, k'). 

Also cn (ill, <:) = (! + jy*)^ = (1 — if ) “ ^ = nc («, i'). 
and dn (lu, i) = (1 - = (1 - ( 1 - if ) " * = dc (u, k'). 

Now sn (iu, k) and t so (u, k') are one-valued functions of u and k (in thi 
cut e-plane) with isolated poles. Hence by the theory of analytic continuatior 
the results proved for real values of a and k hold for general complei valuei 
of u and k. 


22'41. Proof of JacobCs imaginary iransformahon by the aid of Th^a- 
functions. 

The results just obtained may be proved very simply by the aid ol 
Theta-functions. Thus, from § 21 61, 

a.( 0 |T)&,(i>|T) 

'a,(0|T)»4(wiT’)’ 

where z = u/ V (0 1 t), 

A 1. eoi ei /• i\ — 1^1 (irT I t') 

and so, by §21 51, sn(.«. ° • - V(uV | ^ 

» — tsc(v, k'). 


sn (iu, k) -■ 


where v ■= (0 1 y) = izr . (— iV) (0 | t) = — «, 

BO that, finally, an (iu, fc) ■= i sc (u, fc'). 


Esxtmple 1. Piw« that cn(iu, i)=no(tt, P), dn(it<, fc)— dc(», P) by the aid of Theta- 
fiujctiona 

Example 2. Bhew that 

mijilf', fc)— iac(^A', P)— ii"*, 

cn (iiA', k)~(l+ifi-*, dn (iOT'. i)-(l +fc)*. 

[There i* great difficulty in determining the signs of an JiA', cn JiA', dniiA', if any 
method other than Jacobi’s transformatioii la used.) 
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EmmpU 3. Shew that 


8nJ(A+tA)— Ti79l\ ’ ,/(ai) ’ 


V(8I) 
dnf (i'+.X'). 




Example i. If 0 < i < 1 and if d he the modular angle, ahev that 
an t ^/(coflecfl), cn i (A+ 

dn i (A+»A')-»“*^ V(co8fl). 


(Olaisher.) 


22*42. Landen’s transfomuition*. 
We shall aow obtain the formnla 


[*' (1 - Jk,’’ sin* ff,) -idff, = (l + i') rn-Jf sin* ff) * *d0, 

Jo Jo 

where 8in^ = (l + /fc')sini^cos4>(l — ifc*8in*(^)''^ 

and A;, = (1 — A'')/(l + Id). 

This formula, of which Landcn was the discoverer, may be expressed by 
means of Jacobian elliptic functions in the form 

sn {(1 + k') u, All = (1 + Ar*) sn (ti. A) cd (u. A), 
on writing <f> = am u, <j>, = am u,. 

To obtain this result, we make use of the equations of § 21*52, namely 

(fJ ’•) = ^* !j> I ’•) = ^* (?±l) MO i ’■) 

&4(2rl2T) «>,(2tl2T) a.(0|2T) ' 

Writef Ti = 2t, and let A,, A, A" be the modulus and quarter-periods 
formed with parameter r, ; then the equation 

(g I Tia.fzlT) _ a, (2r I T.) 

^.(4r|T)a,(a|T) &.(2r|T.) 

may obviously be written 

A sn (2KsjTr, A) cd {iKtjir, A) => A;,^ sn (iAx/ir, A,) (A). 

To determine A, in terms of A, put a =« i rr, and we immediately get 
A/(l-hA')- A,*, 

which gives, on squaring. A,' =• (1 — A')/(l -t A'), as stated abov& 

To determine A, divide equation (A) by z, and then make s— >0; and 
w* get 

2irA = 4A,* A, 

so that A= j(l d-A') A". 


* PkiXe Troiv. the fUryal 8oc. lxv. {1176), pu 286. 

t Ik will be supposed thet [It (r) j < §» to eroid difflealtiee of ei^pi which &nee if R (ri) doee 
not lie between 1. Thiu oondition is setiafied whoi 0 < it < 1, for r is then a pore imaginary. 
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Hence, writing u in place of iKzjir, we at once get from (A) 

(1 + k') sn (u, k) cd (ti, k) »= sn j(l + A') u, ifci}, 
since 4A«/’r = ^Au/K = (1 + A; ) u ; 

80 that Landen’s result has been completely proved. 

Example 1 Shew that and thence that a' = (1 ^ 

Example 2 Shew that 

cn {(1 + *') li, ii} s* {I - (I + i ) («, k)} ud («, k\ 

dn {(1 +*') tt, ki) = {t+(l -ir') CD* («, it)} nd («, i). 

Example 3 Shew that 

dn (u, i;) = {l^E)cn {(1+it') «, it|} + (l +it') dn {(1 ii}, 

where it=2jtjV(l 

22*421. Trafti/orfiiaUoni of elliptic functiom 

The formula of Landen la a particular case of what la known as a transformatioc 
of elliptic functions , a transformation consists in the expression of elliptic functions witb 
parameter r in terms of those with parameter (a+fcT)/{r+(/r\ where a, c, d are integers 
We have bad another transformation m which - I, namely Jacobi’s 

imaginary transformation For the general theory of transformations, which is out 
side the range of this book, the reader is referred to Jacobi, Fundamenta Nova^ to Klein 
Vorleeungen uber die Tkeone der elliptiechen Modiilfunktxonen (edited by Fncke), and tc 
Cayley, Elliptic Functioiu (London, 1895) 

Example By considering the transformation t2»t± 1, shew, by the method ol 
§ 22 42, that 

sn (jFw, sd (w, k\ 

where k 2 — ± ikjEi and the upper or lower sign is taken according as R{t)< 0 or A (r) > 0 , 
and obtain formulae for cu and dn 


22 6 Infinite products for the Jacobiwn elliptic fwnctions* 

The products for the Theta-functione, obtained m § 21 3, at once yield 
products for the Jacobian elliptic functions , writing a =s ^Kwj’rr, we obviously 
have, from § ’i2 1 1, formulae (A), (B) and (C), 


sn u = 2q^k i am a; 11 

i*-i 


j 1 — 2(/” cos 2a.- + (/"• 
|f — cos 2i + q‘"~' 


cnw 


*s-l 


I 1 + 2^^ cos 23: + y*" 
(I — 2q*^‘ cos 2a + q*"~^ 


da u => k' 


'in i ^ 008 23; + 

— 2j*^* cos 23? + 


■ 2 cos 23? + q‘’' 

From these results the products for the aine reciprocals and quotients can 
be wntten down 


There are twenty-four other formulae which may be obtained in the following manner 
From the duplication-formulae (§ 22 21 example S) we have 


1-cna 1 ,1 1-bdna ,1 1 dnu + enu 1 .1 

= sn = a dc 5 u, — - = ds = « uc = «, -=cn_«dBs« 

2 2 snu 2 2’ snu 2 2 


an u 


Fvndamenta Nova, pp 84-115 
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Take the first of these, and use the products for cn jru, dn ; we get 

1 — CD u 1-coaa: " |l-2( — y)*cosiP + y*") 
an « ainx )l 4^2 ( — y)* coax + y*"/ * 

oD combining the Tarioiia products. 


Write u^K for w, x+Jw for x, and re have 

dn«,-4-i' anu _ 1 + 8mx * n + 2( — g)"ain^ + y®"| 
cntt coax «=i [1 -2 ( -y)" smx-f y**/ ' 

Writing U’\‘iK' for u in these formulae we havft 


it an u+idiiu=i 


“ n +2i einx-^" 

11 — 2i( — )*9"“i8inx-^-ij 


and the expression for i: cd « + ik' nd u is obtained by writing cos x for sin x in this product. 

From the identities (1 - cn it) (1 +cn i4)san*«, (ifesn it+idn w) (-tsn «— t dn w)s 1, etc., 
we at once get four other formulae, making eight in all; the other sixteen follow in the 
same way from the expressions fur ds ^tt iic^tt and cni-uds^it. The reader may obtain 
these as an example, noting 8]>ecially the following; 


sn ?t + t cn 
Example 1. Shew that 


»-i ({l-ty** 




»=o ll+(-)"tj 


,"+JJ 

-+1) 


Example 2. Deduce from examine 1 and from § 22’4I example 4, that, if be the 
modular angle, then 

and thence, by taking logarithms, obtain Jacobi's result 

1 $=^ 2 (- )" arc tan ^’‘'‘■*=arc tan — arc tan ^/y*+arc tan Vy*— • 

»=o 

‘ quae inter formulas ele^ntisstmas cecseri debet.' (Eund. EovUy p. 106.) 

Example 3. By expanding each term in the equation 
logBni£ = log( 25 ^) — i]ogifc + log8inx+ 2 -y**®***) 


+ log (1 - — log (1 — y*"”* - log (1 e *"***)} 

in powers of and rearranging the resulting double series, shew that 

loganu=log(2y*)-JIogi+logain*+ 2 ^ 

i»=i 

when ! / (r) 1 < ^ir/ (r). 

Obtain similar series for log cn «, do u. 

(Jaoobi, Fundamenta Novay p. ^.) 

Example 4. Deduce from example 3 that 

J logenudu’*‘ — i9rE' — ^Elogk. 

(Qlaiaher, Proe. Ro^l Soc. zxiz.) 
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22'6. Fourier aeriee for the Jacobian elliptic funetione*. 

If u s iKxjir, sa u is an odd periodic function of x (with period 2ir), whiol 
obviously satisfies Dirichlet’s conditions (§ 9'2) for real values of x ; anc 
therefore (§9'22) we may expand suit as a Fourier sine-series in sines o 
multiples of x, thus 

anu^c X 6a sin ns, 

the expansion being valid for all real values of x. It is easily seen that the 
coefficients 6^ are given by the formula 


7rt5«=J Btiu.Bxp{ntx)dx. 

'To evaluate this integral, consider j an. it. exp {nix) dx taken round the 
parallelogram whose comers are — r, nr, nrr, — 2Tr + nrr. 

EVom the periodic properties of sn u and exp (nix), we see that 


■r. 


cancels 


I ; and so, since —nr + „nrr and g ttt are the only poles of the integrand 
J -»r+»T ^ 

(qua function of x) inside the contour, with residuesf 


— A~' nr/Kj exp nirr + ^ nnrirj 


and k~‘ w/iT^ exp (^nnriTj 

respectively, we have 

II-, “ • “P (’>“)£** = ^ 9*" (1 - (-)"}- 

Writing w — w-twT&raiin the second integral, we get 

! 1 +(-)" 5 "} I aJiu.exp(nix)dx = ~gi”ll-(-y‘], 


Hence, when n is even, 6, = 0 ; but when n is odd 


I S'"" 


Consequently 


Kkl-q^ 


2 nr (o^ 
1 


sin X 


^sinSx 0 

+ 


sin oiT 


1-3" 1-3* 




when X is real; bnt the right-hand side of this equation is analytic when 
gl*exp(niw) and g** exp (—nit) both tend to aero as «— »oo, and the left- 
haisi'aide is ansdytio except at the poles Of snw. 


* nwM nmlt* an aabrtiBrtMllyaiia to }a«>U, jWiwtowwifii Nem, p. UU, 

t tbe belot !«)(£ lias to be tauartad beaaiiaa wa sn desUnf with an liKxle). 
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22‘6, 22‘6l] THB JACOBIAN ELLIPTIC FUNCTIONS 

Hence both aidee ure analytic in the atrip (in the plane of the complex 
variable «) which is defined by the inequality | i (c) | < ^ ir/ ( t). 

And 80, by the theory of analytic continuation, we have the result 
2w " g”'^i8in(2/H- l)a: 

“““AA.r, 1-3“+' 

(where u = %Kr,lir), valid throughout the atrip | / (*) | < ^ irlir). 

ExampUX. Shew th&t, if thea 

2fr ^ g'*ooa2n;r 


2"' • o*^*coa(2n+l)x , 
cn«*“-£rL S \ « dntt=~^^- 


^ « 2^810 2n4r 

»»i n(l+j*») 


am u = ^ 

these results being valid when [ /(x) |<^fr/(r). 

Example 2. By writing x+ 1 «r for x in results already obtained, shew that, if 
u^2Kxlir and | /(^) !<i*r/(r), 

—s.!. -“- Sp 

22fil. Fourier series for reciprocals of Jacobian elliptic fmctions. 

In the result of § 22'6, write u + xK' for u and consequently a; + 1 ttt for ®; 

then we see that, if 0 > / (x) > — ■7r/(T), 

, 2'7r " 3’‘ + 48in(2n + l)(iE + Jttt) 

8n(u + iA) = ^_ 2^- \ 


Kk 


1 _ jW+I 


and so (§ 22'34) 

nBit = (— iir/A^) 2 3" + ^ { 3 "+^e’“+'*^ — 3 '"“4e“’“+"“)/(l — o“+‘) 

• wO 

r=(— iir/Z^) 2 {2t3“.+‘sin(2n + !)* + (! — 3-“-’)tf“<"+‘>“j/(l —3“+>) 
2ir 3“+>8in(2n + l)ir iV 5 

"T.to 

That is to say 

TT 2*- 2 o“+‘8in(2n + l)iE 

nsu^^cosecc + ^J^ ^ . 

But, apart from isolated poles at the points x = nw, each side itf this 
equation is an analytic function of w in the strip in which 
wl (t) > I (*) > — vI (t) : 

— a strip doable the width of that in which the equation has been proved to 
be true ; and so, by the theory of analytic continuation, this expansion for 
ns u is valid throughout the wider atrip, except at the points c «« aw. 
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Example. Obtain the following expansions, valid throughout the strip | / (ai) | < ir/(r) 
except at the poles of the first term on the right-hand sides of the respective expansionB : 


j 2*r 

d8«=^ ooseciT- 


■» ^ + i sin r 

1 +?*"■*' ’ 


de«=^ « 


2>r “ o** sin 2w; 

" T J, T+7»» ’ 

2>r ; (-)»‘9***‘0O8(2n + l)x 
2ir - ( — cos (2jl + l) jr 
2ir * ( — )* ^**‘ sin 


22'7. Elliptic integraU. 

An integral of the form Jr(w, x)dx, where R denotes a rational function 

of w and x, and w* is a QUARTIC, or OUBW function of x (without repeated 
factors), is called an elliptic integral*. 

[Note. Elliptic integrals are of considerable historical importance, owing to the fact 
that a very large number of important properties of such integrals were discovered by 
Euler and Legendre before it was realised that the inverses of certain standard types of 
such integrals, rather than the integrals themselves, should be regarded as fuDdamental 
functiona of analysis. 

The first mathematician to deal with elliptic functions as opposed to elliptic integrals 
was Qauss (§ 22 8), but the first results published were by Abelt and Jacobi 

The results obtained by Abel were brought to the notice of Legendre by Jacobi 
immediately after the publication by Legendre of the Traite des fonctions elliptiques. In 
the supplement (tome lit. (1828), p. 1), Le^ndre comments on their discoveries in the 
following terms : “A, peine mon ouvrage avait-il vu le jour, k peine son titre pouvait-il fitre 
coDUU des savans Strangers, que j'appris, avec autaut d'^tonnement que de satisfaction, 
que deiu jeunes geomhtres, MM. Jacobi (C.-G.-J.) de Koenigsberg et Abel de Christiania, 
avaieut r^ussi, par leurs travaux particuliers, k perfectionner consid^rablement la thdorie 
des fonctions elliptiques dans ses points les plus ^lev^s.” 

An interesting correspondence between Legendre and Jacobi was printed in Journal fvr 
Math. Lxxx. (187&), pp. 205-279; in one of the letters Legendre refers to the claim of 
Gauss to have made in 1609 many of the discoveries published by Jacobi and Abel. The 
validity of this claim was established by Sobering (see Gauss, Werke^ iii. (1876), pp. 493, 
494), though the reseitfches of Gauss ( Werke^ ni. pp. 404-460) remained unpublished until 
after his death.] 

We shall now give a brief outline of the important theorem that every 
elliptic integral can be evaluated by the aid of Theta-functions, combined 

* Strictly ^leaking, it is only called an elliptic integral when it cannot be 'integrated by 
ineans of the elementary fanctions, and ooneeqaently iovolves one of the three kinds of elliptic 
integrals iniroduoed in | 22 '72. 

t Journal fiir Math. a. (1627), pp. 101-196. 

Z, Jacobi announced his discovery in two letters (dated June 18, 1827 and August 2, 1627) to 
S^umadier, who publisbed extracts from them in Astr. Each. n. (No. 128) in September 1627 — 
the montir in wiiioh Abell’s memoir appeared. 
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with the elementary functions of analysis ; it has already been seen (§ 20'6) 

that this process can be carried out in the special case of jto~'dz, since 

the Weierstrassian elliptic functions can easily be expressed in terms of 
Theta-funotions and their derivates (§ 2173). 


[The must important case praoticall; is that in which H is a real function of x and w, 
which are themselves real on the path of integration ; it will be shewn how, in such 
circumstances, the integral may be expressed in a real form.] 

Since R (w, x) is a rational function of w and x we may write 
R (is, x)^ F (MI, x)/Q (ui, x), 


where P and Q denote polynomials in w and x ; then we have 


R (mi, x) = 


wP (mi, x) Q (— MI, x) 
tuQ(w, x) Q{-w, xj ■ 


Now Q(w, x)Q(—‘W, x) is a rational function of it)‘ and x, since it is 
unaffected by changing the sign of mi; it is therefore expressible as a 
rational function of x. 


If now we multiply out tuP(w, x) Q(—w, x) and substitute for mi* in terms 
of X wherever it occurs in the expression, we ultimately reduce it to a poly- 
nomial in X and mi, the polynomial being linear in w. We thus have an 
identity of the form 

R (w, x) 2 (iZ, (m) -t ivR, (x)]i'w, 

by reason of the expression for mi" as a quartic in x ; where iZ, and R, denote 
rational functions of x. 

Now JRi (x) dx can be evaluated by means of elementary functions only*; 

so the problem is reduced to that of evaluating jnr'R, (x) dx. To carry out 

this process it is necessary to obtain a canonical expression for mi", which we 
now proceed to do. 


2271 The expreseton of a quarhe as the product of sums of squares. 

It will now be shewn that any quartic (or cahtcf) in x {with no repeated 
factors) can be expressed in the form 

(A, (a: - o)* + if, (x - l3)"j {il, {x-df + Rt{x- /8)") , 

" where, if the coefiBcients in the quartic are real, A,, B,, A^, a, /3 are all 
real. 


* The integration of rational fnnotione of one variable ia dieoussed in teat-books on Integral 
Calenlot. 

t la the following analysU, a eubio may be regarded as a qaartie in which the coefficient of 
yanishea. 


W. M. A. 


33 
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To obtain this result, we observe that any qusutic can be expressed in 
the form iSi,iS, where Si, S, are quadratic in e, say* 

Si = o,«i’ + 26,a; + c,, Si = a,a^ + 26,® + c,. 

Now, \ being a constant, S, — XS, will be a perfect square in x if 

(oj — X<i*) (Ci — XC|) — (bi — « 0. 

Let the roots of this equation be X,, X,; then, by hypothesis, numbers 
a, S exist such that 

S, - X,Sj 3 (a, - XiO,) (x - ay, S, - X,S, 3 (a, - XjO,) (r - /9y ; 
on solving these as equations in S,, 8,, we obviously get results of the form 
S, = Ai(x — ay + Bi(x — Sy, St = At (x — a)' + S, (* - BY, 
and the required reduction of the quartic has been effected. 

[Nora. If the quartic is real and has two or four complex factors, let S, have com- 
plex &ctura ; then Xg and Xj are real and distinct since 

(a, -Xoa) (c, - \ct )- (hi - Xtj)* 
is positive when X=0 and negativet when X^ai/O). 

When Si and <Sj have real factors, saj (x-Ji) (*— fj'), (x-f>'), the condition 

that Xg and Xg should be real is easily found to be 

(f 1 - fe) (fi' - fi) (fi - e.') « i -{.')> 0, 

a condition which is satisfied when the zeros of Ng and thoee of 5s do not interlace ; this 
was, of course, the reason for choosing the fitotors 5g and Sj of the quartic in such a way 
that tbeir zeros do not interlace.] 

22*72. The three kinds of elliptic integrals. 

Let a, /3 be determined by the rule just obtained in § 227 1, and, in the 
integral jvr‘Ri {x) dx, take a new variable t defined by the equation]: 

t = {x-d)/{x-B)-, 

we then have — ■= ± ® 1 . 

{iAit‘ + B,)iA,e‘ + Bt)\i 

* If the ooeffieieats u the qnartio are real, the iactorieatioD can be carried oat so that the 
eoeffioientfl id 5| and <S| are real. In the special oaae of the qoartio having four real linear 
factors, these footers sboold be associated u pam (to give ^ and £ 9 ) in au^ a way that the 
roots of one pair do iiot tnterlaoe the roots of the oUier pair ; the reason for this will be seen in 
the note at the end of tlw section. 

t Unless oi : : bj, in which case 

iSi«a| (x — + + 

t It is rather remarkable that Jacobi did not realise the existence of this homograpbio 
•abstitatkA; In his redaction he employed a qoadntio aabstatnUon, equiralent to the resolt of 
l^IplyiDg a Lap den transformation to Uie ei]i|Aie fusetioDB which we sball introdnee. 
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If we write Ri (x) in the form ± (a — ^) R,(t), where is rational, we get 
f?i „ f ^ (t) dt 

Now JJ, (t) + B, (- 1) - 2 jB, (f). R,(t)-R, (- <) - 2tB. (P), 
where St and S, are rational fhnctions of P, and so 
Rtit) ^ RtiP) + tR,{P). 

But l{(AtP + B,)(A,P + Bi)\-*tR,(P)dt 

can be evaluated in terms of elementary functions by taking ^ as a new 
variable*; so that, if we put Rt(P) into partial fractions, the problem of 

integrating j R (tu, nl) dx has been reduced to the integration of integrals of 

the following types ; 

I e«* 1(4, f + B,) (4,P + B,)) ' 
j(l + RP)-” {(A,P + B,) (A,P + 3,)} - idt ; 

in the former of these m is an integer, in the latter m is a positive integer 
and 

By differentiating expressions of the form 

+ B,) (A.P + B.))*, t (1 + spy— l(A,P + B.) (A.P + B,)}*, 
it is easy to obtain reduction formulae by means of which the above 
integrals can be expressed in terms of one of the three canonical forms ; 

(i) li(A,P+Bt)(A,P + B,)}-idl. 

(ii) l(4,«>-KB,)(4,f + B.)l'*(if, 

(iii) [(1 + RP)-‘ 1(4, P + B,) (A.P + B,)) - * dt. 

These integrals were called by Legendre f elliptic integrals of the first, 
seoond and third kinds, respectively. 

The elliptic integral of the first kind presents no diflSculty, as it can be 
integrated at once by a substitution based on the integral formulae of 
§§22'121, 22'122; thus, if 4,, B,, 4,, B, are all positive and 4,Bi>4,B2, 
we write 

4.*t-B^*c8(u,k). [*f‘-(4,B,)/(4,B,).] 

* Sm* Hftrdj, of Functiom of a HmgU Vari^hU (CaxDb. H»tb. TtmIb, Ko 9). 

t Fmtrduo 4s Oalsul Znt^fral, x. (Puu» 1811), p. 19. 


38—2 
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[chap. XXII 


Examplt I. Verify that, in the case of nal integrals, the following scheme gives 
all possible essentially different arrangements of sign, and determine the appropriate 
substitutions neoeesary to evaluate the corresponding integrals'. 


-^I 


- 

+ + 

- 


+ 

- 

+ 

- - 

+ 

■dj 

+ 

+ 

+ 

+ - 

_ 

i 

i B, 

1 

+ 

+ 

•1' 

- + 

+ 


Example 2. Shew that 

{ j 1 1 1-iodtt 
I an u Jogr — s — r— » 

J 21: ®l + lrod«' 

Jdnudu=am u, 

/ , . 1,1 —oa u 

ds log , 

2 ®l+cni£ 


JoDtt arc tan (l-sd m), 

f j 1 1 dnit + l:' 
jacndn.jjlogj^-^, 

{ dc udu = ^ log I 
J 2 ^ 1 - an u ’ 


and obtain six similar formulae by writing u^K for u. 

(Glaisher.) 

Example 3v Prove, by differentiation, the equivalence of the following twelve 
expressions ; 


Jdn* 

Ir'* + dn « Bc u — iP* / nc* tt (itt, 
dn « sc « — Jsc* « dUy 
t/ + l'*8n«cdtt-l:*| cd * u du, 
u cs u — jds^ii oiu, 
Example 4. Shew that 
d* sn" u 


iP*«+l?®|cn*w(iw, 

»—dn « C8 w — J ns* u duy 
il*8n« cd u +!:'• Jnd*M du, 
jP*u+)H8n«cdtt + j sd* w rfu, 

- dn « cs — j C8* duy 
u+dn ttscv — Jdc*ttt/u, 


du^ 


n (n- l)en*”* tt — n*(l + jfc*)8D"u + n (to+1) k* en*'^*w, 


and obtain eleven similar formulae for the second differential coefficients of cn* u, 
dn” n, ... nd*u. What is the connexion between theee formulae and the reduction 
formula for jr{(v4i**4*^i) 

(Jacobi ; and Glaisher, Meesengery zi.) 
Example 6. By means of § 20-6 shew that, if a and 8 are positive, 


where *i is the re^ root of the cubic and 

(o»-/S‘)*-a*^», g,= -(c‘-iS») {(e«-3*)* + 36a«^«}/2l6; 
and prove Hiat, if gtmO, then a and 0 are given by the equatioue 
o*-^»--3(2y,)*, a>+^»-2,/3.|2p,|‘. 
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EscmpU 6 Deduce from example 5, combined with the mtegral formula for cnv, 
that, if ^8 la positive, 

I" (4^-Sr,)-**-2 (a» + /3*r‘^f, 1"^ (4-?+sr,)-*<i, = 2 

where o*-»(^'3 -f) (2js)*, /3“ = (v/3 + |) (2st3)*, and the modulua is a (a*+/3*)"* 


22'73. The elhpho integral of the second kind. The function* E(u) 

To reduce an integral of the type 

ji’ {(A^t? + -S,)i ' ^dt, 

we employ the same elliptic function substitution as in the case of that 
elliptic integral of the first kind which has the same expression under the 
radical We are thus led to one of the twelve integrals 

jan'udu, joAudu, Jnd^udu 

By § 22 72 example 3, these are all expressible in terms of u, elliptic 
functions of u and Jdn'udu , it is convenient to regard 

E(u) = f dn’udu 
Je 

as the fundamental elliptic integral of the second kind, in terms of which all 
others can be expressed , when the modulus has to be emphasized, we wnte 
E(u, k) in place of E{u). 

We observe that 

'^■®W = dn*a. ^(0) = 0 


Further, since dn'u is an even function with double poles at the points 
2mK + {2n + 1 ) lE, the residue at each pole being zero, it is easy to see that 
E(u) IS an odd one-valuedf function of u with simple poles at the poles 
of dn u 


It will now be shewn that E{\u) may be expressed in terms of Theta- 
functions, the most convenient type to employ is the function 0(«) 


Consider 


du ’ 


it IS a doubly-penodic function of u with double poles at the zeros of 0 (w), 
i.e. at the poles of dn u, and so, if A be a suitably chosen constant, 


dn'a — A 


A 

du 



* This notation wm tntrodaoed b, Jaoobi, Jcfumalfitr Noth, iv (1822), p STS [du. Werlie, 
1. (1881), p, 229J In the Fundamenta Nova, he wrote A (un u) where we ifnte E (u) 

t Binee the leeidnee of dnt« ere zero, the integral defining £ (u) ie independent o( the path 
ohoien (| 6-1). 
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is a donbly-periodic iiiDction of u, with periods 2£', StlT', with only a ringle 
simple pole in any cell. It is therefore a constant ; this constant is usually 
written in the form EjK. to determine the constant A, we observe that 
the principal part of dn’ u at iK' is — (u — iK')r*, by § 22'341 ; and the 
residue of 0' (a)/0 (a) at this pole is unity, so the principal part of 




Hence j 1 =1, so 


E 


■ du (0(m)J 

Integrating and observing that 0' (0) 0, we get 

E (u) = 0' {a)/0 (u) + uEjK. 
Since 0' {K) = 0, we have E (K) = E ; hence 




It is usual (c£ § 22’8) to call E and E the complete elliptic integrals of the 
first and second kinds. Tables of them ytm functions of the modular angle 
are given by Legendre, Fonctions Elliptiques, 11. 

Example 1. Shew that £(«+8nA) = A?(»)+!i!n£', where n is any integer. 

Example 2. By expraeeing 0(«) in tenna of the function S, (^s/A), and expanding 
about the point shew that 


22'731. The Zeta-function Z («). 

The function E(u) is not periodic in either 2K or in 2iK', but, associated 
with these periods, it has ^diUve constants 2E, {2iK'E — mlfK ; it is 
convenient to have a function of the same general type as E(u) which is 
singlr-periodic, and such a function is 

2(«) = 0'(u)/0(u); 
from this definition, w« have* 

Z (u) =*£(«) - uB/K, 0 («) = 0 (0) exp I [“ Z (<) dtl . 


22'732. The addition-formulae for E(u) and Z (w). 
Consider the expression 


0'(u + «) _ 0' (u) 0' (®) 

0(tt + «) 0(u) ®(i>) 


+ l^Bnusn®sn(u 


+ ») 


' * The iategr^ in the expreetion for d («) is not one*yaltied M Z (t) hM leaidae 1 et Its poles ; 
the diilerenee of the integr^a Ukea olong mny two poths with the seme ead points is duri 
where n ia the number of poles amsloaed, end the exp<meDtml of the totegrel k therefore o&e* 
▼aloed, SB it shoQ^ be, siDoe 6 (ft) is ooe-Tslaed. 
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qua function of ti. It is doubly-periodio* (periods 2K and UK') with ample 
poles congruent to iK' and to iK' — v ; the residue of the first two terms at 
iK' is — 1, and the residue of sn u sn v an (u + v) is kr' sn v sn (xK' + «) = 
Hence the function is doubly-periodic and has no poles at points 
congruent to iK' or (similarly) at points congruent to iK' — v. By 
Liouville’s theorem, it is therefore a constant, and, putting « = 0, we see 
that the constant is zero. 

Hence we have the addition-formulae 

Z («) -l- Z (r) — Z (u + ») = A? sn u sn w sn (u + v), 

E(u)+ E (v) — E(u + v) = k' aa a snr sn (t* + »). 

[None. SiDoe Z(u) and E(u) are not doubly-periodic, it u possible to prove that no 
algebraic relation oan exint connecting them with sn u, cn u and dn ao these are not 
addition^-theorems in the strict senset.] 


22 733. Jacobi's imaginary transformation^ of Z (ii). 

From §21‘51 it is fairly evident that there must be a transformation of 
Jacobi’s type for the function Z (it). To obtain it, we translate the formula 
(ir 1 t) = (— ir)^ exp (— ir's^Jn) . (ixr’ | t') 

into Jacobi’s earlier notation, when it becomes 


and hence 


H (tu + K,k)^ (- ir)i exp ( 4 ^) « («, ¥), 


cn (iu k) - (- it)! exn 

cn (tu, k) - ( IT) exp (0 I t) 0 (iu, k) 


Taking the logarithmic differential of each side, we get, on making use of 
§ 22-4, 

Z (iu, k) = i dn (u, k') sc (u, k') — iZ (u, ¥) — iriuKiKK'). 


22 734. Jacobi's imaginary transformation of E(u). 

It is convenient to obtain the transformation of E (u) directly from the 
integ^ definition ; we have 

E(iu, fc) = J dn’ (t, k)dt = j dn* (it', k) i df 

= 1 1 dc* ((', At') dt', 

Jo 

on writing t « it' and making use of § 22'4. 

* aiS' u a period usee the edditive ooDetsote for the Dret two tenoe easoel. 

“t A tfaeoieia dse to Weieratreae etatea that as asalytio fSaotioD,/(<), poaaaaaisg on additioD- 
theorem io the atriet eesaa moat ha either 

( 1 ) as algabraio Ihnotioo of i, 

or (li) an algabnhio fonotion of exp (vfs/u), 

or , (iii) on algebraic fonotion of p (t I H,, an) : 

where ai, wt, ui are soitaUj ehoeen oonatante. See Forsyth, Theotf of Fiutaiont (ISIS), (St. xnt. 
t PmwiiMWMa If ova, p. 18L 
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Hence, from § 22'72 example 3, we have 

E (»'«, t) = t jtt + dn (u, Jt') sc («, h') — j dn’ (<', E) dt'| , 

and so E(iu, i) = lu + 1 dn (u, k') sc (-u, k') — iE (u, k'). 

This is the transformation stated. 

It is convenient to write E' to denote the same function of k' as E is of k, 
i.e. E' = E (K', k'), so that 

E(iiK', k) = 2i(K' - E ). 


22 ' 736 . Legendres relcUton*. 

From the transformations of E(u) and Z(u) just obtained, it is possible 
to derive a remarkable relation connecting the two kinds of complete elliptic 
integrals, namely 

EK' + E'K-EK' = \nT. 

For we have, by the transformations of §§ 22 733, 22’734, 

E (%v, k) — Z (iu, k) = »M — t [E{u, k') — Z (u, F)} + ■jnv.{{2KK'), 

and on making use of the connexion between the functions E (u, k) and 
Z («, k), this gives 

luEjK »= tu — 4 [uE'/E’l + muj(2EE'). 

Since we may take «=|=0, the resnlt stated follows at once irom this 
equation ; it is the analogue of the relation i 7 i<»s — = g’n; which arose in 

the Weierstrassian theory (§ 20'411). 

1 . Shew that 

— HD u cd u 

Example 2. Shew that 

jF(2w+2tX')=fi^(2tt)+2t {K' - E'). 

Exoftnple 3. Deduce from example 2 that 

E{u-^tK')=-^E (2m + 2tX0 BD* (w + iK') bd (2« +2»ir') 

= JF (u) -l-cn tt ds tt +» (JT' - 
Example 4. Shew that 

E (u (») — sn « do « + £+ i iE ' — E’). 


Example 5. Obtain the expanaions, valid when \J{x) |<iw/ (r), 

, AZ(») 


iff S 
*“1 


y*siD 2nx 


(Jaooiji.) 


* Bxercvea it Cslssl Integral, i. (1811), p. 61. For o geometrioiLl proof sae CHutbet, 
Uutenger, it. (1871), pp. 96-86. 
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22736. Properties of the complete elliptic integrals, regarded as Junctions 
of the modulus. 

If, in the formulae (1 — it* sin* we differentiate under the 

JO 

sign of integration (§ 4'2), we have 


dh ’ 


fc sin* ^ (1 — sin* ^d<j> = ^ - ^ - ^ . 
Treating the formula for K in the same manner we have 
■» k sin* ^ (1 — i* sin* * d<f> = hj aA'udu 


1 

' kk‘' 


dn* udu— j^l;'*tt^ 


by § 2272 example 3 ; so that 

dJc .kk'' k 

If we write k‘ = c, k'^ = c', these results assume the forms 


dE_E~K 
do" c ’ 


^dE _ E-Kc' 
dc cc' 


SxampU 1. Shew that 


dE' K' ~ E' -dE' cE —E' 

Example 2. Shew, by difierentiation with regard to c, that EE' ■¥ E' E - EE' is 
constant. 

Example 3 Shew that E and E' are solations of 


dk 

and that E and E' — K' are solutions of 

d 




dt 


(•S) 




(Legendre.) 


227S7. The values of the complete elliptic integrals for small values ofk. 
From the integral definitions of E and £' it is easy to see, by expanding 
in powers of k, that 

lim K <= lim E = \rr, lim {K — E)jk ‘ «• i w. 

*-^o * *-p.o * 

fir 

In like maimer, lim E' <= f coaif>d^ = 1. 

*-»» Jo 

It is not possible to determine lim£' in the same way because 

(1 — fc'* sin* * is discontinuous at ^ = 0, A»»0; but it follows from 

example 21 of Chapter xiv (p. 299) that, when j irg ib { < w, 
lim {K' — log (4/A)j -> 0. 
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This result is also deducible fivm the formulae StfST'^^irrSi', h; nuddng 

9 0 ; or it may be proved for real values of it by the following <^ementary metiiod : 

By § 22-32, " 4 (1 now, wlieni<«<»^i, (!-<•) Um between 

1 and l-i; and, when (r*-i»)/<» lies between 1 and 1-i. Therefore S' lies 

between 

(<• -i») (1 - 1») - 4* 

(1 -i) - 4||^* (<• -is) - 4*+ j 1 (1 - r«) -4 a|. ; 

X' = (l-di)-4|log 


and 

and therefore 


Jk 


k ---- 1 + ^(1-*)} 


whereO^d^l. 

Now 


= (1 - di) - 4 [2 log {1 + V(1 - i)} - log il 
lim[2 (l-di)“4log{H-^(l -*)) -log4] = 0, 

k~m.O 

lim {1 - (1 - Bk) - i} log i-O, 
A-H) 


lim (JT' 1<^ (4/it)} =a 0, 


and therefore 

which is the required result 

Example. Deduce Legendre’s relation from § 22736 example 2^ by making i-^O, 

2274 Tke elliptio integral of. the third kind*. 

To evaluate an integral of the type 

f(l + iW)- {(.!,<• + -B.)) ' 4 dt 




in terms of known functions, we make the substitution made in the corre- 
sponding integrals of the first and second kinds (§§ 2272, 2273). The 
integral is thereby reduced to 

/"a-l-^sn'Uj . f sn’u , 

J 1 + van'll J 1_+ van' u 

where a, /S, v are constants ; if v = 0, — 1, oo or —Ifi the integral can be 
expressed in terms of integrals of the first and second kinds ; for other values 
of V we determine the parameter a by the equation r — — ifc* sn’ a, and then it 
is evidently permissible to take as the fiindamental integral of the third kind 

, /■•Adsnacnodnnsn'u , 
n (u, a) = I — ^ — n— - — — - du. 

' Jo 1— w’sn’osn'u 

To express this in terms of Theta-functions, we observe that the inte- 
jpand may be written in the form 

iifc*Bn«sno{ai(» + a)-bsn (« — a)) "=i{Z(u — a) — Z (u + o) -1- 2Z (o)}, 

** LegradrCo Bxercieee de Calad IfUkgrel, X. (1611), p. 17; FoneHtnu EUi^iftUM, i. (1835), 
li-18, 74, 76; Jaoobi, FymdametUi^ Nooa (1829), 'pp. 187-172; we employ Jaeobi*B notation, 
not Legendn’a. 
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by the addition-theorem for the Zeta-fnnction ; making nee of the formula 
Z (u) “ 0' («)/0 («). we at once get 

n (», a) = I log («). 

a result which shews that IT (u, a) is a many-valued function of « with 
logarithmic singpilarities at the zeros of 0 (u ± a). 

Sxamph I. Obtain the addition-formola* 
n(». a)+n(., 

1 ~ir*sP0 8D ttiiDvan(u-^V‘~a) 
^l+i:*sna8ntt8Dt»ati(«+v + a)* 

(Legendre.) 

(Take x :y :z:vf^u :v :±a : u^v±a in Jacobi’s fundamental formula 

„ , „ , W+[i]*W+[iT> 

Example 2. Shew that 

II(«, a)-II(a, »)=uZ(o)-aZ(u). 

(Legendre and Jacobi.) 

[Thie ia known ae the formula for interchange of argument and parameter.] 

Example 3. Shew that 

,, , 1— i’ana8nisn»*n(o+6-«) 

n(«, a) + n(u, 6 )-II(u, a+6)=41og , — 13 r- — -r-; — ; 

' • ' ^ ^ “ l+iHBiiosno8n«8n(o+6+«) 

+ at* an o sn 4 sn (o + 4). 

(Jaool^) 

[This IS known as the formula for addition of parameters.] 

Example 4, Show that 

n(i«, ia-)- ir, i)=n(«i, a + jr', f). (Jaootm) 

Example &. Shew that 

n(v + v, a + d) + n(ie-v, a-d}-sn(u, a)-2n(», i) 

u I ./ , , , , , iM 1 , 1 -4*sn*(w-o)sD’(»-6) 

°-4»anasot.{(«-)-»)Bn(o-)-4)-(u-v)an(o-4)}-Hlog ^^^,^^^^^ -- ^^jt - ^;^ - ^ . 

and obtain special forms of this result by putting v or 4 equal to aero. (JaoobL) 


22'741. A dynamiaal applidalioa of the ell^tic tntSTnif of the third kind. 

It is evident fhom the expression for n («, a) in terms of Theta-fiinctions that if a, a, it 
are real, the average rate of inorease of □ («, a) as a increases is Z (a), since O («±a) is 
periodic with respect to the real period BE. 

This result dstermines the mean precession about the invariable line in the motion id 
a rigid body relative to its centre of gravity nndsr forces whose resultant passes throo^ 
its oentre of gravity. It is evident that, for purposes of oompatation, a result of this naturs 
is preferable to the corresponding result in terms of Sigma-funotionB and Weier^raasuin 
Zeta-fimctions, fw the reasons that the Theta-functions have a specially simple behaviour 
with respeot to their real period — the period which is id importance in AppUed Mathe- 
matire — and that the g-seriea are much batter adapted for computation than the produot 
by which ihe Sigma-function ia most simply defined. 

* Mo fewer than 98 forms bars beta obtained for the eyr ss s i on on the right. Bsa Qlaishsr, 
ifeHragtr, i. (1881), p. 134. 
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22'8. The lemniscate functions. 

The integral ( (1 — **)“* <i« occurs m the problem of rectifymg the arc of 

J 0 

the lemniscate*, if the integral be denoted by if>, we shall express the 
relation between tp and x by wntingt x = sin lemn <f>. 

In like manner, if 


we wnte 
and we ha\e the relation 


X = cos lemnc^i, 
sin lemn <f) = cos lemn ® ~ 


These lemniscate functions, which were the first functions! defined by the 
inversion of an integral, can easily be expressed in terms of elliptic functions 
with modulus 1/^2, for, from the formula (§ 22 122 example) 

u = f {(1 - fc'V)(l + -4 dy, 

' 0 

It 18 easy to see (on wnting y = < •JT) that 

sin lemn <^ = 2 ” * sd ((^ V2, 1/^2) , 
similarly, cos lemn 0 = cn((^ \/2, 1/^2). 

Further, is the smallest positive value of ip for which 
cn(^ \/2, 1/V2)“0, 

so that CT = i/2K,, 

the suffix attached to the complete elliptic mtegral denoting that it ie 
formed with the particular modulus 1/V2 

This result renders it possible to express K„ in terms of Gamma-functions 
thus 

if, = 2i(' (1 — f It "i(l — it)'"4du 

JO Jo 

- 2 - i r (i) r (i)/r (?) = iw i [r (i)l», 

a result first obtained by Legendre§ 

Since k = k' when k = 1/^2, it follows that IT, = K,', and so y, =■ e"* 


* The eqnatioQ of the lenuueoste being r*=aSoos9S, li le eeaj to derlre the eqnettoi 

t Qftiise wrote el and ol for tin kom end ooe Isnn, Werke, m. (1676), p. 403. 

X G»bu, Werity hl (1876), p. 401. Theidenof inveetigAtu^ ^ foaotionf oaonrred to Gaim 
on Jaanioj 8, 1707. 

f BxerwS€$ de Caleu2 Jntfpral, k.j[Puu, 1611), p> 300. The vnliie of £« u 1*8£W468 
whilA «s3'63306756 . 
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22 - 8 , 22 - 81 ] 


EacmpU 1. Express JTo m terms of Osmms-fmictions by using Kummer’s formuls 
(see Chapter xir, example 12, p 298) 

Examj^ 2 By writing <->(1 — u*)^ in the formula 


shew that (l~u*)~'^du+ 

and deduce that {r 

Example 3. Deduce Legendre’s relation 22 736) from example 2 combined with 
§ 22 736 example 2 


Example 4, Shew that 


, I — cos lenin*<i 

«tn lemn*<i ss . _ \ 

1 -j- COB lemn* 9 


22*S1. The vcduee of K and K for special vaXuee of k 

It has been seen that^ when k=z l(J% K can be evaluated in terms of Gamma functions, 
and K^K , this is a special case of a general theorem* that, whenever 

K‘ a-^hjn 
K c-^djn^ 

where b, e, d, n are integers, is a root of an algebraic equation with integral 
coefficients 

This theorem is liaaeii on the theory of the transformation of elliptic functions and is 
lieyond the scope of this book, but there are three distinct cases in which i, Ky K' all 
have fairly simple values, namely 

(D 

(II) K =AV3, 

(III) il:=tan»j7r, K 

Of these we shall give a brief investigation f 

(I) The quarter periods ftnth the modulus ^2 — 1 

Landen’s transformation gives a relation between elliptic functions with any modulus k 
and those with modulus I:, (1 — ^)/(l + ^) » and the quarter periods A, \ associated with 

the modulus ir^ satisfy the relation K'I.\^%K JK 

If we choose h so that then and k{==^k so that A — K y and the relation 

\*I.\ = 2K'}K gives A^^SA* 

Therefore the quarter periods A associated with the modulus given by the 
equation J:i«(l —jfci)/(l+ii) are such that a'=±As/ 2, le if then V=a^/2 

(Binoe A, V obviously are both positive) 

(II) The quarter per%ode associated with the modulus sin ^ir 

The case of /t«sain^>^ was discussed by Legendre he ubtamed the remarkable 
result that, with this value of ky 

* Abel, Journal fUr Math ni p 184 [Oeuvre*, x, (1681), p. 877] 

t For some similar formulae of a less simple nature, see Eronecker, Berliner StUungsbeneku, 
1857, 1862 

X Exereiees de Caleul Intigrat^ i (1811), pp. 59. 210; Fonetians £Utpttfiiex, i. (1825), 
pp. 59, 60 
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This result foUuws from the reUtion between definite integrals 

To obtain this relation) oonaider taken round the oontour formed by 

part of the real azia (indented at by an arc of radius joining the points 0 i 
^ the line joming to 0 and the arc of radius -R joining the points j? and Jie^ ; 
^-*> 00 ) the integral round the arc tends to sero, as does the integral round the indents ti 
and SO) by Cauchy^s themem, 

j' (x>-iy (1+n*) "4*f-0, 

on writing x and xe^** respectively for e on the two straight lines. 

Writing 

j" (x>-l)-*dx-It, J*(l+:r*)"4<ir-J‘' (1 -a:») J 

we have /,+»/j=J(l+»./3)/»: 

so, equating reai and imaginary parts, 

i.-Ka, -r.-i/.Js- 

and therefore /i + fs-* /j^/3«=4/s+/j - f/i—O, 

which IS the relation stated*. 

Now, by § 28’7* example 6, 

/, = 4(a« + 3»)'iA, /, + /,-4(a*+/S*)-4ir', 
where the modulus is a (a*+^) “ i and 

ii>=2./3-3, ;9‘-2V3 + 3, 

SO that jH=»J(2-v^3) = Bin*^ir 

We therefore have 

3"i.2jr-3"*.2X'-/,-3*/, 

=3-i 

when the modulus iis sm 

(Ill) The ^uarter-penodi with the modfUus 

1^ m Landen’s transformation (§ 22 4S), we take we have A'lA=2£'IK*^i 


now this value of k gives 




and the corresponduig quarter-periods A, A' Me J(l-)-2"*) Ai, and (1 -1-2“*) AT,. 

£xample 1. Biacuaa the quarter-penods when t hae the valuee (2^2-2)^, sm 
and2*(V2-l). 


* Another method of obtainmg the relation ie to express I], J|, /• in terms of Ounmi 
Amotions by writing , t " (t-i - 1)4 respestively for x in the integrals by which Jj, /*, Za ar 
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22-823 


ExtnnpU 2. Shew that 

I»«0 

(Qlaisber, Meumgtr^ v.) 

ExampU 3. Express th« coordinates of any point on the curve 1 in the form 

3*(1 — on u) 2 . 3^ sn u dn V 

* 1+cntt * (l+tjnu)* ’ 

where the modulus of the elliptic functions is sin ^ir, and shew that ^=3“ 

By oonsideriog j j evaluate JT in terms of Gamma-fiinctiona when 

imsin^ir. 

Example 4. Shew that, when — 1, 

and thence, by using example 3 and expressing the last integral in terms of Gamma- 
functions by the substitution obtain tho formula of Legendre {Calcul InUgral^ 

p. 60) connecting the first and second oomplete elliptic integrals with modulus sin : 

Example 5. By expressing the coordinates of any point on the curve F*»=l'-X* m 
the form 

„ 3^ (I - CPC ) _ 2 . 3^ sn B dn T 

- “ 1 + cn V ’ (I + cn r)> ’ 

in vrhicb tho modulus of the elliptic functions is sin aud evaluating 

in terms of Gamma-functions, obtain L^endre’s result that*, when i^^sin 
vJ3 




22*82s A gwmetncal UluitnUion of the fwnctioiu an v, cn u, dn u. 

A geometrical representation of Jacobian elliptic functions with 4ml/,y2 is afforded by 
the arc of the lemuiscate, as has been seen in § 22*8 \ to reprea^t the Jacobian functions 
with any modulus it (0 < it < 1), we may make use of a curve deeeribed on a tphere, known 
as Sdffer^t rpktriaal rpiral f. 

Take a sphere of radius unity with centre the origin, and let the cylindrioal polar 
coordinates of any point on it be (p, x), so that the arc of a curve traced on the sphere 

is given by the formula! 

* It is intMTSsting to obserre that, when Legendre had proved by differentiation that 
- KK* la constant, he used the results of examples 4 and 5 to determine the oonstant, 
before using ihB methods of % 32*6 example 3 and of § 33'787. 

i Seiilert, Vehrr eine neu« geometrUeh* Eir^Uhrung in die Thsorte der ell^tUchen Funktionen 
(Ofaarlottenbnrg, 1806). 

•X This ts aa obvious transformation of the formula liia)t=((^)®+p*(i2^)*+(<la)*wben p and a 

oonneoted by ^ relation 
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Seifiert’s spiral is defined by the equation 

<i>=h, 

where « is the arc meMured from the pole of the sphere (i.e. the point where the axis of $ 
meets the sphere) and il; is a positive constant) lees than unitj*. 

For this curve we have 

(<£•)*(! 

and so, since « and p vanish together, 

p«gn («. i). 

The cylindrical polar coordinates of any point on the curve expressed in terms of the 
arc measured from the pole are therefore 

(p, ^ *)-»(sn j, tsy cu s ) ; 

and dn s is easily seen to be the cosine of the angle at which the curve outs the mendian. 
Hence it may be seen that, if f be the arc of the curre from the pole to the equator, then 
sn t and on t have period 4£’, while dn « has period SiT. 


REFERENCES 

A. M. ijEOENdbe, Tratti dss Fonctiont Mhptigws (Pans, 1625~'1628). 

C. G. J. JaooBi, Fundamtnta- Nova Theonae Functiofwm Elhpt%carwn (KOnigsbcrg, 
1829). 

J. Tannery et J. Mole, FonctiOTUi EU\ptiqve$ (Paris, 1893-1902) 

A. Catlet, Elliptic Functiofu (London, 189fi). 

P. F. Vekhulbt, TraiU fUmcntaxrc dc$ fonctioru vUiplique* (Brussels, 1641). 

A. Eknspeb, ElUptuche Fwiktxonmy Zweite Auflage von F. Muller (Halle, 1890). 


Miscellaneous Examples. 

1. Shew that one of the values of 


dn K +cn ^ / dn a — cn (/ 1 - sn « ^ / l + s nu 

, 1+cnu / \ 1— cnu / J iVdnu-Psnu/ \dn« + Psntt/ ) 

(Math. Trip. 1904.) 


i» 2(l+i'). 

2. If jf+«y=sn’(#+«r) and a— ly— »n*(«— w), shew that 

{(»- l)>+y*}^— (**+y*)^dn 2w+on 2tt 


3. Shew that 


4. Shew that 


(Math. Trip. 1911.) 


{1 ±en (»+e)} (1 ±on („_,)}» . 

, , , . , , ^ cn*ta+on*» 

l+cn(«+»)on(»-»)— 5 — 71 — I 1 -. 

' ' ' l-**sn*»sn*» 


* If jlE:>l, the oorre u imaginary. 


(Jacobi.) 
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, n I + cn(«+®)cu(«-i>) ^ « 4 « 

6. Express rr — t v m a function of Bn*tt+8n*t'. 

^ 1 +dD(?« + »>)dD (u-v) 


6. Shew that 


an (u — v) dn (u + v)= 


(Math. Trip, 1909.) 
an tt do cn - SD r dn V CD u 

(Jacobi.) 

7. Shew that 

(1 -(l + ife') snttan («+ A)} 0 — (I an wan (« + ^)} = {au (m+A')-bd a}*. 

(Math. Trip. 1914.) 


8. Shew that 

9. Shew that 

1 0. Shew that 
and hence exprese 


/ . 1 . ,.v -iPan M + cn « dn tt 

, 1 i (1 +i^) an tt + i cn dn w 

. , , . , .. 2ac M cn du z' 

am (am (iA+-v) + am(u-n)}«= r — , , 

‘ ^ ’ 1 — ir* 8D* u an* u 

, , , , ,, cn*»-8n*vdn2u 

ooH {am am («-»)[*» . ,, - 


j / . ^ 1 / N da^uda* v + Pir» 

dn (u-j-v) an [u - v)^ — ; s 75—, 

rf>_fw + v)-e3 


(Jacobi.) 


(Trinity, 1903.) 


aa a rational function of P(w) and ipiv). 

11- From the formulae for cn (2A— u) and dn(2A-*u) combined with the formulae 
for 1 + on 2tt and 1 4-dn 2tt, shew that 


(l-cn|lA)(l+dn|A)-l. (Trinity, 1906.) 

12. With notation similar to that of § 22*2, shew that 

Cid^-Cjd i cn (U| + - do ( 1 ^ + %) 

8n(tti+«s) ’ 

and deduce that, if Vi + vs4‘ttfl+tt4 0 >> 2 A, then 

(Cidt- c,cfi) (erf, (»s-*4)- 

(Trioity, 1906.) 

13. 'Shew that, if ic + v+«pb 0, then 

1 — dn*«— dn* V— dn*tp+2dn vdn rdn it* 4:* an* « an* p an* w, 

(Math. Trip. 1907.) 

14. By Liourille’s theorem or otherwise, shew that 

dnudn (« + w)--dn pdn (v+w)— 4*{8n renusn (r+w) cn (u+w) 

— BD VCD V8n(a4‘ip) cn (v+w)}. 

(Math. Trip, 1910.) 

15. Shew that 

ScDUsGn«tBn(ws-vs)dnai+8n(«8-as)aQ(vt~wt)8n(aj~ii,)dii Uidn«adni(8»0, 

the summation applying to the auffioes 1, 2, 3. (Math. Trip. 1894.) 

w. H. A. 34 
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16. Obtun the formnlae 

an 3u-c A//>, CD 3u=^SfD, do 3u— C/D, 
where A=8«-4 (l+i*) r^+ftS***-****, - 

{1 -4.«+6i»r*- 

<7=4 {l-4i*.>+6is<‘-4i»««+i‘<»), 
H-l -ei«j<+4i»(l+i*)»«-3i‘«», 
and <~auu, e=cnu, a^^dov. 

17 Shew that 


1 — dn 3tt _ / I - dn »\ /^l+aidn«+ 0 jdn“tt+nidn>M+ 04 dn’tt'\* 
l+dnSu \1 +dntty \1 — a,dn«+<isdn>u- aadi?i*Ta^di?u/ ’ 
where Oi, Oj, Oj, a« are constants to be determined (Tnnity, 1912 ) 


lA If 



shew that 


P (a) + iP (u 4- 2» A ') ^ _ sn 2» cn M 
P{u) - P(tt4-2»A') cn 2w an u 
Determine the poles and iieros of P(a) and the first term m the expansion of the 
function about each pole and aero 

(Math Trip 1908) 

19 Shew that 


sn(iti + aj+Kj) = A/0, oo («i+its + u,) = P/Z), dn (a, + «a + «,)»= C/P, 

A=IiSi« 3 { - 1 -i»+ 2 Hl«,»-(H+t«) Ss 4 V+ 2 't‘»)**s*» 3 *) 

+ 2 {ttCtcdid, (1 + 2 i>* 3 »x,» - i« 2 s,V)}, 

S».C,C8<J, {1 

+ I {c.iHiSjrfjds (- 1 + 2 A‘«sV+ 2 i*»,> ew$% 

C {1 - i»s.,».3>'+ 2i* 

+i»2 ( - 1 +a(4.,S* + 2*i’ - *“I VO). 

D =1 - 2 i>IS 3 *» 3’+4 (F + 14 )s,>r,*s 52 - 

and the eummatione refer to the eulfioes 1, 2. A (Qlaisber, Matmger, xi ) 

20 Shew that 


8n(tti+«,+Kj)=A7/)', cn(«,+ti,+« 3 )=P'/D', dn («, + %+ a,) = (7'/D', 
where A'=X5iCjCsdsii^-»i»j*»(l+‘f*'*i^2*i’+i*»i**j'«3*). 

5'-o,cj<!j(1 - k'tiWH*)-did,<hit,ts<hdi, 

(7'=d,d,d,(l 

fy •= 1 - +(i 4 +it*) »i* 3 a*» 3 * - ***i >r« 32 s, egc>.<f|rf 3 

(Cayley, Journal fiir UatK lu.) 


21 By applying Abel’s method (§ 20 312} to the intersectioDS of the twuted curve 
s:*+^=.l, Witt the variable plane ir+my+»»»l, shew that, if 


then 


“i+ei+Ks+ei^O, 
ti Cl di I 1 = 0 . 

S 3 C 3 dj 1 

*3 13 ifs I 

#4 C 3 cf| 1 


Obtain this result also fWim the equation 

(f,-si) (c! 3<^« -e«<^)+(»«-*s> (oirfi-««<ii)“0, 
which may be proved by the method of example 12. 


(Cayley, Meumger, itv.) 
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82. Shew thafc 

by expi*eflsing each side in terma of My , <2> ->a» *4 i deduce from example 21 that, if 

«h+^ + «3 + «4“0, 

then •4<5l<^j + ^aC,tii + #2C3C?44-«lC4i^3 = 0, 

<4 C} 4* 4^ C} (L + 1^C4 dg^MiCgd^^O. 

(Forsyth, Muaenger^ xiv.) 

23. Deduce firom Jacobi’s fundamental Tbeta-fiinctiou formulae that, if 


Ui + U2 + 143+«4=-0, 

then - k^k^Mi8it^M^-^}^CyC.ie^c^ — dydid^d^^O. 

(Gudermann, Journal fU/r Math, xviil) 
24. Deduce Jacobi’s fundamental Tbeta^function formulae that, if 

ttj+tt2+«8+n4=0, 

then (<i* 2 ^C 4 - <5iCb*3«4) — + d^d^ * 0, 

(« , «2 - i a «4) + rf, Ca c* — ^2 <^4 = 0, 

Syt^d^d^ 4*0304 — CjCg^O. 

(H. J. S. Smith, Proe. London Math. Soe. (1), x.) 


25. If Ui+tt|+i4a4-M4=0, shew that the cro8S*rat)o of an an an 1*3, sn ^4 is equal 
to the enwB-ratio of an (Wi4*A’‘), sQ(a24-A), sn(»34*A), an (w*+A'). 


26. 


Shew that 

sn2(M+f) an (u+-v) so 8n*(tt-n) 
cn*(a4-u) on (m + v) cn («•-») cD*(v-t?) 
du*(tt+v) dn (tt+v)dn («~ r) dn*(« — v) 


(Math. Trip. 1905.) 


Sk^SyM^^CyC^dyd^ 


(Math. Trip. 1913.) 


27. Find all systems of values of u and v for which an* (u +tV) is real when u and 1? 

are real and 0 < jt* < 1. (Math. Trip. 1901.) 

28, If A=ai J (a“* — o)*, whore 0<a< I, shew that 

1 IT 

*“ ♦“~(r+ai)(TT2a-«')’ 


and that sn^ }A is obtained by writing - for a in this expression. 

(Math. Trip. 1903.) 


29. If the values of on z, which are such that on are Ci, cg, ... 0^, shew that 

314 n (v+i'* 2 Cr=0. 

rv| r«»l * 

(Math. Trip. 1899.) 

• a+sp(M+«') ^t+cn(«+»’)_ e+dn(« + »’) 

o+8n(« — p) 6+cn(«— ») c+dii(M — «)’ 

aad if none of ear, onu, dnu, 1 — if8i>*«sD'« Taoishea, shew that ii is given by the 
equation 

i* (i’o* + ep» - sn* iP> +i»6*-o». 

(King's, 1900.) 
34—2 
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31. Shew that 

1 /«E- j V /» ^ (I— 2o"9inj7+o**)® 1 

(Math. Trip. 1912.) 


32. Shew that 


1 — an (iKx/x) 


.= 1 ' 


1 — + 


-:}■ 


{dn(2Ak/fl-)-jfr'8ii(2A':cM}i*«=» |2+2?=-"*flin jr+y** 

(Math. Trip. 1904.) 


33. Shew that if i: be so small that may be D^lectcni, then 

an « = sin u — Jit® cm tt . (it - sin w cos tt), 

^or small values of u. (Trinity, 1904.) 

34. Shew that, if j I (a*) { < then 


, . V a Z. 4r7'*RiTi*nx 

log cn (2X.r,V)=log coa^-_^2_ ^ {\+(-q)') ’ 


[Int^frate the Fourier senes for an {^Kxjr)Ac. 
36. Shew that 


cn*«dn*u ' ’ 


[Express the integrand m terms of fimctiuns of 2«.] 


(Math. Trip. 1907.) 


(Math. Trip. 1906.) 


36. Shew tliat 

/ _onj^u ] ■Sri'if ri . ■*>’ t i !['■) 

;enr-anu“ * 5i (i*-^ .*1 "-r) ^i(y+iTT)’ 

where 2Xx=iru, 2Ay = >re. (Math. Trip. 1912.) 


37. Shew that 


38. Shew that 


(1+E)P« J* 


Mn^ udu 
(1+cn «)dn^tt 


k I Bnuau=*log - — r 

J a- fi I — X 


l + ilrsn a sn ^ 
BD a sn jS ' 


(Math. Trip. 1903.) 

(St John’s, 1914.) 


39. By int^irating Jd^dnucsvcfe round a rectangle whose comers are ±ifr, 
± ^ yr + 00 1 (where 2ir< = trtt) and then integrating by parts, shew that, if 0 < < 1 , then 

I cos(irtt/ir) logsn udu^^JT tanb (^irir). 


40. Shew that S and JT' satisfy the equation 


(Math. Trip. 1902.) 




where c—i*; and deduce that tbej satisfy Legendre's equation for functions of degree 
- ^ with argument 1 «- 21*. 
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41. Express the coordinatee of any point on the curv© 1 in the forro 

2 . 3 ^ 8u tc dn « " { 1 "cn «)* 2^coa (l-cntt){l+taD ctiv .) 

2 . 3^ an -w dn ~ on m)* 2 . 3^ an wdn w+(l - cn u)^ 

the moduluB of the elliptio functions being sin ^ n ; and shew that 

j (1 — j::®) ~ ^ (I — y®) ”^d[ys= 2”^ . 3^ ?t. 

Shew further that the sum of the pararo^ni of three coUiuear points on the cubic is a 
penod. 


[See ~.*chelot, t/bumof fur Math. ix. (1832X pp. 'tt)7-408 and Cayley, Proc. Cumh. Phd 
Soc. IV. (1883), pp. 106-109. A uniformisiiig variable for the general cubic in the canonical 
form T^-i-Z^-^&mXy2!=0 hii« l>een obtained by Bobek, Einleitung in die Theorte der 
elliptvsckfn Funktioiien (Leiji/ig, 1884), p. 251 Bixon {Quarterly Journal, XXIV, (1890), 
pp. 167-233) has developed the tbe<jry of elliptic functions by taking the equivalent curve 
^ ** 3a*y = 1 as fundamental, instead of the curve 


42. Express f {(2 t ~ x^) (4x^ + 9}} ' ^dx m terms of a complete elliptic integral of the 


J « 

first kind with a real modulus. 
43. If 


(MatK Trip. 1911.) 


u=j“{(t+l){t‘+c+l)}- 




express s in terms of Jacobian elliptic functions of u with a real modulus. 

(Math. Tnp. 1899.) 


44. If 


M = ^ V 1 ~ ^ dt, 


express x in terms of u by mean^ of either Jactibian or Woierstrctssian elliptic functions. 

(Math. Trip. 1914.) 

45 Shew that 

2^.r* 

(Tnmty, 1881.) 

46. When a > x* > ^ > y, reduce the integrals 


1“ {(a- t) {t - 9) (« - y)) -ide, ((o - 0 (« -9) (C - y)( " 
by the substitutions 

x:- y=(a- y)dn*u, x— y«(;i-y) nd*v 
respectively, where <fe*—(a-3)/(a-y). 

Deduce that, then 

1 - sn* tt— sn* r+it^sn* W8ii*v»0. 


By the substitution (a — 0 (^~^)/(f~y) applied to the above Int^ral taken between 

the hmits ^ and a, obtun the Qaussian fonn of Landen’s transformation, 

where ai, 61 are the arithmetio and geometric means between a and b. 

(Gauss, Weriff UL p. 3&2; M^ath. Trip. 1890.) 
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47. Sbew thftt 

ac w»= -r-i {C (« - JT) ~C{u-K- 21X0 - ( (2»^0}, 
where the Zeta^fonctioDB are formed with peneds Swj, 2«»9»SXy 4tX\ 

(Math. Tnp. 1903.) 

48. Shew that satisfies the equation 

where and obtain the pnmitive this equation. 


49. Shew that n j' fK'di^in-l) j' 

(«+2) I'jfE'di^in+l) 


(Math. Tnp. 1911.) 

(Trinity, 1906.) 


60, If 
shew that 

61. Shew that the primitive of 


, .s'i’u .1 1 Ixfl-a))* 


(Tnnity, 1896 ) 


(Math. Tnp. 1906.) 


(Math. Tnp. 1910.) 


^ + !^! + -^=0 
di^ i 

A(E-K)+A’E' 

^^AE+A’(E’-Ky 

where A* are constants. 

52. Deduoe firom the addition-foimula for E{v) that^ if 

then (sn Uisntis— 6ni43SDi/4;8n(»2*f ti,) 

18 unaltered by any permutation of suffioes. 

63. Shew that 

E(,zu)- zE («) = fTeFiJ+ilF+IJK^^^ • 

(Math. Trip. 1913.) 

54. Shew that 

3i» |“»od*»(i»=2A {(*+**) Jr-2(l+**)-ff}- 
[Write w=ff 4 -w] (Math. Tnp. 1904.) 

55. By coQsideriiig the cunrea y*-.x(l — x) (1 — i**), y=l+mxAnxf, shew that, if 
«i+«j+« 3 +» 4 = 0 , then 

.^(**i) + ^(aa) + ^(w*)4-^(tt<) = ^ "I 2 r.* + — 2ai*2#3«4 — 2|- 

(Math. Tnp. 1908.) 

56. By the method of example 21, obtain the following seven expressions for 
.ff(»,)+.fi(«j)+if(«s)+jE(« 4 ) when «,+«i4-tt3+«|— 0 ; 

»»*«<»»« i . J 4 .c.itL 4 . JI . 

i^E*t,HH*i-d^d,d,d, J^^JrKCrdr), 

-i‘{(»,»j^S4)'*+(i>ii^<2<i|)'*+**(rfi<^<isrf4)'‘}''‘ * l/(*,eA). 

r«»l 

(Porayth, Mmmjftr, xv.) 
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57. Shew that 


\ «■ / \ *r / w* »»i 1-S 

wbeii I I{x)\< irl (r) ; and^ by differentiation, deduce that 

e DB* coseo* *-+4 j^(l +*») (^)*- jJ cosec* j 

+64 (1 + **) _ 2i* 


coe27u; 


Shew also that, when {/(4r)|<iir/(r), 

,(iKx\ Z fl+-t* (2n + l)»/ jr \*] 2 ir 9 *+* 8 in( 2 « + l)» 

V'.* ; “.I, t st^ " 2i*" W) ] • 

(Jacobi.) 

56. Shew that, if o he the semi-major axis of an ellipse whose eccentricity is sin ^w, 
the perimeter of the ellipse is 


[(i+ -M 

WaJ IV VsjrcD^rCiip 


(Ramanujan, Quarterly Journal, xlt.) 

59. Deduce from example 19 of Chapter xxi that 

„ -t'* + dn*«dn3» , , i’+Hcn'Mcn 3« 

i*on>2tt="-; — H — i s— I dn*2» = -,-l-7, — = . 

l+i48n*«8n3« l + i4gn>vsn3u 


(Trinity, 1882.) 


60. From the formula sd (fu, *)— t sd (m F) deduce that 


i .1 (^‘^) ■ k- 

where j=texp (-irff'/A), qi^BXf^-uKjK'), 

and u lies inside the parallelogram whose vertioes are 

±t7r±A". 

By integrating from u to AT' from 0 to u and again from u to K', prove that 
jri » i~\.9 ?_ gogjj 


-(AT'*- A*- «») + «■» I 


.to(S»+l)* (!+?"*•) 


^g., i - ■cosA”-±i^^ 

.:„(2a+iy(l+j,‘>*>)“*V S' ) 


[A formula which may be derived from this by writing u«°£+ti), where £ and s are 
real, and equating imaginary parts on either side of the equation was obtained by Thomson 
and Tait, Ifataral PkHotopKy, a. (1883), p 249, but they failed to observe that their formola 
was nothing but a consequence of Jacobi’s imaginary transfomiataon. The {mmiila was 
suggested to Thonuion and Tait by the solution ot a problem in the theory of Slaataeity.] 



CHAPTER XXIII 

ELLIPSOIDAL HARMONICS AND LAMfi’S EQUATION 


231. The deJimUon of ellipsoidal harmonics. 

It has been seen eai-her in this work (§ 18'4) that solutions of Laplace’s 
equation, which are analytic near the origin and which are appropriate for 
the discussion of physical problems connected with a sphere, may be con- 
veniently expressed as linear combinations of functions of the type 

r^Pnicoaff), r“P„“(co8^)^P*TO(^, 


where n and m are positive integers (zero included). 

When P„(cos^) is resolved into a product of factors which are linear in 
cos* 6 (multiplied by cos 6 when n is odd), we see that, if cos 0 is replaced by 
a/r, then the zonal harmonic r"P„ (cos 0) is expressible as a product of -factors 
which are linear in ir*, y’ and z*, the whole being multiplied by z when n is 
odd. The tesseral harmonics are similarly resoluble into factors which are 
linear in ®*, y* and z' multiplied by one of the eight products 1, x, y, z, yz, zx, 
xy, xyz. 

The surfaces on which any given zonal or tesseral hannonic- vanishes are 
surfaces on which either 0 ox d has some constant value, so that they are 
circular cones or planes, the coordinate planes being included in certain cases. 

When we deal with physical problems connected with ellipsoids, the 
structure of spheres, cones and planes associated with polar coordinates is 
replaced by a structure of confocal quadrics. The property of spherical 
harmonics which has just been explained suggests the construction of a set 
of harmonics which shall vanish on certain members of the confocal system. 

Such harmonics are known as ellipsoidal harmonics ; they were studied by 
Lame* in the early part of the nineteenth century by means of confocal 
coordinates. The expressions for ellipsoidal harmonics in terms ot Cartesian 
coordinates were obtained many years later by W. D. Niven'f', and the 
following account of their construction is based on his researches. 

The fundamental ellipsoid is taken to be 


and any confocal quadric is 


a* z* 

1 V J. _ sx 

o* 6* c* 


1 , 


af y* z‘ 
a‘-t-0*l>‘+0^c‘ + 0 ’ 


• Journal <U Math. n. (18S$), pp. lOU-lSS, ISfi-lSS. 
t Phil. Tram. 18Si(I802(. pp. 231-378. 
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28'1, •23-2} 

where 6 in & constant. It will he neceHsary to consider sets of such quadrics, 
and it conduces to brevity to write 

¥+ 0^ '^b’+Tp'^ JTWp - ^ = a^p 6H. dp ^ V+dp " 

The equation of any member of the set is then 

ep = o. 

The analysis is made more definite by taking the a:-axi8 as the longest axis 
of the fundamental ellipsoid .Vhd the z-axis as the shortest, so that a>b>c. 

23'2. Ths four species of ellipsoidal harmonics. 

A consideration of the expressions for spherical harmonics in factors 
indicates that there ai'e four possible species of ellipsoidal harmonics to be 
investigated. These are included in the scheme 

ys, 

1 , y, zx, xyz 
s, xy, 

where one or other of the expressions in ) j is to multiply the product 

e. 

If we write for brevity 

e„ = n(©), 

any harmonic of the form 11 (©) will be called on ellipsmdal harmonic of the 
first species. A harmonic of any of the three forms* ®n (0), yll (©), xll (0) 
will be called on ellijisoidal harmonic of the second species. A aarmonic of 
any of the three fiiniis* yzVl (0 i, 2x0 (0 ), xylT (0) will be called on ellipsoidal 
harmonic of the third species. And a harmonic of the form xyatl (0) will be 
called an ellipsoidal harmonic of the fourth species. 

The terms of highest degree in these species of harmonics are of degrees 
2 to, 2m + 1 , 2m + 2, 2m + .3 respectively. It will appear subsequently (§ 23'26) 
that 2»i + 1 linearly independent harmonics of degree n can be constructed, 
and hence that the terms of degree n in these harmonics form a fundamental 
system (§ 18-.5) of harmonics of degree n. 

We DOW proceed to explain in detail how to construct harmonics of the 
first species and to give a general account ot the construction of harmonics of 
the other three species. The reader should have no difficulty in filling up 
the lacunae in this account with the aid of the corresponding analysis given 
in the case of functions of the first species. 




The three (orme wlU be dietiagaiehed hi heiag deesribed ea difleieet of the epeeiee. 
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231il. Tke construction of elUpsoidal kasnnonics of the first species. 

As a simple case let us finjt consider the harmonics of the first species 
which are of the second degree. Such a harmonic must be simply of the 
form 

Now the effect of applying Laplace’s operator, namely 

a* + ff. 6* + C’ + ^I 

18 2 ^ 

+ ^1 6* + c* + ' 

and so S, ts a harmonic if 0^ is a root of the quadratxo equation 
(0 + h')(0 + c')-¥(0+d‘)(0 + a') + ((9 + o*)(tf + i’) = 0. 

This quadratic has one root between — c* and - 6* and another between 
— i* and — a*. Its roots are therefore unequal, and, by giving 0i the value of 
each root in turn, we obtain two* ellipsoidal harmonics of the first species 
of the second degree 

Next consider the general product 0,©s . . . 0* ; this product will be denoted 
by n (0) and it will be supposed that it has no repeated factors — a supposi- 
tion which will be justified later (§ 23-43). 

If we temporarily regard 0,, 0j, ... 0,, as a set of auxiliary variables, the 
ordinary formula of partial differentiation gives 

an(0)_ • dn(0)^^ « 5n ( 0 ) ar 
dm “ 30, 3® 30, 'a’ + 0p‘ 

and, if we differentiate again, 

3»n(0) 5 30(0) 2 3>n(0) Sir* 

dm" 30, ■ a’ -I- tf, 30,30, ’ {a? + 0,) (a» -t- »,) ’ 

where the last summation extends over all unequal pairs of the integers 
1, 2, The terms for which />=? may be omitted because none of the 

expressions 0,, 0,, ... 0„ enters into 11 (0) to a degree higher than the first. 

It follows that the result of applying Laplace’s operator to II (0) is 
g 3n(0) f 2 ,2 2 1 

pti 30, + 

3»n(0)f 8s* 8y» • 8x« 1 

^ 30,30, |(o‘ + 0,) (o* + <»,) T (6* + 0p) {If + 0t) (ci + 0,){(? + 0t)l ' 

The CoixlMs set Ot 5 sUiptoidal hammair's ot tbs neOOd (l«g»s is oom fO ss J of ttwM two 
Ug^tbarnitfa thStbiMlannonios ys, at,xg, wbiob snof tho third afsdss. 
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23 ’ 21 ] 


and 90 (0)/30, oonsiats of the product 11 (0) with the factor 0, omitted, 
while 0“II (0)/30p30, consists of the product 11 (0) with the &ctorB 0,, and 
0j omitted. That is to say 

„ a*n( 0 ) 3n(0) 3*n(0) sn( 0 ) 

”50,30, 30, ■ »30,3e, 30, • 

If We make these substitutions, we see that 


_3a;*''’3y“‘*'3i* 


n( 0 ) 


may be written in the form , 

3n (0) f 2 


2 

,-i 


30. 




+ ^ ^ "I- 

C‘ + 6, 


”, 8 

,«i3, - ffj 


(ft* "f* i'y V- "T *^p 

the prime indicating that the term for which q = p has to be omitted from 
the summation 


If 11 (0) is to be a harmonic it is annihilated by Laplace’s operator ; and 
it will certainly be so annihilated if it is possible to choose d,, ... 6^ so 

that each of the equations 

1 1 1 4 

d' + d,'*’ 6* + d,'*‘c»+d,'^^ Sp-e,’‘ 

is satisfied, where p takes the values 1, 2, ... m. 

Now let d be a variable and let A, (d) denote the polynomial of degree 
m in d 

n(d-d,). 

,=i 

If A,'(d) denotes dA,(dl/(id, then, by direct differentiation, it is seen that 
A,'(d) is equal to the sum of all products of d — d,, d — d,, ... d — d„, m — 1 at 
a time, and A,''(d) is twice the sura of all products of the same expressions, 
7R — 2 at a time. 


Hence, if d be given the special value d,, the quotient A/' (d,)/A,' (d,) 
becomes equal to twice the sum of the reciprocals of d, — dj, d,— d„ ... d, — d„, 
(the expression d, — d, being omittedX 

Consequently the set of equations derived from the hypothesis that 

Ml 

n (0,) is a harmonic shews that the expression 




2A.''(d) 


a* + d^6*+d^c*+d A, '(d) 

vanishes whenever d has any of the special values d,, d„ ... 0„. 
Hence the expresuon 

(a» + Id) (6* d) (c» + d) A," (d) + ? j^£ ^ + d) (c* + d)| A/ (d) 
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ie a polynomial in which vanishes when 6 has any of the values 9,, 
and so it has 6— (?,, 6 — tfg, 6 — 0^ as factors. .Now this polynomial is o 
degree + 1 in ^ and the coefficient of is m(m+ i). Since m of th< 
factors are known, the remaining factor must be of the form 

m(m + 0 + \C, 

where C is a constant which will be determined subsequently. 

We have therefore shewn that 

(o= + ^) (i» + 6) (c’ + 6) A," (tf) + i I S (fc> + d) (c» + 6i)| A,' (0) 

= !m (m + i)0 + iCj A. (^) 

That 18 to say, any ellipsoidal harmonic of the first species of (even 
degree n is expressible in the form 

r= 1 W + ^ ^ c* + I 

where 0,, 0,, are the zeros of a polynomial \,{0) of degree , an( 

this polynomial must be a solution of a differential equation of the tjpe 

4 v/Ka= + 0) (6* + 0)(c‘ + ^)) ~ [vKa’ + 0) (b= + 0) (o' + 0)} 

= ln(n + l)(? + 6'lA.(e) 

This equation is known as Lamp’s differential equation It will be in 
vestigated m considerable detail in ^ 23’4-23‘til, and in the course of th 
investigation it will be shewn that (I) there are precisely Jn + 1 differeii 
real values of C for which the equation has a solution which is a polynomis 
in 0 of degree ^n., and (II) these polynomials have no repeated factors. 

The analysis of this section may then be reversed step by step to estabhs 
the existence of J n + 1 ellipsoidal harmonics of the first species of (ever 
degree n, and the elementary theory of the harmonics of the first species wi 
then be complete. 

The corresponding results for harmonics of the second, third and fourt 
species will now be indicated briefly, the notation already introduced bein 
adhered to so far as possible. 

23'22. Ellipsoidal harmonics of the second species. 

m 

We take a: 11 (0,) as a typical harmonic of the second species of degre 


2m + 1. The result of applying Laplace’s operator to it is 




23‘22, 23'23] ellipsoidal harmonics 
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and this has to, vanish. Consequently, if 

• m 

A,(d)= n (S-0,). 

we find, by the reasoning of § 23'21, that A,(0) is a solution of the differential 
equation 

(a’+ 6) (6>+ (?)(c» + ^)A/’(^) 

+ H3 (6* + 5) (c» + 0) + (o’ + 0) (a> + 0) + (a“ + 6) (fc» + ^)1 A,' (ff) 

= [m (m + I) 0 + i Cj) Ae (d), 

where Cj is a constant to be detomiined. 


If now we write As (0) s A + 6), we find that A (6) is a solution 

of the differential equation 


where 


VKa> + 0) + 


= {(im + 1) (2™ + 2) 0 + Cj A (f)i, 
C^C. + l^+cK 


It will be observed that the last differential equation is of the same type 
as the equation derived in §23'21, the constant n being still equal to the 
degree of the harmonic, which, in the case now under consideration, is 2m + 1. 

Hence the discussion of harmonics of the second species is reduced to 
the discussion of solutions of Lamp’s differential equation. In the case of 
hannonics of the first type the solutions ore required to be polynomials in 
d multiplied by V(a‘ + ; the corresponding factors for harmonics of the 

second and third types are ^(6^+^) and V(c’ + ^) respectively. It will be 
shewn sub.sequently that precisely m + 1 values of O can be associated with 
each of the three types, so that, in all, 3m + 3 harmonics of the second species 
of degree 2m + I are obtained. 


23 ' 23 . Ellipsoidal harmonics of the third species. 

, "I 

We take yt n as a typical harmonic of the third species of degree 
2ni + 2. The result of applying Laplace's operator to it is 




9«, V + tfp + + 




8a:» 


8y» 


8ir> 


n 


■ I (a- + e,) (o« + $,} (ft» + 0,) (fr* + 0,) ^ («• + <?,) (c* + <?,)f J ’ 

and this has to vanish. Consequently, if 
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we find, by the reasoning of § 23‘21, that A. (6) is a solution of .the differential 
equation 

(o» + ^) ( 6 * + fl) (c* + tf) A." (tf) 

+ i {( 6 * + 6) (o* + ) + 3 (C* + ) (o* + ) + 3 (a« + ) ( 6 » + 0)} A.' ( 6 ») 

= {7»(w + |)tf + iC',}A,(e). 

where C, is a constant to be determined. 

If now we write A, (0) = A (tf)/V{(fc’ + ^ (c* + tf)j, 
we find that A (0) is a solution of the differential equation 

4 [(a» + 0) ( 6 = + 0){d‘ + 0)\ ^ + <>) (J» + ^ ) (c> + 0)] 

- {(2m + 2) (2m + 3) 6 + 0} A (0), 
where C = C,-Y 4a’ + fc* + c’. 

It will be observed that the last equation is of the same type as the 
equation derived in § 23'21, the constant n being still equal to the degree 
of the harmonic, which, in the case now under consideration, is 2 m + 2 . 

Hence the discussion of harmonics of the third species is reduced to 
the discussion of solutions of Lamp’s differential equation. In the case of 
hatmonics of the fij'st type, the solutions are required to be polynomials in 0 
multiplied by + + tbe corresponding factors for harmonics of 

the second and third types are v'K®* + (““ + ^)1 Vi(“’ + 0)(b‘ + 0)} 

respectively. It will be shewn subsequently that precisely m + 1 values of C 
can be associated with each of the three types, so that, in all, 3m 4- 3 harmonics 
of the third species of degree 2 m + 2 are obtained. 


23'24. ElUptoidal harmonics of the fourth species. 

The hamionio of the fourth specfes of degree 2m + 3 is expressible in the 


form ayz 11 (0p). The result of applying Laplace’s operator to it is 

p-i 

6 

H* * 

vp V -r vp C* + 9/p; 


r5 0n(e)( 6,6.6] 


^ 2 I 

^ ,ae, 0 e,|(o’+ 


8 ®“ 


8 y 


0,) (a* + d,) ( 6 » + 0,) ( 6 * +\) ■*■((:• + «, 


8^ r 

',)(«■+ 


and this has to vanish. Consequently, if 

A.(e)s ii (, 0 - 0 ,). 

*■=1 

we find by the reasoning of § 23'21 that At(0) is a solution of the equation 
(a* + 0) (i* 4- fl) (c» + 0) A." (tf) + ? £ (f + ) (c» + «)| A,' (0) 

^{m(m + i)0 + iG,\A,i0), 

where C 4 is a constant to be determined. 
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If now we write 

A. (tf) = A (8)1 ^[{af + 0) (&* + ^) (c* + »)). 
we find that A (0) is a solution of the differential equation 

4 VRa* + e) (6* + 8) (tf + 6)} ^ [v{(«* + 8)(b^ + 8) (o' + fl)l 

= ((2m + 3) (2 to + 4) 5 + Of a (8), 
where C = + 4 (a* + 6* + c'). 

It will be observed that the last equation is of the same type as the 
eqitation derived in §23'21, the constant n being still equal to the degree 
of the harmonic which, in the case now under consideration, is 2m’ + 3. 

Hence the discussion of harmonics of the fourth species is reduced to the 
discussion of solutions of Lame’s differential equation. The solutions are 
required to be polynomials in 6 multiplied by \([(a* + 8) (6= + e)(c* + P)]. It 
will be shewn subsequently that precisely m-t- 1 values of C can be associated 
with solutions of this type, so that m + 1 harmonics of the fourth species of 
degree 2m + 3 are obtained. 


23'26. Niven X expressions for ellipsoidal harmonics in terms of homo- 
geneous harmonics. 

If 0„(x, y, s) denotes any of the harmomcs of degree n which have just 
been tentatively constructed, then G„ (x, y, e) consists of a finite numb^ of 
terms of degrees n, a — 2, n - 4, ... in x, y, z. If U„(x, y, z) denotes the 
aggregate of terms of degree n, it follows from the homogeneity of Laplace's 
operator that H„ (x, y, z) is itself a solution of Laplace’s equation, and it may 
obviously be obtained from 0„ (x, y, z) by replacing the factors 0,, which 
occur in the expression of G„ (x, y, x) as a product, by the factors Kp. 

It has been shewn by Niven (loc. cit., pp. 243-245) that G„(*, y, z) may 
be derived firom H„ (x, y, z) by applying to the latter function the difierential 
operator 

, I> . D* Z>> 

^ 2(2n-l)'^2.4.(2n-l)(2»-3) 2.4.6{2n-l)(2«-3)(2n-5) ’ 

where D* stands for 


,3* a* ^3* 


and terms containing pon'ers of D higher than the nth may be omitted fiom 
the operator. 

We shall now give a proof of this result for any harmonic of the first species* 


* The proota for harmaaioa of the otfaax three species are laft to the reader as examples. 
A proof applicable to funoiioQs of all four species hss been piven bf Hobson, Proc, London 
Math. Soe. xxiT. (ISSai, PP‘ In oonstroeting the proof given In the text, sevexai modifl. 

eations have been made in Niven's proof. 
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For such harmonics the degree is even and we write 
Gn{x. y, *) = h S, = n (Kp - 1) 

ji-i j>-i 

” *S,* lS',»_t+ 8n -* — » 

where 8^, S»_ 4 , . . . are homogeneous functions of degrees «, n — 2, to -4, . . . , 

respectively, and 

S« “ Bn (x, y, «) = n Kp. 

p-1 

The function is evidently the sum of the products of K^, K^y ... 
taken J » — r at a time. 

If Ki, Ky, . . . K^ be regarded as an auxiliary system of variables, then, by 
the ordinary formula of partial differentiation 

I i^lKp 
dx pni dKp dx 

“A Sitp 'a’‘+Tp’ 

and, if we differentiate again, 

3’8n-pr ^ ^Sn-yr 2 , S‘8n^ 

Bx’ pZi BKp a'-^-Bp'*' ^BKpBK^{,a'+ep)ia?\e^y 

The terms in tPSn-»I^Kp can be omitted because each of the functions 
Kp does not occur in S»_a. to a degiee higher than the first. 

It follows that 


D‘Sn 


i? BSn. 


2-i‘ ^ 26> 


idK, la' + Bp b' + Bp &• 


2c* ) 


+ 2 


r*t 


3‘Sn^ ( 

BKpBK, [(a* - 


8a*a:* 


^^y'L 


: + 


8c»r* 


+ «,)}■ 


■ + (a* + e,) ^ (5* + Bp) (6* + B,) ^ (c» + 6,) (c> t 

It wUl now be shewn that the expression on the right is a constant multiple 

nf 

We first observe that 
- 


BpKp — BqKq 


and that, by the differential equation of § 23'21, 

2 


Bp -6, 


•z~e, 2 

= 3 + ^ 


®,T,fa‘ + ^p ^ e fit* + 

r' * 
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D‘Sn^ = 6 2 + » 2 


■ t, 1 

0P --S, 


fOy ^^n —tr ^p^p~ 

^dK^dKq ffp-e, ■ 

Now dSn^„ldKp is the sum of the products of the expressions K^, K,, 
... K^„ (Kp being omitted) taken 4 n — r — 1 at a time ; and Kgd‘Sn-a-ldKpdKq 
consists of those terms of this sum which contain STj as a factor. 

rr rr ^^Sn— 2 r 

?.Kp -^“dKpdKq 

IS equal to the sum of the products of the expressions K^, K^, ... K^^.{Kp and 
Kg both being omitted) taken ^n — r—1 at a time; and therefore, by sym- 
metry, we have 

^^n~tr _ jr jr 

dkp "SKpdKg^ltKg ^’•dKM'g' 


SO that 


hKpdKg^Xdkp dK, 


(Kg-Kp). 


On substituting by this formula for the second differential coefficients, it 
18 found that 

/>q _ *v fi j. an ^ K ^pkp~ I 

~ pZ^cKp ^ Op -Bg - ^ {Bp - Bg) (Kp - Kg)\ 

‘p:iSKp[^ ""gZ^Kp-Kg] 


1 ” a.s! I 

:(4n-2) 2 5?- -8 2 a:, 

yi==l p^q {. 


^\l{Kp-K^. 


Now we may write in the form 

— ar “t — a “t ^qSi^ mr— a “t — Sr — ii 

where Sm denotes the sum of the products of the expressions K, K,, ... 

(Kp and Kg both being omitted) taken m at a time ; and we then see that 

ir rr / rr t- \ o 


JT Kr rr 

•^V ».*■ *^9 


■ "^ 9 ) 9r-<- 


iPSp^r = (4n - 2) *2 -SX Sy 

P«1 OAp 


Now it is clear that the expression on the right is a homogeneous sym- 
metric function of K^, Kg, ...K^ of degree Jn — r — 1, and it contains no 
power of any of the expressions K,, Kg, ... K^ to a degree higher than the 
first. It is therefore a multiple of Sn-v-t- To determine the multiple we 
w. 11. A. 36 
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observe that when Sn_K-i is written out at length it contains |„CV+., terms 
while the number of tenns in 

(4n-2) I ^1^-8 2 

p^i 0^9 m 

is 8. j^b,. 

The multiple is consequently 

Jn (4n — 2). 8 . . j„_aCr-i 

*= — 1 , 

and this is equal to(2r+2)(2n — 2r— IX 
It has consequently been proved that 

- (2r + 2) {2n - 2r - 1) S,^^. 

It follows at ouce by induction that 

, 

” 2 . 4 ... 2r . (2n - 1) (2tt - 3) ... (2n - 2r + 1) ’ 

and the formula 

<?« (x, y, z) = 2.4...'^(2n^T^ 1)] 

is now obvious when (?« (*, y, z) is an ellipsoidal harmonic of the first species. 

ExampU 1. Prove Niven’s formula whan 0^(x, y, r) is on ellipsoidal harmonic of the 
aeoand, third or fourth species. 

ExampU 2. Obtain the symbolic formula 

y, *)»r(*-n).(iOr+i/_„.j(D). B,{x, y, z). 

23'26. Ellipsoidal harmonics of degree n. 

The results obtained and stated in §§ 23'21-2S'24 shew that when n is 
even, there are -I- 1 harmonics of the first species and |n harmonics of the 
third species ; when n is odd there are f (n + 1) harmonics of the second 
species and ^ (n — 1) harmonics of the fourth species, so that, in either case, 
there are 2n -f 1 harmonics in all It follows from § 18’3 that, if the terms of 
degree n in these harmoaicB are linearly independent, they form a funda- 
mental system of harmomcs of degree n ; and any homogeneous harmonic of 
degree n is expressible as a linear combination of the homogeneous harmonics 
which are obtained by selecting the terms of degree n fixim the 2n -I- 1 ellip- 
soidal harmonics. 

In order to prove the results concerning the number of harmonics of 
degree n and to establish their linear independence, it is necessary to make 
an intenmve study of Lamp's equation ; but before we pursue this investigation 
we shidl study the construction of ellipsoidal barmonics in terms of ocmfoeal 
coordinstea 
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Th«ae expresoioua for eHipsoidal harmooics are of hiatorioal importanoe in view of 
Lam^’a investigatiuna, but the expressions which bare just been obtained bj’ Niven’s 
method are, in some respects, more suitable for physical applicattous. 

For applications of dliipsoidal hannomca to the investigation of the Fig\ire of the Earth, 
and for the reduction of the harmonics to forms adapted for numerical computation, the 
reader is referred to the memoir by Q. H. Darwin, J’AH. Tran*. 197 a (1901), pp. 461-637. 


23’3. Confocal coordinates. 

If (X, Y, Z) denote current coordinates in three-dimensional space, and if 
a, b, c are positive (a>b> c), the equation 


X* F' F* 

a* 6’ 0 * 


1 


represents an ellipsoid; the equation of any confocal quadric is 

x» 21 ■^1 

a» + 8'*' + 1^ + 6'° • 

and 0 is called the parameter of this quadric. 

The quadric passes through a particular point (z, y, a) if 0 is chosen 
so that 

re* , y* , r* , 

a‘ + 0 

Whether 0 satisfies this equation or not, it is convenient to write 

i_ ^ jy‘ JL‘_= __/(!) 

+ 6* + ^ e* + 5 " (o* + 0)(}^ + ^)(£!* + By 

and, since f{ff) is a cubic function of 6, it is clear that, in general, three 
quadrics of the confocsd system pass through any particular point (x, y, t). 

To determine the species of these 4;hrpe quadrics, we construct the following 
Table; 


e 

m 

1 

~oo 


-*»(o»-6»)(o»-c>) 

-»> ! 

y»{a>-6*)(6«-c») | 

-<? I 

-«*(a»-e») 

+ ® 1 

+ ® 


It is evident from this Table that the equation has three real 

toots X, ^ V, and if th%y are arranged so that p>v, then 
X> — c*>/s> — 6*>v> — of; 
andalso /(d)s(tf-X)(d_^)(tf-*). 

From the values of X, /a, v it is clear that the soifroet, on which 0 has 
the respective values X, /i, v. are an ellipeoid, an hyperboloid of cme sheet and 
an hyperboloid of two tiieete. 


38—2 
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Now take the identity in 0, 

a? f 

a?+0 6“ + tf 


1 - 


^ " (a' + ^ ) (&“ + ^) (c> +'(?) ’ 


«> = 


r = - 


and multiply it, in turn, by a? + 8, + 6, c* + 6 \ and after so doing, replace 

^ by — a“, —b”, — C‘ respectively. It is thus found that 

(a^ + \)(a‘+M)(a‘ + u) 

(a* — i”) (a“ — c*) ’ 

(6' + X) (6“ + p.) (5’ + k) 

(a’-6»)(i=-c“) 

2 _ (c“ + X) (c’ + p) (c’ + v) 

From these equations it is clear that, if (ar, y, z) be any point of space and 
if X, p, V denote the parameters of the quadrics confocal with 

X’ K« , 

”- + I « + r “ 1 
a’ 6’ C* 

which pass through the point, then (ar", y\ z'‘) are uniquely determinate in 
terms of (X, p, v) and vice versa. 

The parameters (X, p, v) are called the confocal coordinates of the point 
(ic, y, z) relative to the fundamental ellipsoid 

Y' Z' 

— r + 1 J + “7 = !■ 

a? c‘ 

It is easy to shew that confocal coordinates form an orthogonal system , 
for consider the direction cosines of the tangent to the curve of intersection 
of the surfaces {p) and (v) ; these direction cosines are proportional to 


/to dy to \ 
bx’ 5X’ to/’ 


dx dx dy dy dz dz 
d\ dp 9X dp dx dp 


and since 
it is evident that the directions 


q V — =0 


/to ^ tox /dx dy to\ 

V0X’ 0X ’ to/’ \dp' dp' dp) 

are perpendicular; and, similarly, each of these directions is perpendicular to 


/dx dy to\ 

' \3v ’ dv ' dv) ' 

It has thererore been shewn that the three systems of sur&ces, on which 
X, p, V respectively are constant, form a triply orthogonal system. 

Hence the square of the line-element, namely 
(to)> + (Syy + (to)», 

is (^i^pximsible in the form 

j «* + (Hfipf + {H,bv)', 
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where 



with similar expressions in /i and v for and H,. 
To evaluate if,* in terms of (\, ft, v), observe that 




But, if we express 


1 

kr* \3X./ 


1 


4.r* 

= i i 


+ 


42*vax,/ 


4y* 10A/ 

(o’ + fi) (o’ + v) 

(o’ + A) (o’ - 6*) (o’'-'c*) ■ 

(A — /i)(A — v) 


(o* + A)(6’ + A)(c’ + A)’ 


qua function of A, as a sum of partial fractions we see that it is precisely 
equal to 

^ (o’ + /») (o’ + v) 

a.I t (a' + >-1 (o’ - 6’) (o’ - c*) ’ 

and consequently if,* = . , , ■, / I ^ \ • 

^ 4(a> + A)(i>* + A)(c’ + A) 

The values of and are obtained from this expression by cyclical 
interchanges of (A, fi, v). 

Formulae equivalent to those of this section were obtained by Lam^j Journal dt Math. 
II. (1837), pp. 147-183 

Example 1 . With the notation of this section, shew that 
Ji*+y*+r*-a*+6*+c*+X+p+v. 

Example i Shew that 

X* e* r’ 

iBJ— - + - - + 

‘ (a'‘ + A)»^(t* + X)*^(<i* + X)’ 


23'31. Uniformising variables associated rinth con/ocal coordinates. 

It has been seen in § 23 3 that when the Cartesian coordinates (x, y, z) 
are expressed in terms of the confocal coordinates (A,/i, v), the expressions so 
obtained are not one-valued functions of (A, p, v). To avoid the inconvenience 
thereby produced, we express (A, ,u, v) in terms of three new variables (u, v, w), 
respectively by writing 

ljj(«) = A -(- § (o’-p 6* 4- c*), 
j>(v) =/a-(- i(o* + 6’+c*), 
jp (in) = V + J (o’ + 6' -t- c*), 

the invariants g, and g, of the Weierstrassian elliptic functions being defined 
by the identity 

4 (o* -P A) (6* + A) (c* -(- A) s 4 p* (u) - p.p («) - y,. 
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The discriminant associated with the elliptic functions (cf § SO'SS, 
example 3) is 

16 (a> - ( 6 > - c*)> (e* - a*y, 

and so it is positive ; and, therefore* of the periods 2 a>,, 2 »i and 2 iu„ 2 «, is 
positive while 2 a>, is a pure imaginary ; and 2 a>i has its real part negative, 
since m, + aia+ a, = 0 ; the imaginary part of &>, is positive since I ( 0 ) 9 / 01 ,) > 0. 
In these circumstances «,>«,>«,, and so we have 

3e,«o» + f - 2c>, 3e,-c>+o»-26», 3e, - 5* + - 2a*. 


Next we express {x, y, z) in terms of («, v, w ) ; we have 
(g* + X) (g* + At) (g* v ) 

(g* — &*) (g* — c*) 

^ [f» ju) - s,} lf(v}-e,}{p (w)-e,} 
(si-e .1 (e^-Cs) 


= (^) O',* (v) O’,* (ia) g *(o>,)g* ( 0 ) 9 ) 

g* (u) < 7 * (») g* (w) ’ g,’ (a),) g,‘ (o),) ’ 
by § 20'53, example 4. Therefore, by § 20'421, we have 

g, (u) g, (v) g, (w) 


X=± «-'*“>g*(oij) 


g (a) g (») g («i) 


and similarly 


^ <r (w) <r (v) <y (w) 

g (u) g (v) g (ta) 


The effect of increasing each of «, », Igr 2o), is to change the sign of the 
expression given for x while the expressions for y and z remain unaltered ; 
and similar statements hold for increases by iat, and 20 ), ; and again each of 
the three expressions is changed in sign by changing the signs of u, v, w. 

Hence, if the upper signs be taken in the ambiguities, there is a unique 
correspondence between all sets of values of (x, y, z), real or complex, and all 
the sets of values of (u, v, tv) whose three representative points lie in any 
given cell. 

The uniformisation is consequently effected by taking 

■ (“) Oj («) »•» («") 


X = e"’'***g’(a),) 


g (u) g(r) g (w) 




' ' g(u) g (v)-g(M)) 


g («) g (») g (w) 

Fornlulae which differ from these only by the interchange of the Bafiix» 
1 and 3 were given by ,Halphen, Fonctionz Eiliptiquv, H. ( 1 S 88 ), p. 469. 

. * C(. I aO-SS, •xsm|>l« 1 . 
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33'S2. LafUae^t equation referred to oonfbcod coordinate*. 

It has been shewn by Lam4 and by W. Thomson* that Laplace’s equation 
when referred to any system of orthogonal coordinates (X, /»,, p) assumes the 
fwm 

1 1 ?ru 1 ft 

0X [Hi 0X J 0/t ( H, ' dfi) 0v I H} '0^1*" ’ 
where (Hi, H„ H,) are to he determined from the consideration that 
(HMY + (fl.SM)* + (H.Bvf 

is to be the square of the line-element Although W. Thomson’s proof of this 
result, based on arguments of a physical character, is extremely simple, all 
the analytical proofs are either very long or else severely compressed. 

It baa, however, been shewn by lAm^t that, in the special case in which 
(X, fL, v) represent confooal coordinates, Laplace’s equation assumes a simple 
form obtainable without elaborate analysis; when the nniformising variables 
(a, tf, w) of § 23'31 are adopted as coordinates, the form of Laplace’s equation 
becomes still simpler. 

By straightforward differentiation it may be proved that, when any three 
independent functions (X, /n., p) of (x, y, z) are taken as independent variables, 
then 

dfV ^ ^ 

dx* dy’ ^ dz“ 

transforms into 

ji, , L0a! 0® 0y 0y 0s dzj d/zdp 

In order to reduce this expression, we observe that X satisfies the equation 
a* y* X* , 
a* + \ 6» + X c» + X ' 


and so, by differentiation with x, y, x as independent variables. 


2® 

o*'+X 

4® 


{(V* + 


3X 


a* -H X (a* -I- X>* 0® 


+ 2 


\y (6'-(-X)»^(e* + X)»J 0a 




lS-«. 




(h*+X)* 
If" 


(o’ + Vf 
*• 


U— Y 

j \dxj 


_ ^ 

(a* x;^ " + X)* (e* + X)*j 0a* ’ 


* Of. tha footnote ob p. 401. 
t Jminul de Hath. n. (1889), pp. 188-188. 
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Hence 

a’ + A da; 

^ 4. V - = 4 ff » ^ 

a« + A (a‘ + \yti,' 2H,«(a»+X)*,,,’r.»x(a* + A> '9a!*’ 

V», 0, c) 

with similar equations in /i, v and y, z. 

9*F . 

From equations of the first type it is seen that the coefficient of is 
1 9*F 

TT-. and the coefficient of is zero; and if we add up equations of the 
H,’ dfiov 

second type obtained by interchanging x, y, z cyclically, it is found that 

‘ 3y’ 3^* 1 «.T, c <1* + >■ ' 

with similar equations m /a and v. 


If, for brevity, we write 

VKa* + \) (b* +X) (c* + X)! s A*, 


with similar meanings for A^ and A,, we see that 

a*X 9*X 9*X _ At* ( •i i _2 1 

9** 9y’ (X — /i) (X — v) (a* + X fe* + X^(!*+Xj 

4Ak dAx 

(X — ^)(X— v) dX 


and so Laplace’s equation assumes the form 
V. 4 






.,9*F^. rfA.9 
9X* d\ '9X 


g-«. 


that is to say 

(, - .)4,| {a, «; j + (. - X) A, I {a.»^} + (X - .) A. |(a. 

The equivalent equation with («, v, w) as independent variables is shnply 

9*F d'V 9*F 

{» («) - if (w)! ^ + {P (w) - *» (“)j ^ + (jf> («) - F (v)) = 0. 

or, more briefly, 

^3’F., ,.9*F.,. ,9‘F 




9«>* 


»0. 


The last thre'e equations will be regarded as canonical forms of Laplace’s 
equation in the subsequent analysis. 

23'S8. EUiptloidal harmonics referred to confocal coordinates. 

When Niven’s function S,,, defined as 

«* , y’. 
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is expressed in terms of the confocal coordinates (X,, fi, v) of the point (w, y, z), 
it assumes the form 

_ (L — tfp) (/t — ^p) (v — O p) 

(tt’ + «,)(6» + dp)(c= + ep)’ 
and consequently, when constant factors of the form 
- (a’ + dp) (6« + dp) (o' + dp) 
are omitted, ellipsoidal harmonics assume the form 


It. yz 

1, y, zx. xyz 
z. xy 


n (x-dp) n n (p-Spi 

p=«i P“i p-i 


If now we replace x, y, z by their values in terms of X, /t, v, we see that 
any ellipsoidal harmonic u expressible in the form of a constant multiple of 
AMN, where A is a function of X only, apd M and N are the same functions 
of ft and V respectively as A is of X. Further A is a polynomial of degree m 
in X multiplied, in the case of harmonics of the second, third or fourth 
species, by one, two or three of the expressions \/(a’ + X), f{b' + X), V(c* + X). 


Since the polynomial involved in A is 11 (X — dp), it follows from a con- 

p-i 

sideration of §§ 23‘21-23'24 that A is a solution of Lamp’s differential equation 
i Vl(a> + X) (5> + X ) (c’ + X)) + X) (J» + X) {d‘ + X)) j 

= |n(n + l)X + C7}A, 

where n is the degree of the harmonic in («, y, z). 

This result may also be attained from a consideration of solutions of 
Laplace’s equation which are of the type* 

F- AMN, 

where A, M, N are functions only of X, /*, i» respectively. 

For if we substitute this expression in Laplace’s equation, as transformed 
in § 23'32, on division V, we find that 

p (v) — p (w) d’A |> («;)-(> (a) d’M p(u) — p(t') d*N _ , 

A du' ^ M dt^ N dui' 


The last two terms, qua functions of u, are linear functions of p («), and 
so ^ must be a linear function of p (u) ; since it is independent of the 
coordinates v and tv, we have 

where K azid B are oonstaote. 


* A tULTnukaio which is the prodoet of three faootione, acich of whioh depende on one oootdi* 
iwte onlj, i» tometiniea ceUed e of lApleoa'i equation- Tbos Bonnal solntione 

with polar ooordinatee are (9 18-81) 
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If we make this substitution in the differential equation, we get a lineu 
function of p (tt) equated (identically) to zero, and so the coefficients in this 
linear function must vanish ; that is to say 




1 d*N 
N 


0 , 




p(w) d*M p (») 

M '^~irdw' 


0 


and on solving these with the observation that p(v) — p (w) is not identically 
zero," we obtain the three equations 

^ = {irpM + siN. 

When X is taken as independent variable, the first equation becomes 

= {i«:x+ b + i Jir(o« + ft* + c*)) a 

and this is the equation already obtained for A, the degree n of the harmonic 
being given by the formula 

n (n 4- 1) = A”. 

We have now progressed so far with the study of ellipsoidal harmonics as 
is convenient without making use of properties of Lamft’s equation. 

We now proceed to the detailed consideration of this equation. 


2S'4. Variout forms of Jjami’s differential equaUon. 

We have already encountered two forms of Lamp’s equation, namely 

4A*J^|Ax^j-tn(n + i)X + C} A, 

and this may also be written 

4 ._i {n(n^)X + C')A 

dX* V+\ ft* + X c>+X| dK ”4(o' + X)(ft* + X)(c’ + X)' 

which may be termed the algebraic form ; and 

^ = {«(n + l)f.(u) + AlA. 

which, since it contains the Weieratrassian elliptic function |>('uX may b^ 
termed Weierstrassian form ; the ccmstants B and C are connected by the 
Telation- 


B+ Jn(ti+ + + e») - C. 
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If w© take (u) as a new variable, which will be called f, we obtain the 
slightly modified algebraic form (cf. § 10‘6) 

+ |n(n + I)f + BlA 

df’ If-e; r-e. “4(f-e,)(f-e.)(f-e,)- 

This differential equation has singularities at e,, at which the 

exponents are .0, ^ in each case ; and a singularity at infinity, at which the 
exponents are — (» + 1). 

The Weieretraflftian form liie equation bae been etudied by HalpheU) Fonctiont 
JSUipUqvsty It. (Paria, 188fl), pp. 4fl7-B31. 

The algebraic formfi have been studied by Stieltjes, Acta Math, vi. (1685), pp. 32I-3S6, 
Klein, Vorletungen Uher linear^ DiferentidgUiehungen (lithographed, Odttingen, 1694), and 
B5eher, ifbtr die Reihenentmckelungen. der Potentialtkeorie (Leipzig, 1894). 

The more general diflerential equation with four arbitrary singularities at which the 
exponents are arbitrary (save that the sum of all the exponents at all the singularities is 2) 
has been discussed by Heun, Math, Ann. xxxin. (1889), pp. 161-179 ; the gain in genfoality 
by taking the singularities arbitrary is only apparent, because by a homographic change 
of the independent variable one of them can be transferred to the point at infinity, and 
then a change •of origin is sufficient to the sum of the complex coordinates of the 
three finite singularities equal to zero. 

Another important form of Lam4’s equation is obtained by using the 
notation of Jaoobian elliptic fiinctians; if we write 

X, = « V(ei - «.), 

the WeierstrassiaD form becomes 


di,' 




+ ns’»; 



and putting Zi=‘a — iK', where 2iK' is the imaginary period of an*,; we 
obtain the simple form 

d‘\ 

= {n (n + 1) i;*8n'a + A) A, 


where 4 is a constant connected with B by the relation 
B + e,n (« + 1) =. A (e, — «,). 

The Jacobian form haa been atudied b; Hennite, Svr fudyuet appUaationt daftmetio** 
dliptiqaet, UomjotM Hindu*, Lxxxv. (1BT7), publiabed aepantely, Paris, ISSli. 

In studying the properties of. Lamp’s equation, it is best J^t to use one 
form only, but to take the form best fitted for the purpose in hand. For 
practical applications the Jacobian form, leading to the Tbeta fonctiont ia 
the meet suitable. For obtaiuing the prc^rties of the scdutioim of tiae 
equation, the best form to use is, in general, the second idgebraio form, 
though in some problems analysu is simpler with the WeiersttaaSian form. 
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23'41. Solutions in series of LanU’s equation. 

Let us now assume a solution of Lamp’s equation, which may be written 

4 (f - e,) (f - e,) (f - + {6f = - ijr,) ^ - [n (a + 1 ) f + fi) A = 0, 

in the form 

A- i 

r«0 

The series on the right, if it is a solution, will converge (§ 10'31) for 
sufficiently large values of ) f - a,| ; but our object will be not the discussion 
»f the convergence but the choice of B in such a way that the series may 
terminate, so that considerations of convergence will be superfluous. 

The result of substituting this series for A on the left-hand side of the 
differential equation and arranging the result in powers of f — is minus the 
series 

^ Jo ~ ^ ^ ^ ~ ^ i 1 ) «> - i 

+ (e, - e,) (Sj - sj) (i n - r + 2) (i »! _ r -t- §) 
in which the coefiiciente 6, with negative suffixes are to be taken to be zero. 

Hence, if the series is to be a solution, the relation connecting successive 
coefficients is 

r(n-r + i)6, = (3e,(in-r-H)*-iii(n+l)e,-iB}fc,.. 

- (ei - ej) (e, - e,) (in - r -f 2) ~ r -(- 1) 

and (n - i)6. = (f n««,- Jn(n + !)«,- i 5) 6.. 

If we take 6„ = 1, as we may do without loss of generality, the coefficients 
br are seen to be functions of S with the following properties ; 

(i) 6, is a polynomial in B of degree r. 

(ii) The sign of the coefficient of B' in b^ is that of (-)' provided that 
r $ n ; the actual coefficient of is 

(-y_ 

2.1,„.a*-(2»-l)(2ir^ 3) ... (271 _ 2r + !)• 

(iii) If tf, , e„ n, aod J are real and «.> e, > then, if ir-, = 0, the values 
of b, «id br-, are l^posite in sign, provided that r < i (n 3) and r<n. 

Now suppose that n is even and that we choose 3 in such a way that 
If this choice is made, the recurrence formula shews that 
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by putting r = ^n + 2 in the formula in question; and if both and 

f 2 ®’*'® 2®ro the subsequent recurrence formulae are satisfied by taking 

V + 3 = V + 4=-- = 0- 

Hence the condition that Lamp’s equation should have a solution which 
is a polynomial in f is that B should be a root of a certain algebraic equation 
of degree Jn + 1, when n is even. 

When n is odd, we take 5^ ^ jj to vanish and then b^ ^ gj also vanishes, 
and so do the subsequent coefficients ; so that the condition, when n is odd, is 
that B should be a root of a certain algebraic equation of degree | (n + 1). 

It is easy to shew that, when e, >c, >^3, these algebraic equations have 
all their roots real. For the properties (li) and (iii) shew that, qua functions 
of B, the expressions 6,, ... 6, form a set of Sturm’s functions* when 

r < ^ (n + 3), and so the equation 

has all its roots realf and unequal. 

Hence, when the c<in8tant.s e,, e, are real (which is the case of practical 
importance, as was seen in § 23-31), there are in + 1 real and distinct values 
of B for which Lamp’s equation has a solution of the type 

rsU 


when n h even ; and there are J (« + 1) real and distinct values of B for 
which Lamp’s equation has a solution of the type 


when 71 is odd. 


4(n- 1) 
2 

r-0 




When the coiiHtants e^^ e^, are not all real, it is poeiaible fur the equation satisfied 
by .5 to have equal roots ; the solutions of Lam^s equation jn such cases have been 
discussed by Cohn ui a KoiiigalJerg dissertation <1888). 

Example 1. Discuss solutions of Lame’e equation of th^ types 

0) (i-'i)* s vcf-os)*”'''*, 

r=0 

(ii) I 

r-0 

(iii) 2 

r=iO 


* Mim. prinenU* par Ui Savant ^Itrangert, vi. (1885), pp. 271-316. 
t This prooedure is due to Lioavillef Jovmat de Math. it. (1846h p. 221. 
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obtainingftfae reoumnoe relations 

(i) r(«-r+i)V -{a«t(i«-r+i)*+(^-S,)(J»-r+|)-i*{« + l)s,-i/!}6',-i 

- («i -«i) '•+1) 

(ii) {3«j(J»-r+i)*-(«,-s^(Jn-r+J)-J»(»+l)«,-iS)i",_i 

- («i -««)(«»- Os) ( i »-»■+ 1) ( 4» ->■+ 1 ) i"r - 1 . 

(iii) r(«-r+i)6,’"-{3sj(4n-f + 4)*-J«,(n»+n+l)-4B}6'",_, 

- («i - »i) («i - «s) (4 » - »• + 1 ) (i » - o + J) 6'% ^ 
SsampU 2. With the notation of example 1 shew that the numbers of real distinct 

values of B for which Lamp’s aquation is satisbed by terminating series of the several 
species are 

(i) 4(*-l) or 4(*“®)l (*') 4(“~1) or 4(*-*); (lii) 4(»-S) or i(n— 3). 

23 ' 42 . The definition of Lami functions. 

When we collect the results which have been obtainad in § 23*41, It is 
clear that, given the equation 

^-[n(n + l)|»(u) + £]A, 

n being a positive integer, there are 2n+ 1 values of B for which the equation 
has a solution of one or other of the four species described in §§ 23*21-23*24. 

If, when such a solution is expanded in descending powers of the 
coefficient of the leading term is teiken to be unity, as was done in § 23*41, 
the function so obtained is called a Lame function of degree n, of the first 
kind, of the first (second, third or fourth) species. The 2n + 1 functions so 
obtained are denoted by the svmbol 

(m = l, 2, ...2n + l). 

and, when we have to deal with only one autdi function, it may be denoted by 
the symbol 

Enm 

Tables of the eipreseioDS representing Lam^ fuDotious for n<»l, 2, ... 10 have been 
compiled by Ouerritore, (homale di Mat. (2) xvi. (1900), pp. 164-172. 

Example 1. Obtain the five Lamb functions of degree 2, namely 
x+4*'»*±4V{i<»*-*W), 

v/()k + 4»),/(X+c^ V(X+c*).y(X+o»), d{\+at)y/(K + h‘). 

Example 2. Obtain the aeven Lamb functions of degree 3, namely 
) V{(X+»')(X+i^(X+c')}, 

and idx fuuctuma otiialoed by interchanges of a, b, o in the expressions 

V(X+«^;[X+l(o*+2i*+2o')±JV{«‘*+4*‘+4«*-T6*o*-<A.>-o»i«}]. 

23 * 43 . The non-repetition of factors tn Lami functions. 

It will now be shewn that all the rational linear fitotors of ({) are 
une^uA. This result follows most simjdy from the differential equation which 
; for, if f — ft be any foctor of .ff," (f), where ft is not one of 
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the numbers «i, «i or then is a regular point of the equation (§ 10'3), 
and any solution of the equation which, when expanded in powers of ( — {i, 
does not begin with a term in (( — or (f — fi)' must be identically zero. 

Again, if were one of tl^ numbers s,, e, or e,, the indicia! equation 
appropriate to would have the roots 0 and i, and so the expansion of 
(() in ascending powers of f, would begin with a term in (f — f,)“ or 

(f-ftA 

Hence, in no circumstances has £n”‘(S)> fua function of {, a repeated 
factor. 

The determination of the numbers d,, d,, ... dm introduced in §§ 23 21- 
23'24 may now be regarded as complete ; for it has been seen that solutions 
of Lamp's equation can be constructed with non-repeated factors, and the 
values of d,, d,, ... which correspond to the roots of H«"(f) = 0 satisfy the 
equations which are requisite to ensure that Niven’s products are solutions of 
Laplace’s equation. 

It still remains to be shewn that the 2n -t 1 ellipsoidal harmonics con- 
structed in this way form a fundamental system of solutions of degree n of 
Laplace’s equation. 


23'44. The linear independence o/Lamd functions. 

It will now be shewn that the 2>i I Lam4 functions which are 

of degree n are linearly independent, that is to say that no linear relation can 
exist which connects them identically for general values of f. 

In the first place, if such a linear relation existed in which functions of 
different speciqs were involved, it is obvious that by suitable changes of signs 
of the radicals V(S — e,), — V(t — «>) we could obtain other relatioits 

which, on being combined by addition or subtraction with the original relation, 
would give rise to two (or more) linear relations each of which involvea 
functions restricted not merely to be of the same species but also of the same 
type. 

Let one of these latter relations, if it exists, be 

(om^O) 

and let this relation involve r of the fiinctiona 


Operate on this identity r — 1 times with the operator 


d«* 




The results of the successive operations are 

(s-1. 2. ...r- 1). 

where is the particular valne of B which ia associated with (f). 
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Eliminate a,, a,, ... <v from the r eqaations now obWned; and it is found 
that 

1 , 1 . 1 ....! - 0 . 


I (Bn^r-\ (Bn*r-\ (B„'y-' I 

Now the only factois of the determinant on the left are differences of the 
numbers .Ba", and these differences cannot vanish, by § 23'41. Hence the 
determinant cannot vanish and so the postulated relation does not exist. 

The linear independence of the 2n + 1 Lame functions of degree n is 
therefore established. 

23 ' 46 . The linear independence of ellipsoidal harmonics. 

Let (?,”* (jE, y, z) be the ellipsoidal harmonic of degree n associated with 
and let y, z) be the corresponding homogeneous harmonic. 

It is now easy to shew that not only are the 2n + 1 harmonics of the type 
Gn" (it, y, z) linearly independent, but also the 2 n + 1 harmonics of the type 
H„"*(*, y, t) are linearly independent. 

In the first place, if a linear relation existed between harmonics of the 
type Gn* (it, y, z). then, when we expressed these hannonics in terms of con- 
focal coordinates (X, p, v), we should obtain a linear relation between Lam4 
functions of the type En'^ (() where f = X -t- J (o“ -e -t- c"), and it has been 
seen that no such relation exists. 

Again, if a linear relation existed between homogeneous harmonics of the 
type (x, y, z), by operating on the relation with Niven’s operator 

I)“ D* _ 

^ 2 ( 2 iiL l)‘''^'(2n-l)(2n-3) 

we should obtain a linear relation connecting functions of the type &„*• (a:, y, z), 
and since it has just been seen that no such relation exists, it follows that the 
homogeneous harmonics of degree n are linearly independent. 

23 ' 46 . Stiel^es’ theorem on the zeros of Lami functions. 

It has been seen that any Lam4 function of degree n is expressible in the 
form 

{0 + a'f> {0 + (d -(- c*)*- . n (d - Of), 

f~i 

where ku «•, c, iure equal to 0 or ^ and the numbers d,, d,, ... d^ are real and 
uneqnal both to each other and to — a’, — h", — c* ; and Jn = m -i- 4 - 

K, are given the number of Lain^ functions of this degree and 

+ 1 . 
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The remarkable result has been {Htjved by Stjeltjee* that these w + l 
functions can be arranged in order in such a way that the rth function of the 
set hoe r—1 of its zerosf between — a’ and — If and the remaining m — r + 1 
of its zeros between — &* and — c*, and, incidentally, that, for all the m + 1 
functions, 6j, 6,, ... lie between — a* and — c*. 

To prove this result, let <}>t, ... i^n> be any real variables such that 

(p=l, 2, ...r- 1) 

(p = r, r + l, ... m) 

and consider the product 

j>“i r+d 

This product is zero when all the variables <f>p have their least values and 
also when all have their greatest values ; when the variables <pp are unequal 
both to each other and to — a’, — 6*, — c”, then 11 is positive and it is obviously 
a continuous bounded function of the variables. 

Hence there is a set of values of the variables for which II attains its 
upper bound, which is positive and not zero (c£ § 3'62). 

For this set of values of the variables the conditions for a maximum give 

8 log 11 _ 8 log n _ . 

8(f), -...= , 

that is to say 

,1 1 

*‘ti *•'*'4 3, 1 . ^0 

^ + o' + 6’ + C’ T-l ^ 

where p assumes in turn the values 1, 2, ... m. 

Now this system of equations is precisely the system by which 6,. 6,, ... 9p 
are determined (cf. ^ 23‘21-23'24) ; and so (he system of equations determining 
ffi, ... has a solution for which 

l—a'‘<ffp< — bf, (p— I, 2, ... r— 1) 

(— c*. (p — r, r+ 1, ... m) 

Hence, if r has any of the vsduee 1, 2, ... m -t- 1, a Lamh function exists 
with r — 1 of its zeros between — a’ and — 6* and the remaining m — r + 1 
zeros between — 6* and — c*. 

Since there are m + 1 Lamd functions of the specified type, they are all 
obtained when r is given in turn the values 1, 2, ... m + 1 ; and this is the 
theorem due to Srieltjba 


* Aeta Matktmatiea, n. (1888), pp. 8111-838. 

t The SMOB ate to be onittod ftom this enQmMatioii, tf], on]j beii^ 

taheik into aeeotmt. 


V. M. a. 


36 
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An interefliin; rt«tioal initt^pretation of the theorem was given hy Stiel^es, namdj 
that if fn+3 particles which attract one another accordiz^ to the law of the inverse distance 

ti* plaoed <m a line, )EUtd three of these particles, whose masses are 

fixed at points with ooordinates the remainder being of unit mass and free 

to move on the line, tiien log H is the gravitational potential of the STstem ; and the 
positions of equilibrium of the system are those in which the coordinates of the moveable 
particles are di, ... d^, i.e. the values of d for which a certain one of the Lam^ functions 
of degree fi («a + i(i + <s+jcs) vanishes. 

Example, Discuss the positions of the seros of poi} lomials which satisfy an equatimi 
of the type 

, I l-o,rfA. ^_i(d) 


A-0, 


n (tf- 

.»t 


a,) 


whera U a polynomial of dagiee r— £ in S in which the coefficient of 6'~^ i» 

r 

— m{m+r— 1— S o,}, 

m bjjng a poaitive integer, and the remaining coefficients in Fr-i(^) are determined from 
the consideration that the equation has a polynomial Bolution. 

(Stieltjea.) 

23 ' 47 . LanU functions of the second kind. 

The functions hitherto diacussed, are known as Lani4 functions 

of the first kind. It is easy to verify that an independent solution of Lamp’s 
equation 

^-(u(n + l)f + £„«)A 
is the function jf." (f) defined by the equation* 

and J"." (f ) is termed a Iiam4 function of the mxmd kind. 

From this fonnula it is clear that, near U’^O, 


" (2n + l)u“"{l + 0(ii)}J u” (1 + 0(«)} du "» «"+* [1 + 0{it)), 

and we obviously have 

ir**'<r)»u- {1 + 0 (it)t. 

It is clear from these results that JFV" (() can never be a Lam^ function of 
the first kind, and so there is no value of for which Lami’s equation is 
satisfied hy two Leuni fiautions of the first kind of different species or types. 

It is posnble to obtain an expression for-J’„'"(f) which is free frpm 
quadratures, UUalogous to Christoffel's formula for Qn(f), given on p. 338, 
example 29. We diall give the analysis in the case when (f) is of the 
first species. The only irreducible poles of l/[.ff»"*(t)}*, gua function of u, are 
at a set of points ...u, which are nwie of them periods or half periods. 

% !]!l& dettnitfam of the (utelian is doe to Heine, Journal fOr Math. zxu. {IMS), 

p.M, 
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Near aiay one of these points we have an expansion of the form 

-^n* (f) “ (m - Ur) + fc.(u — Ur)* + k, (u -«,)> + 

and, by substitution of this Series in the differential equation, it is found that 
k, is zero. 

Hence the principal part of !/[£»* (f)l* near Ur is 

1 

A,’(u-Ur)*’ 

and the residue is zero. 

Hence we can find constants Ar such that 

r-1 

has no poles at any points congruent to any of the points u, ; it is therefore 
a constant A, by Liouville’s theorem, since it is a doubly periodic function 
of u. 


Hence 


Now the points u, can be grouped in pairs whose sum is zero, since 
(f ) is an even function of u. 

If we take u,^., = — u,+i, we have 


and therefore 


.^u-2f(u) *£ 4r- 2 


^-*(f)-(2n + l)Mu-2f(tt) 2 ^,l£."(f) + p'(u)iui._i(f), 

r*l 

where _ j (f) is a polynomial in f of degree — 1. 

EmmpU. Obtain formulae analogous to this expression for when E,F{i) *s of 

the second, third or fourth species. 


2S'6. Lami's eqwUion in aaaociatwn with JaoMan elliptic functions. 

All the results which have so far been obtained in connexion with Lam^ 
• functions of course have their analogues in the notation of Jacobian elliptic 
functions, and, in the hands of Hermite (cf. § 2371), the use of Jacobian 
elliptic functions in the discussion of generalisations of Lamp’s equation has 
produced extremely interesting results. 

Unfortunately it is not possible to use Jacobian elliptic functions in which 
all the variables involved are real, without a loss of symmetry. 


3€— 2 
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The symmetnoal formulae may be obtained by taking new vanables a, 
7 defined by the equations 

B = »£■' + « V(ei - 
/9 = iK' + V V(Si “ * 3 )' 

7 — iK' + w V^ei — es), 
and then the formulae of § 23 31 are equivalent to 

x= k‘ V(<i“ — o’) sn a sn yS sn 7, 
y = — (lc‘/k') t/(a' — c*) . cn a on yS cn y, 

2 = (i/fc') v'(a* — O.dn adn /3dn7, 


the modulus of the elliptic functions being 



The equation of the quadric of the confocal system on which a is con- 
stant IS 

F’ Zl ^ 

(a’— 6’)8n’a (a”— 5’)cn''a (a*— c’) dn^ o 

This IS an ellipsoid if a lies between iK' and K + iK\ the quadric on which 
/9 18 constant is an hyperboloid of one sheet if yS lies between K + %K' and 
K , and the quadnc on which 7 is constant is an hyperboloid of two sheet* it 
7 lies between 0 and K , and with this determination of (a, /9, 7) the pomt 
(x, y, z) lies in the positive octant 

It has already been seen (§ 23’4) that, with this notation, Lamp’s equation 
assumes the form 

d’A 

[n(7i-(- l)A:®sn'a-l- jlj A, 


and the solutions expressible as periodic functions of a will be called* E^{a). 
The first species of Lam^ function is then a polynomial in Bn*a, and generally 
the species may be defined by a scheme analogous to that of § 23’2, 
f an a, cn a dn a, 1 


4 1, cna, dnaana, 
dn a, sn a cn a, 


sn a cn a dn a 


n (sn'a — sn’ap). 

j> 


23'6. The tntegial equation satisfied by Lami fandions of the first and 
second species 

We shall now shew that, if E^{a) is any Lamd function of the first 
species (n being even) or of the second species (a being odd) with sna as a 

* There is so tish of coofoaing them with the corresponding fonctionB £.** (£) 
f This integral eqnatioo and the corresponding formnlae of g 28 63 sssooisted with elliptoldal 
hsnnonios were given by Whittaker, Proc. London Math, Soe. (2) xrr. (1915), pp, 360-368. 
Proofs of the formnlse involving fonetions of the third and fourth spemee have not been 
prasgously pnbhdied 
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feetor, then is a solution of the integral equation 

= ^P„{kaTiam ff) (ff)d9 -, 

where A is one of the ‘ characteristic numbers’ (§ ll'SS). 

To establish this leattlt we need the lemma that P„(fcsnttsnd) is 
annihilated by the partial differential operator 
S' S' 

~ ~ + 1) ^ * - an' d). 

To prove the lemma, observe that, when /j, is written for brevity in place 
of A sn a sn 6, we have 

= jen’ a dn’ a an* d — cn* d dn* d su* a) P„" (fi) 

+ sn a sn d (sn* a — sn’ d) P„' (^) 

= k' (sn' a - sn’ d) [(m’ - 1 ) P„" (^L) + 2/.P„' (a)] 

= k' (sn' a - an’ d) n (« + 1 ) P„ (fi), 

when we use Legendre’s differential equation (§ 15-lS). And the lemma is 
established. 

The result of applying the operator 

S' 

gj,- n (n + 1) Jf sn* a - An”* 

to the intecral 

® /9Jt 

I P„ (k sn a sn d) E„”‘ (d) dd 
J -2K 

is now seen to be 


/ - n (n + 1) fc* sn’ a - A„’"| P„ (fc sn a sn d) (d) dd 

= J - n(n + l)^8n’d — A„'”| P„ (A- sn a sn d)J £„•* (d) dd, 

and when we integrate twice by parts this becomes 
pP^O^n d) ^ 

+ J P»(fc8n«snd)|^— n(re + 1) A’sn’d — A*’*| (d) , dd = 0, 

Hence it follows that the integral 

f P„ (k sn a sn 0) Ej” (0) d0 
J -wc 

is annihilated by the operator 

d> 

— n (n + l)fc’ sn’ a — A^"', 
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asd it is evidently a polynomial of degree n in sn* a. Since Lami’a equation 
has only one integral of this type*, it follows th^t the integral is a multiple 
of JS'b’* (a) if it is not zero ; and the result is established. 

It appears that etwy oharactenstie number aasociated with the equation 




^(a)«X / P^(kauasixB)f(S) 


fields a solution of Lam^s equation ; of. Inoe, Proe. Royal Soc. Edin, XLH. (1932), pp. 43-53^ 
Example 1. Shew that the nuoleus of an integral equation satisfied by Lam4 tunctions 
of the first species (n being even) or of the second species (a being odd) with on a as a 
fiftotor, may be taken to be 

Pm cnacndV 


Example 2. Shew that the nucleus of an integral equation satisfied by Lam^ functions 
of the first species (n being even) or of the second species (n being odd) with dno as a 
factor, may be taken to be 


P.^idn.dntf). 


23 ' 61 . The integral equation eaUtfied hy LarrU functions of the third and 
fourth species. 

The theorem analogous to that of § 23'6, in the case of Lamd functions of 
the third and fourth species, is that any Lam^ function of the fourth species 
(n being odd) or of the third species (n being even) with cn a dn a as a factor, 
satisfies the integral equation 
r$K 

En"' (a) = X I cn a dn a cn dn ^ P„" sn a sn 9) P„*" (9) d9. 

J ~ZK 

The prelimiiutTy lemma is that the nucleus 

cn a dn a cn d dn 9P^’' (A; sn a sn 9), 
like the nucleus of § 23’6, is annihilated by the operator 

^-^-»»(n + l)<^(8n’a-8n'^). 

To verify the lemma observe that 
^ (cn a dn aPn" (A sn a sn tf)( 

= i* cn* a dn* a sn* Pn** (m) — sn a on a dn a sn ^ (dn* a + cn* a) P«"' (/*) 
— cn a dn a (dn* a + k* cn’ a — 44* an* a) P„" (p), 

and so 

. (cn a dn a cn ^ dn 9Pf' (4 sn a sn ^)} 

Mjbonadnacntfdntf (so* a — sn* ^) {(#«.*— 1 ) P,** (#t) + 6 ^Ph"' (m) + 6P«" (^)} 

• 4* cn a dn a cn 6 id-ff (sn* a — sn* 9) ^ {(#4* — 1) P,' (^)} 

— 4*n(n + 1) cn adn eon dn (an’a — sn* 9)P^' (js), 

* otbw KdatioD iriwB npaa^ >n ilnwriitlinr pomrt of aaa ba|^n< with a tmn in 
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azul the lemma is established. The proof that (a) satisfies the integral 
equation now follows precisely as in the case of the integral equation of § 23-6. 

1. Show tbat the nucleus of an integral equation which is satisfied hy Lam^ 
functions of the fourth species (n being odd) or of the third species (fi being even) with 
anadna as a factor, may be taken to be 

an a dn a an d dn ^ P/' CD a CD . 


Example 2. Shew that the nucleus of an integral equation which is satisfied by Lam^ 
functions of the fourth species (n being odd) or of the third species (a being even) with 
sn a cn a as a factor, may be taken to be 


an a CO a sn d CD dP«' 


dn a dn . 


Example 3. Obtain the following three int^ral equations satisfied by Lamd fhnotions 
of the fourth species (» being odd) and of the third species (n being even): 

(i) *» »n« a (n)- X cn a dn a P. (i sn a an 0) ^ 

(ii) -Bon>a£.-(a)»XF«anadna|^^P.gcnacod) i 

(iii) dn» a.?.- («) = XP* an a cn (p d" “ ^ 1 


in the case of functions of even order, the functiona of the different types each aatisfy one 
of these equations only. 


23'62. Integral formulae for ellipsoidal harmonics. 

The integral equations just considered make it possible to obtain elegant 
representations of the ellipsoidal harmonic <?»"* {x, y, z) and of the corre- 
sponding homogeneous harmonic fin” (x, y, z) in terms of definite integrala 

From the general equation formula of § Ib'S, it is evident that fl»"* (x, y, s) 
is expressible in the form 

S^n" (x, y, z)=‘ j (xcoBt + yaiat + if)’'/(t} dt. 


where /(f) is a periodic function to be determined. 

Now the result of applying Niven’s operator /)• to (a cos t + y sin f + it)* is 
a (a — 1 ) (o* cos’ f + i* sin* f — c*) (» cos t + y sin f -h i*)*^, 
and so, by Niven's formula (§ 23*25) we find that Gn** (x, y, e) is expresuble 
in the fimn 

^ 2,4(»»-l)(2»-8) ^ ® 
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Si = 1 C COS t ^ sin < + u, 

© = VK“' ~ 0°®’ t + (5* — sin* t}, 


0”‘(x V ®”P ( gcosf+yain Mitc. 

y. ‘) (an) ! J " W((“’ - c*) 008 * t + (5* - 0 *) sin* t}F ^ ' 

Now write sin t = od tf, the modulns of the elliptic functions being, as 
usual, given by the equation 


The new limits of integration are — 8 if and K, but they may be replaced 
by - 2K and 2K on account of the periodicity of the integrand. 

It is thus found that 




k'x snS + ycn$ + iz dn6' 




)'f>(e)de, 


where ^ (d) is a periodic function of d, independent of w, y, z, which is, as yet, 
to be determined. 


If we express the ellipsoidal harmonic as the product of three Lam 6 
fuBctiozia, with the aid ef the fonziulae of § 285 we Sod that 

K" (a) (/9) £■„•» ( 7 ) = C P„ (f,) 4 , (d) de, 

J -IX 

where (7 is a known constant and 


/xah*sna 8 n^sn 7 snd — (Jfjk’') cn a cn cn 7 cn d 

— O-jV') dn a dn dn 7 dn d. 

If the ellipsoidal harmonic is of the first species or of the second species 
and first t}rpe, we now give /3 and 7 the special values 

y*K + iK', 

and we see that 

of (ten a sn d) 4 (d) dd 
J -SI 

is a solution of Iamb’s equation, and so, by § 23'6, if> (d) is a solution of Lamp’s 
equation which can be no other* than a muUiple of !?„** (d). 

Hence it follows that 


, . f’-*^ n /k'aenO+yon 0 + 

8.- (., I f. ( 


I 


where X. is a constant. 


11 0(tl Involved th» noond solntioa, tbv lategial vronld Dot eotfnrgt. 
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If Gfl** («, y, z) be of the second species Md of the second or third type 
■we put 

/3 = 0, 7 = ir + iK', 

or 3 ” 0 , 7 = ^ 

respectively, and we obtain anew the same formula. 

It thus follows that if G," (a, y, z) be any ellipsoidal harmonic of the first 
or second species, then 

Gn*(«. y. «)“>. f Pn(iz) 

J -iK 




( 2 n )i /•' 


{k'x snd + ycnd + i 2 dn B'f' En”'(0) <16, 


where ft = {k'x sn d + y cn i? + ii dn 0)l‘J{h^ — c*). 


23'63. Integral formulae for ellipsoidal harmonics of the third and fourth 
species. 

In order to obtain integral expressions for harmonics of the third and 
fourth species, we turn to the equation of § 23'62, namely 

-Sn” («) iFfl" (/3) ^n” (7) = C r' Pn (/*) i> (^) ^6, 

J -ur 

where 

/i = fc* 8 nB 8 n/ 93 n 78 nd — {l^jk'') cn o cn ^ cn 7 cn d — ( 1 /fc'*) dnadn/ 8 dn 7 dnd; 
this equation is satisfied by harmomcs of any species. 

Suppose now that (a) is of the fourth species or of the first type of 
the third species so that it has cn a dn a as a foctor. 

We next differentiate the equation with respect to /9 and 7 , and then put 
^ » K, 7 ass ^ q- iK\ 

It is thus found that 


-jr+iX- 


Now 
so that 


\ »Pn{p) -\ 

L 9,807 Jw-x, r 




> — {Hk') dn a dn 8 (In dP„' (p), 


x+«jr') 


I— I;cnadnaonddn dP^' {kteaa«a ff). 


/ IX 

cn a dn a cn d dn dP." (I: sn a sn d) A (d) dd 

-VC 


is a solution of Lamd's equation with cn a dn « as a &ctor ; and so, by § 23‘61, 
^ (d) can be none other than a constant multiple of jE,** (a). 
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We have thus foand that the equation 

<?«“ («. y. «) - >■ r* -P. (m) ^«*<^) de 

J -tx 

is satisfied by any ellipsoidal harmonic which has cn a dn a as a factor ; the 
corresponding formula for the homogeneous harmonic is 

JS," («, y, s) = X f (Je aaaB+ycaO-^ wdn tf)" E^(0) dO. 

2" (n !)• (6* — c*)’’*-! -tr 

ExampU. Shew that the equation of Uiis section is satisfied by the ellipsoidal 
harmonios which have sn a dn a or sn sen a as a factor. 


23'7. Generalisations of Lami's equation. 

Two obvious generalisations of Lam4’B equation at once suggest them- 
selves. In the first, the constant B has not one of the characteristic values 
for which a solution is expressible as an algebraic function of ij> (u) ; and 
in the second, the degree n is no longer supposed to be an integer. The first 
generalisation has been fully dealt with by Hermite* and Halphenf, but the 
only case of the second which has received any attention is that in which n is 
half of an odd integer; this has been discussed by Brioschi^, Halphen§ and 
Crawford II . 

We shall now examine the solution of the equation 
{fi(»+l)p(u) + B; A, 

where B is arbitrary and n is a positive integer, by the method of Lindemann- 
Stieltjes already explained in connexion with Mathieu's equation (§§ 19'5- 
19-62). 

The product of any pair of solutions of this equation is a solution of 
g-4{n(n+l)|»(«)-t-B}g-2n(n + l)|»'(u)Z-0, 
by § 19'52. The algebraic form of this equation is 
4 (f - *.) (f - «,) (f - s.) ^ +3 (flp - iy.) ^ 

-4l(n*+n-3)f-bB}^-2n(n + l)j:-0. 

If a solution of thi»»t ^byomiding powers of f be taken to be 


r-O 

* Compta iUsAu, UUT. (1877), pp. teO-MS, 788-788, 811-888. 
t Fsnetiom n. 1888}, pp. 484-808. 

t Caa^f Stndut, uxxn. (1878), pp. 118-615. 

( fsaetions eU^qaa, n. (Parte, 1888), pp. 471-478. 

K qusrttr^ JMHuI, xxtb. (1898), pp. 88-98. 
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the recurrence formula for the coefBcients c, is 
4»' (n - r + I) (2» - r + 1) c, 

« (n — r + 1) (12e, (n — r) (n — r + 2) - 4e, (n* + n — 3) — 4B) c,-, 

- 2 (it - r + 1 ) (n - r + 2) (e, - e,) - e,) (2n - 2r + 3) <v-,. 

Wiite r •«n + l, audit is seen that c«+, = 0; then write r — n + 2 and c„+i=*0; 
and the recurrence formulae with r > n + 2 are all satisfied by taking 

Cji+a “ Ch+4 =»... = 0. 

Hence Lwmi’e generalised equation always has two solutions whose product 
is of the form 

reO 

This polynomial may be written in the form 

where a,, a,, ... On are, as yet, undetermined as to their signs ; and the two 
solutions of Lamp’s equation will be called A,, A,. 

Two cases arise, (I) when A, /A, is constant, (II) when A,, /A, is not 
constant. 


(I) The first case is easily disposed of ; for unless the polynomial 

rssl 


is a perfect square in f, multiplied possibly by expressions of the type f — «», 
f — then the algebraic form of Lamp’s equation has an indicial 
equation, one of whose roots is J , at one or more of the points f = p (»r) > 
this is not the case (§ 23'43). 

Hence the polynomial must be a square multiplied possibly by one or 
more of f — f — «i. ^ — e«. then A, is a L^m^ function, so that B has 
one of the characteristic values £«**> snd this is the case which has been 
discussed at length in 23T-23‘47. 

(II) In the second case we have (| 19'53) 




2 «, 


where S is a constant which is not zero. Then 

d log Aj _ d log Ai ^ 
du du X ‘ 

d log A, d log A, 1 dS 
em du “X du ' 


So that ' 


dlogA, 1 dX € dlogA* 1 dX & 
—it — 
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On integration, we see that we may take 

A.-^/Jrexp|-sJJj■. 

Again, if we differentiate the equation 

A, du °° 2 JT du X ’ 

we find that 


1 1 fdXY 6 dX 

A, dv' A, du ) 2X du' 2X' \. riu j X' du ’ 


and hencfe, with the aid of Lam4’a equation, we obtain the interesting 
formula 


n(« + !)(?(«) + 5 = ^-^- 


l2A- du) '^X'' 


If now f r 3 jf> (Or), we find from this formula (when multiplied by X% 
that, if u be given the special value a,, then 

(dXy _ 46^ 

Vrff A"£r "F'’ (“>•)■ 

We now fix the signs of Oi, a,, . . a„ by taking 

^ 2 g 

V<^f/{=<r +F'(®r)’ 

And then, if we put 2^jX, qua function of f, into partial fractions, it is seen 
that 

T - f^K) - J, l«— + 2tM. 

and therefore 


Ai = [ - j» (a,)) 

* exp SJlog <T (dr + a) - log <r (a, - «) - 2uf (o,)) j . 
whence it follows that (§ 20'53, example 1) 


A. 


• f d (a, + «) ( , 

r"l 


and 




The complete solution has therefore been obtained fiir arbitrary values of the 

omistant B. 
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23 ' 71 . The Jacobian form of the generalised Lame equation. 
We shall now construct the solution of the equation 

it'll 

^ = {« (n + 1) A:® an’ a + -4) A, 

for general values of A, m a form resembling that of § 23'6. 

The solution which corresponds to that of § 23 ’6 is seen to be’ 

f H (a + Or)| 




where p, a„ a,, ... a„ are constants to be determined. 
On differentiating this equation it is seen that 
1 dA 


I that 


_ V ( H'(a + ar) e'(n)) 

A da ,r, |H(o + a,) 

= X (Z (o + Or + iK') — Z (a)] + p + ^mri/K, 

r=l 


1 ^ 

A da^ 


1 dAl’ 
A da. 


= S [dn’ (a + ttf + iK') — dn“ aj, 


and therefore, since A is a solution of Lamp’s equation, the constants p, a,, 
ot,, ...On are to be determined from the consideration that the equation 

a (n + 1) fc* sn’ a ■+• A = 2 {dn’ (a + a, + iK’) — dn’ aj 

r=l 

2 jZ(a + Or + iK') — Z (a)J + p + inTn'/Arl 

.r=-I J 

is to be an identity ; that is to say 

H 

a’i? sn‘ a + n + A + 2 cs’ (o + a,) 

r*l 

= ^2 {Z (a + Or + — Z (a)} + p + . 

Now both sides of the proposed identity are doubly periodic functions of 
o with periods 2A’, tiK’, and their singularities are double poles at points 
congruent to — iK', — a„ — Oj, ... — o*; the dominant terms near — xK' and 
— a, are respectively 

n« 1_ 

(a+iiC')^’ (a + Or)* 

in the case of each of the expressions under consideration. 

The residues of the expression on the left arc all zero and so, if we choose 
p, «], 0 ,, ... On so that the residues of the expression on the right are zero, 

* This solution ms pabUshsd in 1873 in Hsrmits’s litbographsd notes of bis leetoras delivered 
at the i&oole polrteohniqoe. 



574 


THB T&AHBOHNDENTAl, FDNCTION8 [CHAF. XXni 

it will follow from liouville’s themom that the two exjpreaaioDa differ by a 
constant which can be made to vanish by proper qhoice of A. 

We thus obtain n + S equations connecting p, Oi, a,, ...Vn with A, but 
these equations are not all independent. 

It is easy to prove that, near — Or, 

2 {Z(vi-^tt^ + iK')—Z{a)\ + p + ^inrilK' 

r=l 

= — ^ + %'Z{a.—ar + iK‘)-^vZ{iir) + p + i{n-l)inlK + 0{tL + ar), 
a + Or p-l 

where the prime denotes that the term for which p — r is omitted , and, near 

-iK', 


2 {Z (o + tt, 4* xK') — Z (a)| + p + \nmlK 

r-l 


+ 2 Z (a,) + p + 0 (# + xK'). 


Hence the residues of 

2 (Z (a + 0 , + xK') — Z (a)J + p + |nTrt/JfJ 
will all vanish if p, a,, a„ ... a,, are chosen so that the equations 
f 2' Z (sL — * a,. 4“ xK'} 4* nZ (ctr) 4* p 4- ^ (w — 1) inIK 0, 

r:‘ 

2 Z(ar)4-p = 0 

Vr»l 

are all satiaBed. 

The last equation merely gives the value of p, namely 

- I Z(«r), 

r-l 

and, when we substitute this value in the first ^stem, we find that 
2^ [Z (Up — Cf 4- xK'y 4* Z (or) — Z (otp) 4* 0, 

r-l 

where r = l, 2, ... n. By § 22’735, example 2, the sum of the left-hand sides 
of these equatiims is ^ro, so they are equivalent to n — 1 equations at most ; 
and, when a,, Ot, ... flb fiave any values which satisfy them, the difference 


»*it*Bn*a4-»i 


+ A+ 2 cs* (a 4- Br) 


'] 


" {Z (fl + fltp + *if ^ Z (o) — Z (flf) + 
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is ccmstuit. By taking or 0, it is se^ that the constant is zero if 

n + A+ S ot|*ar=r £ {Z(ar + i^’) — Z (a,) + 1 ' 

r»I (r-l J 

{ ft 1 * " 

2 cnardsari — 2 n8*ar~jl. 

rt=l ) r=I 

We DOW reduce the extern of » equatioos ; with the notation of § 2S'2, if Ainctions of 
Of , Or he denoted b; the aufiiiee 1 and 2, it is eaey to eee that 

Z(ap-o,+«ff')+Z(ar) - Z(<i,)+iir»7A’ 

e^ZCop — Op+f^-)'t Z(a^) - Z (ci|,+i^7+i'ii^i/*i 
-= en (a, + iff') en a, an (b, + iX' - Or) + C] di /«! 

•i <h<ix 


«i BO (oy-n,) «, 

*? +£l 

«,C|di da 

Consequently a solution of Lamd’s equation 
if* A 

= {« (n + 1) i* sn’ a + X ) A 


is ^ “ ^1 e (tr^ ’ 

provided that a,, Oi, ... o„ be chosen to satisfy the n independent equations 
comprised in the system 

' £, an Bp cn a, dn a p + sncrcnardnar ^ ^ 

p.i sn’ap — sn'Br ’ 

I 2 cna,dsa,l — 2 ns*ar — .4 ; 

VLi-i J <•-» 

and if this solution of Lamp's equation is not doubly periodic, a second 
solntion is 

The existence of a solution of the system of n + 1 equations follows from 

§ 23-7. 

EEFEBENCES. 

<3. UKi, Jmemal de Math. It (1837), pp. 147-188; rv. (1838), pp. 10Q-18S, 126-163, 361- 
366 ; Till. (1843), pp. 387-434. Ltfont mr U> fimetiotu intenet det trameendantet et 
In n(i;^iu3MMO()lennM( Paris, 1867). Zspons In eoordonndn eurvil^n (Paris, 1868). 
£. Hama, JmrmU /Hr Math. zxtx. (1846), pp. 186-208. Theorie der Kngdfmctumn, IL 
(Beriin, 1880). 

0. Haimmi, Oamptet amdnt, lxxxv. (1877X pp. 688-696, 728-732, 821-826 ; Xan. di Mai, 
(S) iz. (1878), pp. 21-24 Osavm MatMmaiiqaat (Pane, 1806-1917). 



57e 


THE TIUMHOmmXNTAti FtnrCTlONS [CBAF. XXHI 

G. H. HAJiFBSS, fbiution* SU^p/igtut, a. (Ptria, 1688). 

F. LntDSKAim, JfatA. An». XIX. (1888), pp. 3S3-3B6. 

K. Hbdh, Mali- Ann. xxxai. (1889), pp. 161-179, 18(1-166. 

1/. OluiTFoaD, ^uartaig Journal, xxTn. (189SX pp 98-98; zxti. (1898), pp 196-801. 

W. D. Kivbk, PkU. Tram, of the Rogci Soeit^, 188 A (1891), pp. 831-278. 

A. CaXust, PkJ. Tram of the Royal Society, 166 (1876). pp. 676-774. 

O. H. DabVin, PhU. Trane, of the Royal Society, 197 A (1901), pp. 461-667 ; 198 a (1901), 
pp 301-331. 


Miscellaneous Examples. 


1 . Obbaia the formula 


(?.(*, y, «)= /o ( 3 ) ^(«(*, y. «)• 


2. Shew that 


(Niven, Phil. Trdm 188 a (1891), p. 246.) 




1\. 


_ 1 ^ (-)».(2 n)! H,(x,y,i ) 

iy' SyV(^+y*+*‘) 2’-»! (**+ 3 ^+ 2 *)"+i' 

(Hobson, Ptoc. London i/ioM. Soe. 

3. Shew that the * external ellipsoidal harmonic* {^) Eyp {t)) {Q ^ constant 
multiide of 

n 1 IU1+— + ^ + ^ 1 

dy’ &yV 2 (*»+3) 2.4(2»+3)(2B + 6)^"7^**+y>+^)- 

(Ni^en ; and Hobson, Proe. London Matke Soe. XZIT.) 

4. Discuss the confluent form of Lamp’s equation when the invariants and of the 
Weieratrassian elliptio function are made to tend to zero ; express the solution in terms of 
Bessel functions. 

(HaentzBobel, ZeiUokrift far Math, vnd Phys. xxxi.) 

6. If « denotes ^ exp [{X - Z (;*)} where X and p are constants, shew that 

0(a; 

Lam^ equation has a solution which is sTpreasiHe as a linear combination of 
irhae X* and an’ p Are Algsbnio fuuctioos of (Jie oocstuit A. 

(Hermite.) 

6. Obtain aolationa of 

J i^=12t«5D>»-*(l+i*)±6V(l-i>+**). 

(Stenbo^g, Acta Math, x.) 

7. INaeoas the solutiou of the equatioa 


£(r — l)(r-a)^j + [(o +J5+1) f*— {a+^— 9+l + (y4‘#)u}* +oy] ^+a^(* — y)y*“0 
in the form d the nnries 

l+<48 2 

vrheie 


<?.(?)(»/»>* 


1 *!y(y+i)...(y+»)’ 

®i(j)“J» 0,(j)— a8s’+K«+3— 8 + l)+(y4-8)«}f-<i,, 

<^•+1 (?)“[» {(o+/S-8+»)+(t+*+*-1)®}+«8?]®»(?) 

— (a+»— l)09+ft~ l)(,+e — 1 )ik»(7,„^ (j). 

(Heuo, Math. Ann. xxxtO.) 
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8. Shew that the exponcnte at the singularities 0, I, a, cd of Heun^s equation are 


where 


(0, 1-y). (0,1-,), 

y+fl + * = a+^+l- 


(o, 0)y 


(Heun, Math, Ann. XXlili.) 


d. 

group 


Obtain the following group of vortables for Hennas equation, corresponding to the 


z, 1 — z. 


1 _1_ 
z"* 1 ~z' 


z «— 1 

^-1’ z ' 


for the tiypergeometnc equation : 

2, 1-2, 


1 l_ ^-1 

I' j-a’ a_l» a 


10 . 


z a—z 

cl' a ' 


a a z a 

z * a— 2 * 2 — a* z ’ 


2-a £-1 1— a 

1 —a' a — 1 * 2-a * 


rt- 1 2— a 2-1 

2 — 1 ’ 2 — 1 ’ 2 — a’ 


2 -_a f^-l )2 — a{z-\) 2 — <3 (1 -a) 2 

n( 2 — 1)' z-a ' (a-l) 2 ’ (l-a) 2 ’ z-a 

(Heun, Math. Ann. xxxiij ) 

If the senes of example 7 be called 


F{ayij[, CH /j, y, fc. s). 


obtain J92 siOutionH of the differential equation lu the forio of powers of 2 , 2 - 1 and z-a 
multiplied b) functions of the type 
[Heun gives 48 of these solutions.] 


11 If u«2u, shew that Lamp’s equation 

may be transformed inbi 

5^ - FS (2»- i) F(v) - /?: z=o, 

by the Biibatitution 

a-IF(v))-'/.. 


12. If f = shew that a fornjai solution of the equation of ezaiuple 11 is 

r^o 

provided that (a-2»)(<i— »+J)— 0 

and that 


‘l(a-r-2»)(o-r - 11 + i)6,+ [12«»(o-r + l)(a-r- 2n + 1) + 4ej« (2n - 

- 4 («1 -Sj) («j-«3) (a-r+2)(o-r-»+|) hr^t=0. 
(Brioschi, Oomptet Jtendiu, utxxvi, (1878), pp. 313-315 aud HaJphon.) 

13. Shew that, if n is half of an odd positive integer, a solution ot the equation of 
example 11 expressible in finite form is 

i=’x*6,(C-s,)>“-r, 

r^O 


W. M. A. 
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pivvidad that 

*• (» -»-+4) ft,+[!2«, (2*-r+ 1) (r- 1) - 4«,» (8« - l)+4J]6,_i 
+4 (fci -r+8) {» -r+ J) 

and A is M determined that 

(Brioeohi and Holphen.) 

14. Shew that, if n is half of an odd integw, a eolution of Uie equation of example 11 
expreeaiUe in finite farm ia 

provided Diet 

4p(»+p+4)V-[18<j(»-#>+l)(«+/>-4)-'t««'»(*»-l) + 4B]i'»-i 

+ 4 («i p + 1) (p - 1) y, . j - 0 
and ia the equation which determinee B. 

(Crawford.) 

16. With the notation of examtdes 13 and 14 shew that, if * 

V”( - )' («i -<h)' Vp-*' 

the equations whiota determine q,, Ci, identioa] with those which determine 

ii), bi, and deduce that, if one of the solntione of Lamd’s equation (in which n is 

half of an odd integer) is expressible as an algebraic function of p (v), so also is the other. 

(Crawford.) 

16. Prove that the values of B determined in example 13 are real when Si, e, and 
ore real. 


17. Shew that the complete solution 

1 cf*A , 

is A-{F(i«)r*{^P(i»)+^. 

where A and B ate arbitrary constants, 

(Halphen, JVifot. par cHvtrt $amnU, xxvm. (i), (1880), p. 106.) 


18. Shew that the oomplMe solution of 

ig-Ji».ii*.-f(l+**) 

is A->(en4(^“®)°“4 (O'— p)dn ^ (C- o)}"^ {d + 5 sn’ J ((7- o)} , 

where A and B are arbitrary constants and C~iK+iK'. 

(Jamet, Oompttr Smdm, cxi.) 
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THE ELEMENTARY TRANSCENDENTAL FUNCTIONS 

A*l« On Mrtotn retvlU oMumed in Chapters I-IV, 

It WAS ooQTeiiient) m ths ^rst four cbApteni of this work^ to assume some of the 
properties of the elemeatary transo^dental functiouSy oame]y the expouential, Jo^nthmic 
and circular functions ; it was also conveuient to make use of a number of results which 
the reader would be prepared to accept lotuitirely bj reason of his fiunilianty witiU the 
geometnoai representation of complex numbom by means of points m a plane 

To take two mstanoee, (i) it was assumed {% 2 7) that lim (oxpr)=exp(liin 2 ), and 
(li) the geometrical concept of an angle in the Arg^id diagram made it appear plausible 
that the argument of a complex number was a many- valued funcUon, possessing the 
property that any two of its values difiered by an integer multiple of 29r 

The assumption of results of the first tjrpc was clearlj illogical , it w<is also illogical to 
baas arithmetical results on geometrical reasoning. For, m order to put the foundations 
of geometry on a satisfactory basis, it is not only desirable to employ the axioms of 
anthmetm, but it is also necessary to utilise a further set of axioms of a more definit^y 
geometrical character, oouoeming properties of points, straight hnes and planes* And, 
farther, the arithmetical theory of the logarithm of a complex number appears to be 
a necessary preliminary to the development of a logical theory of angles. 

Apart from this, it seems unsatisfactory to the aesthetic taste of the mathematician to 
employ one branch of mathematics as an essential oonstitueDt in the structure of another ; 
partKHilariy when the former has, to some extent, a material basis whereas the latter is of 
a purely abstract nature f 

The reasons for pursuing the somewhat illogical and anaesthetic procedure, adopted in 
the earher part of this work, were, firstly, that the properties of the elementary transcen- 
dental functions Were required gradually in the course of Chapter ii, and it seemed 
undesirable that the course of a general development of the vanous infinite processes 
should be frequently mteirupted id order to {wove theorems (with which the read^ wa^ 
m all probabihty, already familiar) concerning a single particular function , ami, seuAindly, 
that (in ooniiezion with the asaumptiou of results based on geometncal considerat^ims) 
a purely anthmetioal mode of development of Chapters i-iT, denTmg no help or illus- 
trations from geometncal prooesses, would have very greatly increased the difficulties of 
the reader unacquainted with the methods and the spmt of the analyst. 

* It 18 not oar objeet to give any aeeouQt of the foundations of geometry m Ihu wwk. They 
are mveetigated by vanooi wntera, snob as Whitehead, Axiom of Owm^ry (Cambridge 

Math. Tracts, no. 4, 1906) and Hathewa, ProjtcHve Gtomotry (London, 1014). A perusal of 
Chapters i, xx,.xzii and zxv of the latter work will convince the reader that it » even more 
labonons to devdop geometry In a logical manner, from the mtnimum nnmber of axioms, than 
it is to evolve the theory of the mroolar funotions by purely aoalytioal methods. A omnplete 
aoconnt of the elements both of arithmetio and of geometry has been given by Whitehead and 
IkiBseU, Ptineipia Mathxmatiea (191(1-1918) 

i or Men, Mfsferp qf iSvrqpeati TAottpht in tko Nmetoentk Ccatwry, n. (London, 1906), pp. 681 
(note S) and 707 (hate 1), where a letter from Weiesstrau to Sehwars is quoted. 8ea also 
BylMsr, FML ifop. (fi), u. (1676), p. 807 {Uatk. Pspen, m. (1909), p. 50). 
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A'lL Summary 0 / the Appendtx. 

The genezeJ ooune of the Appendix is as follows 

Xu §§ A 2-A 22, the exponential funcinm is defined bj a power senoi From this 
definition, combined with results oontained in Chapter 11 , are denied the elemontaiy 
properties (apart from the periodic properties) of this functton It la then easy to deduce 
oorresponding properties of logarrtbms of positive numbers (§g A'd-A 33) 

Next, the sine and cosine are defined by power senes from which follows the connexion 
of these functions with the exponential function A bnef sketch of the manner in which 
the formulae of elementary tngonometry may be denved is then given (§g A 4-A 42) 

The results thus obtained render it possible to discuss the penodicity of the exponential 
and circular functions by purely arithmetical methods A 5, A 51) 

In §§ A52-A522, we consider, substantially, the continuity of the inverse circular 
fonotiona 'When these functions have been investigated, the theory of logarithms of 
complex numbers (§ A 6) presents no further difficulty 

Finally, in § A 7, it is shewn that an angle, defined in a purely analytical manner, 
possesses properties which are consistent with the ordinary concept of an angle, based on 
our experience of the material world. 

It will be obvious to the reader that we do not profess to give a complete aecount of 
the elementary transcendental functions, but we have confined oumelves to a bnef sketch 
0 / Che iogioai fiicindstions of the cheery* The d^v-elupoients have been given by wnCers 
of vanous treatises, such as Hobson, Plane Trigonometry , Hardy, A course of Pure 
Mathematics , and Bromwich, Theory of Infinite Semes 

A 12. A logical order of development of the elements of Analysis 
The reader wiU find it instructive to read Chapters i iv and the Appendix a second 
tune in the following order 

Chapter I (omitting t all of g 1 5 except the first two paragraphs) 

Chapter n to the end of § 2*61 (omitting the examples in 2 31 'i 61) 

Ch^ter 111 to the end of § 3 34 and 3 5-3 73* 

The Appendix, §§ A'2~A 6 (omitting §§ A‘32; A 33) 

Chapter ii, the examples of §§ 2 31-2*61 
Chapter in, §§ 3 341-3 4. 

Chapter iv, inserting A 32, A 33, A 7 after § 4 13 
Chapter ll, §^2 7-2'aa. 

He should try thus to convince himself that (in that order) it is possible to elaborate 
a purely anthmetaeal development of the subject, in wbieb the graphic and familiar 
language of geom^ty 1 to be regarded as merely conveutional 

* In writing the Appenifra, frequent reference has been made to the article on Algebraic 
AnaljBiB m the £neyklopHdte Aer Math. Wusensehaften by Fringsbeim and Faber, to the same 
article translated and revised by Molk for tbe S^neyelepStlie des Sciences Math , and to Tannery, 
Jatrodiieftew ft la ThSoris des Fonetions dune Variable (Pane, 1904) 

t The properties of the sfgument (or phase) of a omnplex number are not required in the 
text befora Chapter v. 

$ H g * a point ’for * an ordered number pair,’ ' tbe drole of unit radius with centre at the 
ongm’ for * the set of ordered nuxnber.'pairs («, p) whiidi satisfy the condition * the 

points of a strSfight line’ for * frie set of ordered number'pairs (x, p) which Satisfy a relation of 
thefyped«+Bp4'Cs6,* and eo on. 
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A'% The exponential function exp z. 

The exponentii^ Auction, of a complex variable 2 , is defined b; the eeriee* 
expr«l + ji + ^ + il+...=l+J_ 

This series convetges ebsolutely for all values of z (real and complex) hj D’Alembert’s 
ratio test (§ 2*36) since Urn | {z(n) {sO<l ; so the definition is valid for all valuee of z. 

M'^ao 

Further^ the series converges uniformly throughout any bounded domain of values of z; 
for, if the domain be such that { ^ ^ /f when z is in the domain, then 

and the uniformity of the convergence is a consequence of the test of Weierstrass (§ 3*34)) 
by reason of tbe convergence of the series 1+2 (^/n!), in which the terms are indepen- 
dent of z. 

Moreover, since, fbr any fixed value of n, sf^jn ! is a continuous function of it follows 
from § 3'32 that the exponential function is continuous for ail values of 2 ; and hence 
(cf. § 3*2), if 2 be a variable which tends to the limit we have 

Urn exp 2 » 6 xp C 

A'21. The addition-theorem for the exponential function^ and itz conzequencez. 

From (lauchy’s theorem on multiplicsation of absolutely convergent series (§ 2*63), it 
follows that+ 

(exp * i) (exp 2 j) = (1 + + 1-, + . . .) + pj + ^ + . . .) 

+ - 2 ! - 
a*exp(r|+2j), 

so that exp( 2 i+ 2 |) can be expressed in terms of exponential functions of tx and of if by 
tbe formula 

exp ( 2 i+**)»{exp 2 ,) (exp*,). 

This result is known as the addition-theorem for tbe exponential function. From it, 
we see by induction that 

(exp 2 i) (exp Zf)... (exp r») • exp (xj + xj + . . . + 

and, in particular, 

(expx) (eip(— x)}«»expO=»l. 

From the last equation, it is apparent that there is no value of z for which expxacQ ; 
for, if tbece were such a value of x, since exp(— x) would exist for this value of x, we 
should have O'* 1. 

It also follows that, when x is real, exp jr>0 ; for, from the series definition, exp x'^l 
when and, when xr^O, exp^s>l/6xp(-.jr)>0. 

* It was formerly euBtomaiy to define exp X as lim (l + -} , of. Cauchy, Cotort 1 . 

ii-»w V *•/ 

p. 167.. OoQchy (ibid. pp. 168, 809) also derived tbe propertiM of the funetion from the soies, 
hut l^s Inveedgatios when x is not rational is tneompleta. Bee elso SohlOmilch, Hondhuch 4er 
alg, AneU^ziz (1689), pp. 29, 178, 240. Hardy bos pointed out (Jfotft. QazetU, lu. p. 384) that 
the limit deflniftion has nmny disedvantagee. 

t The reader will at cnee verify that the general term ia the prodoot eniss is 
(»i*+«CiXi*"ix,+,C,x,**^x,»+...+j,**)/rtI*t*i+x,)»/n!. 
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Further, exp x is an ittertanag funetion of the nal variable ae ; for, if k><i, 
exp (a+i) —exp a ■■ exp a . {exp t— iy>0, 
beoauee exp *>0 and exp i> 1 . 

Also, ainoe {expA-l}/*=l+(A/S!)+(f*/3!) + :--, 


and the series on the right is seen (by the methods of § A‘S) to be oontinuous for all 
values of h, we have 

lim {expA- 1 )/A— 1 , 


and so 


d exp t _ exp (x+A)-exp x^ 


dt 


expt. 


A'22. Variout propertut of the eaponentM function. 

Returning to the formula (eip<,)(expx]) ... (expx,J = exp(t, +X 3 +...+X,), we see that, 
when n is a positive integer, 

(eipx)*-oxp(n«), 

and (expx)-*— l/(exp x)"=l/exp(«i)~exp {-m). 

In particular, taking t=l and writing e in place of exp 1 = 2-71828. ., we see that, 
when m is an integer, positive or negative, 

«” = exp »i = 1 +(«B/t !)4-(mV2 

Also, if be any rational number {=plg, where p and q are integers, q being positive) 
(exp exp = exp p • e”, 

so that the jth power of expp is «»; that is to say, exp a is a value of and it is 

obviously (§ A'Sl) the real positive value. 


If XI be an irrational-real number (defined by a section in which a, and oj are typical 
members of the i-olass and the A-class respectively), the irrational power s' is most 
simply defined as exp a ; we thus have, for all real values of a, rational and irrational. 


XX* 

= 1 + 17 + ^-' 


an equation first given by Newton* 


It ie, therefore, legitimate to write ^ for expx when x is real, and it is oustomary to 
write «* for ezpr when z is complex. The function ^ (which, of course, must not bo 
regarded as being a jiower of «), thus defined, hi subject to the ordinary laws of indicesr ▼ia* 


[Non. Tannery, Leamt d!Algibn et tfAnalyee (1906), I. p. 45, practically defines s', 
when X ie irrational, as the only number X such that s*' for evei 7 Oj and Og. 

From the definition we have given it is easily seen that such a unique number exists. 
For expx(=X) satisfies the iasqiMlity, and if X' (’hX) also did so, then 

exp Oj - exp ~ e*’ - s“’ > I JT' - JT I , 

so that, since the exponential fonotion is continuous, at — a, cannot be chosen arbitrarily 
small, and so (oj , a,) does not define a section.] 


* De Anatgti per aeqiiat. sum. tsm. inf. (written hefote U69, but not published till 1711) ; 
it wss also given both by Newton and by Leibais in letters to Oldenburg in 1678 ; it wan first 
pnbliahed by Wallia in. 1666 in his Treattee on dlpsbrs, p. B4fi. Tihe sgnation when a is Srratiottal 
was nplinitly stated by SehlAntilob, HaetHueh der alp. Anslpefs (1669), p. 1(9, 
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'A'S, Logarithnu o/ potiUve numbtrt^. 

It hat been wan (§$ A'S, A-21) that, when x is real, erpa- is a positive eontinnciins 
inoieasmg ftmotion of x, and obviously exp x-^+ai as x;-«-+od, While 
eip»— l/exp(?-w^-^0 as 

I^ then, a be any positive number, it follows from § 3’63 that the equation in x, 

expx— a, 

has one real root and only one. This root (which is, of course, a function of a) will be 
written f Log, a cw simply Log a ; it is called the Logarithm of the poeitive a. 

Sinoe a one-one oorreapondenoe has been established between x and a, and since a is 
an increasing function of x, x must be an increasing function of a ; that is to say, the 
Logarithm is an increasing function. 

Example. Deduce from § A'S! that Logo -t- Log Log oh. 

A^L The eontiiutUg of the Logarithm. 

It wUl now be shewn that, when a is positive. Log a is a continuous function of a. 

Let Logo— X, Log(o-tA)— x+i, 

so that «****«a+A, l + (A/o)»e*. 

First suppose that A>0, so that k>0, and then 

I +(A/<*) = 1 +i+^*+ ...> I + A, 
and BO Q<i<hla, 

thatistosay 0<IjOg(a-hA)-Logo<A/o. 

Hence, A being positive, Log (a -t A) -Logo can ho made arbitrarily small by taking A 
suAciently small. 

Next, suppose that A<0, so that t<0, and then o/(o+A)»=«"*. 

Henoe (taking 0< -A<io, as is obviously permissible) we get 
o/(a + A)-l+(-i)-hli*+...>l-i, 
and SO — i< - 1 + 0 /( 0 + A)=i — A/(o+A)< — 8A/a. 

Therefore, whether A be positive or negative, if f be an arbitrary positive number and 
'f { A I be taken less than both ^o and we have 

I Log (o+A)- Logo I <», 

and so the condition for continuity (§ 3*2) is satisfied. 


A'32. JHfermtiation of the Logarithm. 

Betatning the notation of § A '31, we see, from rasults there proved, Uiat, if A 
(o bmng fixed), then also A-»0. Tbcrefore, when a>0, 


<f Logo 


i-ws «• ' 


1 

a' 


Since Log 1 •(), we have, by § 4-13 example 3, 





-•-0 


* Many mathemstieiaDs define the Logarithm by the integral formula given in g A'Sfi. 
reader shc^d oonsnU a meesoir hy HurwUa (Math. Jna. ux. (1911), pp. B3-47) on the fenada- 
tions of the Vboatf of the logarithm. 

t This is in agresmexit wiUi the notation of most text-bodrs, in wnioh Img dsnotw tits 
ptinoipal valos (iw | A-fi) of tbs logarithm of a complex number. 
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A'33. The expaeuim of Log (1 + o) t« powers of a. 

From § A‘32 we have 

Log(l+a)«i j^{l + t)~'dt 

= J ”{1 

74 

where 72,= ( - )« (1 +0“* <*- 

Now, if - l<a<l, we have 

|/?.K J^'Vci-lal)-** 

= la|-*'{(»+l)(l-|a|>}-‘ 

-►0 as n-^oo . 

Hence, when — l<a<l, Log(l +a) can be expanded into the convergent series* 

H«1 

If a= +1, 

cj r‘rfr=:(w + 3)~^-^0 as W-^OD , 

so the expansion is valid yrhou a= + 1 ; it is not valid when a« - 1. 


Example. Shew that 


lim (l + -) 


[W.have «log(l + i)= - 2 ^ + 5 ’, -... 


= 1, 

and the result required follows from the result of § A'2 that lim 
A*4. T/ie deJiHUion of the erne and coeine. 

The functions t sin z and cos t are defined analytically by means of power series, thus 

»D(27r+i)i ’ 


31 + 5"'- 


1 ••• (27i;! ’ 

these series converge absolutely for all vsitiK of t (real and complex) by § 2'36, and so the 
definitions are valid for all values of a 

On comparing these series wrtii the exponential aeries, it is apparent that the sine and 
cosine are not essentially new lanctions, but they can be expressed in terms of exponential 
functions by the equations | 

2t sio {iz) -exp { - w), 2 COB a » exp (u) + exp ( - iz). 


* This method ^ obi^ning the Logarithmic expansion is, in efieot, doe to Wallis, Phil. 
Trane, n. (1668), p. W* 

t These aeries ifere* given by Newton, De Ajuilyri... (1711), see g A‘22 footnote. The other 
tngoeiomahdosl fiinptions are defined in manner with which the reader is famUiar, as 
quotients and redprooals of sines Mid cosines. 

t Shsse equations w^re derived by Enler were given in a letter to Johann BmaouUi In 
1749^4^‘imhlt^dd in the Hue. Aead. Berlin, v. (1749). p. 279] from tiw geometrical deflnltiona 
Hid ahie and coi^e, upon which tibs theory of the oirealar fanetions was then onivemUy 
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It ia obvious that sin t aod cos z are odd and even functiona of z respectively that lb 
to say 

Bin (-«)= “Smr, ooa (~*)«coa^. 

A*41. Tks /undqmefUal yroperi^st of sin z and cos z. 

It may be proved, juat a» in the ^aao of the exponential function (§ A S), ^bat the senes 
for smz and oosr converge uniformly in any bounded domain of values of Zy and cod> 
sequently that ain z and coa s are continuous Unctions of z for all values of z 

Further, it may be proved in a eimilar manner that the aenes 

3»^61 

defineo a oontinuous function of 2 for all values of z, and, in particular, this function 
IB continuous at zssQ, aud so it follows that 

lim (2“*ain2)=L 

A‘ 42 . T/i£ oddiiMn’theoremBfor Him and coHz. 

By using Euler’s equations A 4 ), /t is easy to prove from properties of the exponential 
function that 

sin (z^ ■hZi)=:am£t cos^-f cos2( sinz^ 
and c<is(Z|, + e4>'a-c€MJZiCos25~fliii2jSin2^ , 

these results are tcnown as t/te additwn-thzoremz for sm2 and coa 2 

It may also be proved, by using Euler's equations, that 
«n*2+cos*2»«l. 

By means of tbm result, sin(2|4'2;) can be expressed as an algebraic hmction of amr] 
and sinz^, while cos(2( + 23) can similarly be expressed as an algebraic function of coszj 
and oos2|, ho the addition*fomiulae may be r^arded as addition^tbeorems m tbe strict 
sense (cf 20 3 , 22 732 note) 

By diflerentiatmg Euler’s equations, it is obvious that 
(fsinz doooz 

__. 08 Z, -^=- 810 . 

Example Shew that 

sm Sz 2 sm z cos c, cob2z»2oos*z» 1 ; 
these results are known as the duplication'formulae 

A’6. TAe penadiczty of the expoftentuU function. 

If zi aud Zi are aucii that exp Zj exp z^, then, multiplying both sides of the equation by 
exp - z^), we get exp (z^ - e*) =* 1 , and writing y for Zj -• Zj, we see that, for all values of z 
and all int^al values of n, 

exp (2 + 747)*= exp z (expy)*— expz. 

The ex{K>nential function ix then said to have period 7, since the effect of increasing 
e by 7, or by an integral multiple thereof, does not affect, tbe value of tbe function. 

It will now be shewn that such numbers 7 (other than aero) actually exist, and that aU 
tbe numbers 7, possissding the property just described, are comprised in the expression 

2 nfrv, +£, ± 3 ,...) 

where w is a certaui positive number* which happens to be greater than 2V2 and less 
than 4 . 

* The faei that r is an ir/atjoaal auzaoer, whose valae is 8*14159 . , is irrelsvaot (o the 
present investigation. For an aecoont ol attempts at determining tbe valoA of r, ooooladij^f 
with a proof of the Uieorem that r satiafies no aJgatraie equation with ra^imal ooi^eisnte, aae 
Hobson^ monotgr^ih Squanr^ the Ctreie ( 1918 ). 
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X*51. 

Let y^ia+i/S, where a end 0 are real ; then the srphlem of eolviog the equation 
exp y — 1 is idmtical with that of aolving the equation 

expa.expaS— 1. 

Comparing the real and imaginary parte of each aide of this eqTution, we have 
expa.aaa|3<sl, ezpa,Bin^=:0. 

JSquaring and adding these equations, and using the identity oos* j9+ain'jSei 1, we get 

exp2a»l. 

Now if a were positire, exp Sa would be greater than 1, and if o were n^ative, exp So 
would be lees than 1 ; oad ao ika only poitibU mlmfer a ia ten. 

It follows that coad=l, ain^isO. 

Now the equation aa0=O is a necessary consequence of the equation cos^— 1, (m 
aooount of the identity ooe*d+ain*/9El^ It is therefore sufficient to oonsider solutions 
(if such solutiom exist) of the equation ooejS— 1. 

Instead, however, of considering the equation ooe^*=l, it is more convenient to 
consider the equation* cosw^O. 

It will now he shewn that the equation cosx— 0 lias one root, and only one, lying 
between 0 and S, and that this root exceods ; to prove these statements, we make use 
of the following considerations : 


(I) 

(II) 


The function coax is certainly continuous in the range 0<x<2. 
When 0$x<^/2, wehavet 


Trel>®' 


8 ) 


and eo, whea > 0. 

(Ill) The value of coe 2 is 






(IV) When 0 < x < S, 
and so, when 0<x<S, sinx^Jx. 

It follows bom (II) and (III) combined with the results of (I) and § 3'6S that the 
equation aosx>°0 has or feast one root iu the range ^ <x< 2, and it has no root in the 

raqgeOCx^VS- 


Vnrtfaer, there is not mora t/bW one root in the range ^<x<8; for, snppose that 
riiere were two, Xi and x,(x^>i^}! titen 0<X|-X|<S- v'S<l, uid 
ein {i^‘>«i)arinXgCoex,-rinC| coexj~0, 
and this is Inoompatible witfe^V) which abewa that Bin(xi-«i)>i(x,-xi). 

Tie equation eoaxwO tiisnjfbr* Aaa one and only one not lying between 0 oiut 2. This 
root ties between VS SfBd S, and H ia caOed |s ; and, as stated in the footnote to J A'B, its 
actual value luqapena to he 1-57079.... 


* If eosxwO, it it an immediate eousequeuae of the daidioation>lDtran]ae that coiSsss ~i 
asdtiisneeihat eostksl, so. if x is a eolntioo of cos soO, 4x isa sdutioa oteos/Iwl. 

t The qrBibd.3t**V b* rqilaeed by > except when xn^ta the fltri piaet sffien it oeears, 
aad except wbea.aaO ia the otlm plaecs. 
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From tile ftddi^a*ibm&ulae, it may be proved at onoe by inductio& that 
where ft ia any integer. 

In pajrticular, cos2nfr*l, where n ia any integer. 

Moreover, there ia do value of /9, other than those values whidi are of the form 2ftr, 
for which ooB^d ; for if there were auoh a value, it roust be real*, and so we can 
choose the integer m ao that 

— IT ^2fnir— 

We then have 

sin ] JftjT - I — ±sin (»iv - ±sin ±2'^(1 -ooe^)4»*0. 
and this ia inconsiatenti' with sin unless 

Come^wnUjf the numbers 2n4r, (n>»0, +1, +2, ...), and no others^ have their ooeCnes 
equal to unittf. 

It follows that a positive number ir exists such that exp# hoe period Sri and that 
exp e kae no period fundamentally dietinat from Sri, 

The formnlae of elementary trigonometry concerning the periodicity of the circular 
functions, with which the reader ia Already acquainted, can now be proved by analytical 
methods without any difficulty. 

Example 1. Shew that sin \v ia equal to 1, not to — 1. 

Example 2. Shew that tan x^x when 0<xr<{ir. 

(For cos*>0 and 

( 4 ^ 7)1 - 

mid every term in the sories U poeitive.] 

^2 ^ ^ gjt 

Example 3. Shew that 1 - ^ + ^ - ^ •* positive when *= j-g, end that ' ~ j" + jJ 

vanishes when x=>(6 — 'S9S4 . . . ; and deduce that ^ 

3m<w<3T85. 

Alts. Tke ralvtioH of a pair of trigmometrical eqvatiom. 

Let X, /I be a pair of real numbers such that 1. 

Then, if X + — 1, the equations 

COST— X, Binx=^ 

have an infinity of solutions of which one and only one lies between § -w and w. 

First, let X and n he not negative ; then (§3-63) the equation C 08 «=X has at least one 
solution such that since oos 0»1, oos^^sO. The equation has net two 

solutions in this range, for if Xi and jii were distinct solutiims we could prove (of. § A'M) 
that 8in(*i-*j)‘«0, and this would oontrsdiot § A'51 (IV), since 

0<jx,-x,|€js<S. 

Further, siux|a> —cos^Si)= 4-v^(> — X*)— fi, so X| is a solution of boti equations. 

* The equation eosS~l implies that esp ifisl, and we have seen that this equation hue no 
oomplex roots. 

t The inequality U true by (IV) sinee 0<|B.r-^K|s<S. 

; See De Koigan, A Sudgot of ParaAoxa (London, 1873), pp. 816 <t ttq^ tar raeaoDi toe 

proving that r>iH. 

'fIfXs~l, ^rare solutions and then en no others in On nags ( - r, w). 
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The eqnataona iiave no solutiona in the r&nges 0) and ir) sinoO) in these 
rangoBf either sin^ or ooba? is negative. Thus the equations have one solution, and only 
one, in the nmge ( — ir, n). 

If X or (or both) ia negative, we tnay inveatigate the equations in a aimilar manner ; 
the details are left to the reader. 

It is obvious that, if is a solution of the equations, so also is ai+Suv, wheire n is 
any integer, and therefore the equations have an infinity of real solutions. 

A *521. The principal solution of the triff onometrical egwtHont. 

The unique solution of the equations oosxbbX, sinx^^ (whore X*+m*^^) whioh lies 
between — u and n ie called the principal st^ution*^ and any other solution differs from it 

an int^er multiple of Sir. 

The priihcipal valuei of the argumerd of a complex number r ( # 0) can now be defined 
analytically as the principal solution of the equations 

|r|oos^s£(x), |r|sin<^«/(r), 

and then, if r»»|r|.(cosd*ft8ind), 

we must have d=^+Snir, and d is called a wdut of the argument of r, and is written 
args (cf. § 1-5). 

A*S22. The continuity of the argument of a complex variable. 

It will DOW be shewn that it is possible to choose such a value of the argument d (r), of 
a complex variable 2 , that it is a continuous function of t, provided that z does not pass 
through the value sero. 

Let be a given value of z and let be any value of its argument ; then, to prove that 
${z) is continuous at it is sufficient to shew that a number 0i exists such that di*>argei 
and that | d| ~ do j can be made lees than an arbitrary positive number e by giving | - 20 j 
any value lees than some podtive number ij. 

Let «„*xo+»>o, + 

Also let [ 2 ] - be chosen to be so small that tiie following inequalities are satisfied j . 

(I) |X|“Xbl<i provided that Xo^O, 

(II) I yi - yo I yob provided that yo+0, 

(III) 

From (I) and (II) it follows that XqXi and y^yi are not negative, and 
80 that 

How let that value of Si be tafeeo whiidi difibrs from So by less than n ; then, since 
JCo and Xt have not opposite signa and jfg and yi bare not opposite signs§, it follows fbom 
the solution of the equations of § A-SS that d, and So difer by lot than 

Now 

Xo^i+yoXi 

* IfAn-l, wetoks -fwttatitspriiMipal soiatiop; of. p. 9 

t The terai principai naiss was introdnoed in 1845 by BjOrling ; see the Archie der Math, 
used PkpM. IX. (1847), p. 

1 (I) or (11) nspeoSW^ is simply to be sop pr es i e d in flw oaes idien (i) «,=.0, or whan 

{a)»,=o. 

{ Tbs geometliaal intsipistatioa of these eonditione te mmely that a, and *i are not in 
different quadiaats of the planf. 
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ADd ao A‘51 exampie 2), 

1 di — ^0 1 < 




i ^0 (y I -yp) " yo (^t - I 


+^0^1 

But I Ao i ^ I «o I alao (yo[<j^| ; therefore 


Furthwf, if we take l«j -iol l®8a than J Ia®!, (if ^0 4=0) and i}yo|, (ifyo^O) and |2ol> 
the inequalities (I), (11)^ (III) above are aatished , ao that, if f; be the smallest of the 
three numbers* t! Aol,i!yo!> i< l*o!, taking (a,-‘£o!<i 7 , we have ldi-do|<« , and this 
IB the condition that B (z) should be a continuous function of the complex variable z. 


A*6. Loganthm of complex numbert. 

The number f is said to be a loganihm of z if z=;«^ 

To solve this equation in f, write where ^ and 17 are real , and then we have 

Z (cos 17 + * 8ID 17) 

Taking the modulus of each side, we see that so that (§ A 3), f—Logjrj; and 

then 

i « ) 2 j (cos 7 + » Bin 9 ), 

so that tf must be a value of argz 

The logarithm of a complex number is consequently a many valued function, and it 
can be expressed in terms of more elementary functions by the equation 

logz«boglz| + iargz 

The continuity of logz (when 2 4 ^ 0 ) follows from § A 31 and § A'522, smoe |z| is a 
continuous function of s 

The differential coefficient of any particular branch of logz (§ 5 7) may be detemuned 
as in ^ A 32 ; and the expanHiou of § A 33 may be established for log (1 + u) when ] a { < 1 
Corollary If a* be dehued to mean a' is a continuous function of e and of a 

when a =^0 


A'7. The analytical de/inition 0 / an angle. 

Let zi, zs, <8 be three complex numbers represented by the points Pi, Ps in the 
Atgand diagram Then the angle between the lines (§ A 12, footnote) P\P% and PiPs is 
defined to be any value of arg (23 - zi) - arg {z% — Zj) 

It will DOW be shewn t that the area (defined as an integral), which is bounded by two 
radii of a given circle aud the arc of the ci^le terminated by the radii, is proportional to 
one of the values of the angle between the radii, so that an angle (m the analytical sense) 
possesses the property which is given at the banning of all text>books on Tngonometiy^. 

* If any of these numbers is sero, it is to be omitted. 

t The proof here given applies only to aoute angles , the reader should have no diffiooHy in 
extsndu^ the lesoU to angles greater than and to the case when OX 11 not one of the 
boimdlng radu. 

X definition of an angle does not, in itself, afford a measure of an angle ; it is shewn 

in treatises on Trigonometry (of. Hobson, Plane Trigenonetry (1918), Ch. 1 ) that an zmgle is 
msasared by twice the area of the sector which the angle outs off troxn a unit oirele whoso ooitre 
18 at the vertex of the angle. 
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(^'i> yi) ^ point (both of vhose oooniiDatas an positive) of tbs oitide 
x*+^»a'(a>0). Let 9 be the prinoipsl value of »rg(ari-4-ty)), so that 0<y<|«. 
That the area bounded by OX and -the line joining .(0, 0) to («i, yi) and the arc of the 

ciickgdning (jej, y,) to (a, 0) ia j /{x)dx, where* 

/(«)— stand (O^s^acoad}, 

/(s)-(a'-s«)» (a oofitf <jr<aX 

if an area be defined as maatiiDg a auitablj chosen integral (of. p. 61). 

It renuhins to be proved that j /(x) dx is proportions^ to 

Now ( /(x)dx<^( xt&ti$dx+{ 

yo Jo yaeoa# 

«*}a*sindoos^4 -^ j ■|a*(a*— + ^ dx 

{a*— 

J «c(m4 

-io*{iw-(i«r-d)}=i<»‘d, 

on writing s««ai and using the example worked out on p 64 

That ia to say, the area of the sector is proportional to the angle of the sector. To 
this extent, we hare shewn that the popular conception of an angle ia oonsuitent with 
the analytical definition. 

* The leader will easily eee the geoinetrical interpretation of the integral by drawing a 
figure. 
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[7%.e numbers rrfer to the pages. References to theorems contaxned tn a few of 
the more important exampleu are gtven by numbers tn italics] 

AtMl*i discovery of ellipse functions, 429, 512 » mequahty, 16 , integral equation, 211, 229, 230 , 
method of establil^ing addition theorems, 442, 496, 497, 590, 594, special form, of 

Uie confluent hypergeometne function, 353 , test for convergence, 17 , theorem on continuity 
of power senes, 67 , theorem on multiplioation of convergent senes, 68, 39 
Ahrldced. notation, for products of Theta functione, 468, 469 , for quotients and reciprooals of 
elliptic functions, 494, 498 

Absolute oonve^enca, 18, 28, Cauchy’s test for, 21, D’Alembert’s ratio test for, 22, De 
Morgan’s test for, 23 
Absolute ▼nine, see Hodnloi 

AblOluteilT oonsergeut double series, 28 , inhnite products, 32 , senes, 18, (fundamental 
property of) 25, (muitiphcation of) 29 

Addltlou formula lor Bessel functions, 35? 3H0^ for Gegenbauer’s function, 993 , for Legendre 
polynoinials, 326, 895, for Legendre functions, 328, for the Sigma function, 43i, for 
rheta-functions, 467, for the Jacobian Zeta-funotion and for £(»), 518, 394, for the 
third kind of elliptic integral, 523 ^ for the Weierstrassian Zeta function, 446 
Addition formulae, distinguished from sddition theorems, 519 

AddlUon theorem for circular functions, 535, for the exponential function, 531 , for Jacobian 
elliptic functions, 494, 497, 396, for the Weierslraasian elliptic function, 440, 437, proofs 
of, by Abel’s method, 442, 496, 497, 396, 394 

Affix, 9 

Atr la a aphsxe, vibrations of, 390 
AmpUtode, 9 

Analytic eonUanatloa, 96, (not always possible) 98, and Borel’s integral, 141 , of the hyper 
geometric function, 288 See ahto Asymptotic eiqDangloiui 
Analytte fnnotioaB, 82-110 (Chapter v) , defined, 83 , denvates of, 89, (inequality satisfied by) 91 , 
distinguished from monogenic funcUons, 99, represented by integrals, 92, Biemann’s 
equations connected with, 94 , values of, at points inside a contour, 88, uniformly convergent 
senes of, 91 

Angle, analytical definition of, 589 , and popular conception of an angle, 589, 590 

Angle, modnlar, 493 

Area represented by an integral, 61, 589 

Argand diagxmm, 9 

Argnment, 9, 588, principal value of, 9, 588, oontumity of, 588 

Ajuoolated fhncUon of Borel, 141 , of Bieniann, 183 , of Legendre (x) and (r)], 323-826 
Anyn^vtotlc ezpanalons, 160-159 (Chapter vm), differentiation of, 153; integration of, 153; 
multiplication of, 152 , of Bessel functions, 368, 869, 371, 378, 374 , of confluent hyper 
geometric functions, 842, 843 , of Gamma functions, 251, 276 , of parabolic cylinder functions, 
^7, 84B , uniqueness 153, 154 

Afyaipto^ inequality for paiaboho cylinder functions of large OTder, 934 

AjQmptoUo aolutioiu of Mathieu’s equation, 425 

Avta-funottoaa, 226 

Automerpltto ftmotloni, 455 

Ar**>™* of anthmetio and geometrv, 579 

Banos’ eontonr Integrals for the hypergeometne function, 286, 289; for the confluent hyper 
g[eometi*ic function, 843-345 
Banns’ O-foaotlon, 964, 278 
Bantas’ lomwa, 289 
Basle Bumbsrs, 462 

Bmmnilllan numbOTs, 125, polynomials, 126, 187 
Bertnsd’s test for convergence of infinite integrals, 71 

B ssss l ooottolSBts [/|.{r)J, 761, 855, addition formulae tor, 937, Bessel’s integral for, 362; 
differential equation satisfied by, 357, expansion of, as power senes, 855; expanaioa of 

qu o 
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iuiicticAs in s^iee of (by Neumann), 874, 375, S84, (bv Sohldmiloh), 077 : expansion of 
in series of, 874, 875, 376 1 expressible ae a confluent fonn ox lAgendre functions, 
867 ; expressible as confluent byp^^eoznetric functions, 358; inequality satisfled by, 879 \ 
Neumann’s function O^lx) connected with, »ee Hensuautt faction; order of, 856; reoar-' 
renoe formulae for, 859 ; special case of confluent hypei^eometrio functions, 353. See a2sa 
Beesel fuiotliais 

BeeMl fUnoCtone, 965>^85 (Chapter xra), defined, 358-360; addition formulae for, 380 i 
asymptotic expansion of, 868, 869, 871, 878, 374 ; expansion of, as an ascending series, 858, 
371 ; expansion of functions in series of, 874, 876, 377, 381 ; first kind of, 8^ ; Oankal’a 
integml for, 865 ; mtegral oom^tii^ Legendre functions with, 354, 401 ; int^gTal prtqnzti'M 
of, 360-, 381, 334, 385 ; int^als invoUmg ^odncts of, 380, 383, 385 ; notations for, 3M, 
372, 373 ; order of, 856 ; products of, 379, 380, 383, 385, 488 ; reouiTenoe formulae for, 3^, 
873, 374; relations between, 360, 371, 373; relation between Oegenhauer’s function and, 
378; Sohlafii’s l<um of BesBeVs integral for, 362 , 372; second kind of, Y,t(«t (Haidrel), 870; 
Y^f (x) (Neumann), 372 ; Y„ (x) (We^-Schlhfli), 370 ; second kind of mMioed, 873; 

solution of Ijaplsce’s equation by, 805; solution of the wave-motion equation by, 907; 
tabulation of, 378 ; whose order is large. 368, 383 ; whose order is half an odd integer, 864 ; 
with imaginary argament, /„(x), 372, 373, 384 ; seros of, 861, 367, 878,331. Nee 

also Bessel ooeffletenta and Bessy’s equatida 

Bessel’s equation, 204, 867, 873 ; fundamental system of solutions of (when n is not an integer), 
859, 872 ; second solution when n Is an integer, 870, 378. Set also Bosnnl functions 
Blast’s Integrals for log r (r), 246-261 
Blnomlsl theorem, 95 

Bfiehsr’s theoram on linear differential equations with five singularities, 203 

Bolsano's theoren on bmit points, 12 

Bcsutet’s form of the second mean value theorem. 66 

Borel’s associated fnnction, 141 , integral, 140; integral and analytic continuation, 141 ; method 
of ' summing ’ series, 154 ; theorem (the modified Heme-Borel theorem), 58 

Boundary, 44 

Boundary conditions, 367 ; and Laplace’s equation, 398 
Bounds of contiiioons functions, 55 
Branch of a function, 106 
Brancb-polnt, 106 

ranunn’s theorem, 128 ; extended by Teizeira, 131 
OuBtoris Lsouna, 188 

Oauohy's condition for the existence of a Imut. 13; dUcontinuous factor, 128 ; formula for the 
remainder in Taylor’s senes, 96 ; inequality for derivatives of an analytic function, 01 ; 
integral, 219; iM^pral reppssentmg r (s), 243 ; numbers, 373-; tests for oonvezgezKTc of seriM 
and int^rals, 21, 71 

Oantfliy’s theoma, 65 ; extension to carves on a cone, 87 ; Morera’s ccmverse of, 87, 110 
osn, 430 

Cesiro’s awthod of ' mmwraf ’ series, 155 ; (^eralised, 166 

Ohaiiir* of erdsr of tsnns in a saries, 25 ; in an infinite detenninant, 87 ; in an infinite prodne^ 83 
Change et parameter (method of solution of Matbieu’s equation), 424 

Oharaeteristto functions, 226; numbers, 219; a&xnben assooiatod with symmetric nuclei are 
real. 226 

Ghsxtisris test tot convergence of infinite int^rals. 72 
Otrole, area of sector of, ; limitingK^fl ; Qd convergence, SO 

Omular funettoas, 485, 584 ; addition tiieoiems for, 585 ; continuity of, 666 ; diflereDtiation 
of, 585; du|dioatiGD formulae, 585; periodicity of, 667; relation with Gfunma-ianotions, 
239 

Otroul&r memhrsae, vilnutiona nl, 856, 896 
Claes, left (L), 4 ; right (iQ, 4 
Closed, 44 
duiter-potxit, 18 

OoeflUdeuts, equatu^, 69; in Fourier eeries, nature of, 167, 174; in trigonometrical series, rallies 
of, 168, 165 

Ooefltetonte of Bsessl, tee Bssesl ooefleteats 

Oompariaoh tfienrsni for coovergaiioe of integrals, 71 ; for oonreegeooe of series, 90 
Oomp temau tigy ptodnfl, 479, 493 ; elliptic integxtils with, 479, 501, 590 
Oqgplete.iti ap t tc tategnli [E, K, JS\ JC'2 (Ant sad second ki:^}, 498, 489, 518 ; Lee«Bdn*s re- 
latiiittlmweRi, 690 ; piopin^es of (qua tunetions of the modulus), 484, 496, 499, 501, Sil ; 
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series for, S99 ; tables oJ« f»18 ; the Oftasai&x) tr&BsformsrtioOf 5S3 ; y&loM for amsU yaloes 
of |lc(, 521; vahifis (as Q^ma-funotions) for special valoes of k, 624-627 ; with eomple- 
meotsiy moduli, 479, 601, 620 
Oonplex IntWtle* 77 , epper limit to value of. 76 
Oonittex Istevrattoa, fni^lamental theorem of, 78 

CotapleznoiBlMn, 0-10 (Chapter r), defined, 6, amphtade of, 9 , argument of, 9, 688 ; dependence 
of one on another, 41 ; unaglnary part of (I), 9 ; loganthm of, 569 ; modulus of, 8 ; real jMbrt 
of (E), 9 ; rc^iresentative pomt of, 9 
OMDiOiSX vulsbte, oontumbus function of a, 44 

OompUtatiMl of elliptic functions, 485 , of solations of integral equations, 211 

conTSTgenee of aeriea, 18, of infinite detemnnantB, 415 See also ConTtfffenoe and 
IhMlttte cuLTSirveBOe 
OoaAtttoa of totognliiu^ (Rieiuann'a), 63 
aoadtttoOS. Dirichlet's, 161. 163, 164, 276 
CoBdnotlon of Haat, equation of, 387 
Confluence. 202, 387 
CofSxuait form, 308, 837 

Confloent hypergeometric fonotton [Wy ,,»(«)]. 337-354 (Chapter zv) ; equation for, 337 , general 
asymptotic eapansion of, 342, 84^* intej^ defining, 839, integrals of Barnes’ type for, 
343-34& , Kummer’s formulae for, 938 , recurrence formulae for, 3S2 , relations with Bessel 
functions, 360 , the functions ^ (t) and Mjc ^ (•^)> 337-339 , the relations between functions 
of these types, 346 , various functions exprei.sea in terms of 860. See 

also Beaeel funotiona aiuf ParaboUo eyUndtr fnncUone 
ConfOcal ooordlnatee, 405, 547, form a tnply orthotronal system, 548, in association with 
ellipsoidal barmonioh, 552, Laplace’s equation referred to, 551, amformismg variables 
assooiatsil with, 549 

OoBgrnenoe of points m the Argand diagram, 430 
Constant, Euler's or Maflcheronrs. [y], 236, 246. 246 

Constants , e^, e^, 443 , K E' 518, 520 , of Fourier, 164 , rn, in, 446, (relation between iji 
and 9 s) 446 , O. 469, 472 . K, 484. 498. 499 , K\ 484. 501, 503 
Coustmotlon of elliptic {unctions, 488, 478, 492; of Mathieu functions, 409, (second method) 
420 

Contlguou hypergeometric functions, 294 
CoattXLua, 4.3 
Continuants, 36 

Continuation, analytic, 96, (not always posBiblel 98, and Borel's mtogral, 141 ; of the hyper- 
geometric function, 288 See also Asymptotic expatuflons 
Continuity, 41 , of power senes, 57, (Abel’s theorem) 57 , of the argument of a oomplez vanable, 
568 , of the circular functions, 585 , of the exponential funotion, 561 , of the logarithmic 
function, 563, 689 , uniformity of, 54 

Continuous functions, 41-60 (Chapter ni), defined, 41 , bounds of, 56 , integrability of, 68 ; of a 
complex variable, 44 , of two variables, 67 
Contour, 85 j roots of an equation in the ulterior of a, 119. JifS 

Contour Integrals, 85 . evaluation of definite mt^rals by, 112-124 , the Melhn-Bames type of, 
286, 843 , see also under Ou special funetton represented by the ihteyral 
CoaTMgunoo, 11-40 ^Chapter n), defined. 18, 15, circle of, 80, oonditiooal, 16; of a double 
series, 27 , of an infinite determmant. 46 ; of an infinite product, 82 , of an incite integral, 
70, (teste for) 71, 72 , of a sones 15, (Abel's test for) 17. (Dincblet’a trat for) 17 , of Fourier 
senes, 174-179 , of the geometric seriee, 19 ; of the hypergeometric senes, 24 ; of the senes 
Sn~*, 19 , of the senes occurnng in Mathieu functions, 4^ ; of tngonomeirioal aenes, 161 ; 
pnnoiple of, 13 , radius of, 30 , Iheorom xm (Hardy's), 156 See also Aboolute oonvuegenoe, 
■oa'ualfom eenvsrgenoe and imifonnlty of oonvorgonoo 
Ooorflinates. oonioosJ, 405, 547 , ortbogonsl, 401, 546 
Ooiseant. series for, 185 
OoB^M, «<« (flroular fuaotions 

Cotino-integral [Ci (r)], 3SS , -senes (Fourier senes), 165 
OotaBgents, expulsion of a function in senes of, 189 
-OnUo funotion, integration problem connected with, 452, 512 
CuiBiaghazB'a ftmotioai ^ {/)], 358 

Ourre, simple, 48 ; on a cone, extension of Cauchy’s theorem to, 67 ; on a sphere (Seiilark'a 
spiral), 527 
€ut,m 

0! yW« 4 rto sl ftmotions, 855. See BmmI fanetions 
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fi’41«mlM9t*i imtlo tMl lor cooire^Doe sariM, 22 

Dutwnx' fumnilA, 125 

DMTMtlair MqMaoA, 12 

Dodtidnai ttaooiy of fmttioiial aombtn, 4 

IMioleitcy of a pUne ourvoy 455 

DoAnlto intognls, evaluation of« 111-124 (Chapter vi) 

De g ree of Legendre funetions, 302, 807, 824 

De la Tallde Poaealn • tact for uniformity of oonvergenoe of an infinite mt^^> 72 
Do Morgui's teat for convergence of aenee, 23 
Oependenoe of one complex number on another, 41 

Dougement of convergeut series, 25 , of double senes, 28 , of infinite determinants, 87 , of 
infinite products, 33, 34 

DcrlTates of an CActytle fonotton, 89 , Cauchy’s inequality for, 91 , integrals 82 
DolTBtes of elliptic functions, 4S0 
Dotannlna&t, Hadamard’s 212 

DatemiinantB, infinite, 36 , convergence of, 36, (conditional) 415 , discussed by Hill, 36, 415 ; 

evaluated bv HiU in a particular case, 415 , rearrangement of, 37 
Diflhranoe equation satisfied by the Gamma function, 237 

IMfforentlal eqnatlMis satisfied by elliptic functions and quotients of Theta funetions, 466, 477* 
492 , (partial) satisfied by Theta-fanctions, 470, Weieretrass' theorem on Gamma functions 
and 236 Sfe also TJnAmr differeBtial equationa and Partial difitoODtlal equatlone 
Dlfftfentiation of an asymptotic expansion 153 . of a Fourier senes, 168 of an infinite 
integral, 74 , of an integral, 67 , of a senes 79, 91 , of elliptic functions 4d0, 493 , of the 
circular functions, 585 , of the exponential function, 582, of tho logarithmic function, 583, 
689 

Dlrlchlet’s conditions, 161, 163, 164, 176. form of Fourier's theorem 161, 163 176, lormula 
conneoting repeat^ integrals, 75 76, 77 , integral, 252 , integral for ^ (;t)> 247 , integral for 
Legendre functions, 314 , test for convergence, 17 
XMscontlnaitles, 42 , and non uniform convergence 47 * of Founer senes, 167, 169 * ordinary, 42 , 
regular distnbution ol , 212 , removable , 42 
Dloooatlnaoas factor, Cauchy’s, 123 

Diacrlminaiit associated viUi Weiershaasian elliptic functions, 444, 550 
DlTfigoaca of a senes 15 , of infinite products, 38 

DomaiSi 44 

Double dTCutt mtegrals, 256, 293 
DoaUe integrals, 68, 254 

Donlile MTlee, 26 , absolute convergence of, 28 , oonvergenoe of (Stok’ condition), 27 , methods 
of summing 27 , a particular form of ol , rearrangement of, 28 
Dontlj periodic fonetloiie 429-535 See alw JaoohUa tiUptlc fonctloiu, fbeta-fUnottons and 
Welerotraeslan elttptio ftmcttoiie 

DupUeatios fcrmola for the ciroular functions, 565 , for the Gamma function 240 , for the 
Jacobian elliptic functions, 49S, for the Sigma funotioo, 459, 460, for the Theta functions* 
48^, for the Weierstrassian elliptic function, 441 , for the Weierstrassian Zeta function, 45d 

SleoferomagBotlc vaTee, equations for, 404 
Bleaieatary fnactlone, 82 

BoiiMBtaxy traaeoeadental ftuiotlosi, 579-590 (Appendix) also OirottUr fn ne tto g a* 

Ssponenttal fonetton and Logaziuun 

mupMieai tiarmonSos* 536-578 (Chapter xuu) , associated with confocal coordinates, 552 ; 
derived from Lamp’s equation, «5^ 543, 552-554, external, 576, lotegT&l equations oon- 
neeted with, 567, linear independence of, 560, number of, when the degree Is given, 546; 
physical applications of, 547, species of, 537, types oi> 637 See uleo Lsmd'a oqufittsa 
and Lasa4 ftmcttoas 

SDlptle cyUndor fnaottons, ue Hatbioa fhactione 

XDkltle funotloQS, 429-535 (Chapters xz-xxu) , oomputatioD of, 465 , eonstirtiotion of, 438, 478 ; 
denvate of, 430; discovery of, by Abel, Gauss s^ Jacobi, 4S®, 612, 624, exioBeBed by 
means of Theta functions, 473 , expreased by means <d Welerstrassian funotiona, 4^451 ; 
genezal addition lonnula, 457, number ol Eeros (or poles) in a cell, 481, 482, order of, 
482; penodicity of, 429, |79, 500, 502, 5(», period parallelogram of, 430, relation be- 
tween a^os anid poles ol, 433h residoes of, 481, 504; tnuisloimaidonS of, 506, wish no 
poles (are constapt), 481 ; with one double pole, 432, , with the aam® periods (r^ationa 

Wween), 4^; with two simple poles, 4^ tfl. See alea JacoWao eU^tte fttsetteDS, 
Thahii fgartiaas emd WeisirrtWMlEn fnac t tone 



GENERAL INDEX 


699 


SUl^tte lBt«fnla, 429, 512; first kind of, 515; function E{u) and, 617; fmietmi Z(o) and, 
518 ; inversion of, 490, 462, 454, 480, 484, 5X2, 6^ ; second kind of, 517, (addition (otmalae 
loff) 618, 610, £64, (ima^linax; iroiiBfofm&tion of) 519 ; fJiitd kind 5^* 5 ^ 3 , (dynamioal 
« 4 ^piieation of) 628, (parameter of) 522; three mods of, 514. Sae alw OempMe aniptlo 
fntemla 

SUSpttfi aMSlffUte, vibrations of, 404 
Eqnuuv OoefflotMts, 69, 186 
Sanation of dofine m has m roots, IBO 

Sqnatlona, indioiol, 198; number of roots inside a contour, 119, 123; of Mathematical Physics, 
208, $86-408 ; vi^ periodic coefficients, 412. 8a aUo DUArsBoe conotlOB, Integral 
eqwttlops, XdAOar dlObrontlal conations, and under the names of tpeetal equathm 
Eonlvalenoa ^onrvUlnear integrals, 88 
Brror-ftinotlon [Erf (x) and Erfc (s:)]. 341 
Bssentftal siiigiilarlty, 102 ; at infinity, 104 
Bta-fezictton [H (u)], 479, 480 

SnlMlaa Integrals, first kind of [B(m, n)], 258; expressed by Gamma-functionB, 254; extended 
by Pochhommer, 258 

SnlerUn Integrals, second kind of, 241 ; ta Gamma-fnnetton 

Euler's constant [>], 235, 246, 248 ; expansion (Maciauiin's), 127 ; method of * summing ’ senes, 
165 ; product for the Qamma-function, 287 ; product tor the Zeta-function of Riemonn, 271 
Bvslaatlon of definite integrals and of Infinite Integrals, 111-124 (Chapter n) 

Evaluation of Rill's Infinite determinant, 415 

Even fonctlons, 115, 165; of Mathieu [cs«(<s, f)), 407 

OrlaftirnfMi of derivatives of aoalyiac function, 89 ; -theorems, 388 

ExpaatUms of funetiottB, 125-149 (Chapter vu); by Burmann, 128, 181; by Darboux, 125; by 
Enier and Maciaurin. 127; by Fourier, *ee Fourier fierlee; by Pouner (the Fonner-Bessol 
expansion), 381 ; by Lagrange, 182, 249; by Laurent, 100; by Maclaunn, 94 ; by Pincherle, 
149 ; by Piana, 246 ; by Taylor, 98 . by Wronski, I4T ; m infiiute products, 136 ; in series of 
Bessel coeffloienta or Bessel functions, 374, 375, 381, 384; m senes of cotangents, 139; in 
senes of inverse factorials, 142 , in senes of Legendre polynomials or Legendre functions, 
310, 322, 330, 331, 335; in series of Neumann functions, S74, 375, £84; in senes of parabolic 
cyimdec functions, 331 ; m series of rational functions, 134. 8u also dsyaptotSc espaasloiia, 
fiwlea, and under the nanus of tpeetal /unetums 

Ssponentlal function, 581 ; addition theorem fmr, ^1 ; oontmmty of, 581 ; differentuition of» 
582 ; periodicity of, 585 
EKponenttal-lntegral (£i (^], 352 

Exponents at a regular point of a linear differential eqiAtion. 198 
Exterior, 44 

External hazmonlos, (eliipsoidai) 576, (spheroidal) 403 

Factor, Cauchy's discontinuous, 123; periodicity-, 463 
Faotorlals, expansion in a senes of inverse, 142 
Faofeor-ttisorem of Weieratiaas, 137 

Feldris thoorem on the summability of Fourier series, 169, 178 
Fevers* assodatsd Legendre functions [Pm”*(x) and 823 

First kind, Bessel functions of. 369; elliptic integrals of, 515, (complete) 518, (integrotioD of) 
515; Ealenan int^^ral of. 253, (ezpreesed by Oamma-fonotions) 254 , integiu equation of, 
221 ; Legendre functions of, 907 

First meott-vaine theorem, 66, 96 

First qtsoise of ellipsoidal bannoniq, 587, (contraction of) 588 
FlMinet's SQlatton of differential equatione with periodic ooeffioients, 412 
FtafitnatUm, 56 ; total, 5? 

Foiadattoas of arithmetic and geometry, 679 
Foazlsr-BeMSl expansion, 381 ; integral, 665 
Faurier oonstoate. 144 

Foulsr wles, 169-193 (Chapter ix) ; ooeffioients in, 167, 174; oonvergenoe of, 171-179; dtfler- 
entiatkm of, 168; diaoontinuiUet of, 167, 169; distinction betwemi any trigoncoMbtioal 
senes and, 160, ; expsAiiona of a fnnntion in, 168, 136, 175, 176; OTpuMftnB of JaoobinB 
elliptio funotions in, 610, 611 ; expansion of Ma&ieu tunc^na in, 409, dll, 414, Fejdr'a 
theorem 169 ; HuTirite>Liaponaoff theorem oo, 180 ; Parsevol's ttf iir mft oq, igs j series 
of sines and series of ooeinee, 165 ; smamabiUty of, 169, 178 ; turiformi^ of eonvsrgsnce of, 
168, 179. Sm dUo Tr ig o n emettloal Mrtss 
fonrlv'd tt e aiam . Dizi<aUel’s sfeatement of, 161. 163, 176 



coo 


OSNBRAL INDEX 


fOnilflr*t ttiMrtai oa iategrals, 1S8, aill 

ftrartb 9 tQlM of ellipsoidal harmonlo, 6S7, {oonatruction of) 542 
Tndluilm'B intend equ&tloiit 218-217, 228 
PnnsttonaJltjr, oonoept of. 41 

rmwrtlons, bnnohes of, 106 ; identity of two, 98 ; limits of, 42 ; principal parts of, 168 ; witiiont 
essential singularities, 106 ; which cannot oontinu^ 98. Stt uftder the ttamee 
epeeiai funetiom or epfcial typee of fwxcttone, e.g. LagMul^ fhaottOni, Aaalytlo fancttoai 
FsiuUaental fonnnlas of Jaooht oonneoting Theta-funotions, 467, 488 
FnadamaBtal penod paraUelogrant, 480 ; polygon (of automorphio functions), 466 
Fnaftamaaial qftteim of solutiona of a linear diffeiential equation, 197, 800, 889, 659. Set alio 
under the namee of epecietl equatione 

Oamma-fimeticm [r(s)}, 236'- 864 ^Chapter xn); asymptotic expansion of, 261, 276; circular 
f anctions and, 289 ; complete elliptic integrals and. 624-627, 566; contour integral (Hankei’s) 
for, 844; difference equation satisfied by, 237; differential equations and, 236; duplication 
formula, 240 ; Euler’s integral of the first kind and, 264 ; Euler’s mte^al of the second 
kind, 241, (modified by Cauchy and Saalschfits) 248, (modified by Hankel) 244; Euler’s 
^tiduot, 287; moompletie form of, 341, integws for, (Binet’s) 246-261, (Euler's) 241; 
minimum value of, 258; multiplication formula, 240; sc^es, (Eommer’s) 250, (Stirling’s) 
261; tabulation of, 263; trigonometrical integrals and, 266; Weierstrassian prc^uct, 235, 
236 See aXto Bulexlan Int^rals and Logarithmic derlvate of the Ctemma-funetlooi 
Oaun* discovery of elliptic fuactioDs, 429, 612, 524, integral for r'( 2 )/r(£). 246, lemniscate 
functions, tee LemBlstmks foactlona , tzansformation of elliptic integi^, 533 
O egeabauer^s fonetlon [C„*(r)], 829; addition formula, 335] differential equation for, 329; 
recurrence formulae, 330; relation with Legendre functions, 329; relation involving Bessel 
functions and, 385 ; Rodrigues’ formula (analogue), 829 ; Schlaffi’s integral (analogue), 32^ 
OeDOS of a plane curve, 466 
Oeometrlo aeries, 19 

Olaiihex^B Botatlon for quotients and reciprocals of dllptio functions, 494, 498 
Oraatast ad the Bmita, 13 
Oraan's ftmettona. 396 

Badamard's lemma, 212 

Balf-parlods of Weierstrassian elliptic functions, 444 

Baakal's Bessel function of the second kind, T,,(i), 370 ; contour mt^^ for F (r), 244 ; integral 
lor «f»(r), 865 

Hardy's convergence theorem, 166 , test for uniforro convergence, 60 

Bumnlea, solid and surface, 392: spheroidal, 403; tesseral, 392, 636; zonal, 302. 392, 536, 
Sylvester’s theor«n concerning integrals of, 400. See alto KUpsotdal bannonioa 
Beat, equation of conduction of, 867 
Balna-Boral tlMoram (modified), 63 

Balaa'i aiqpaaalcn of (t - z)~^ m senes of Legendre polynomials, 821 
Hermlta'a aqutloB, 304, 209, 342, 347. See oho FaraboUc oyllndar tanothms 
Bamita*s ferarala for the geaarabsed Zeta>funetion ^(«, a), 869 
Harndta'a aotadoa of Iaih^'s equation, 678-576 
H«iin.*a aqttatlfln, 676, 677 

Bin’s aqnatiaB, 406, 413-417 ; Hill's method of solution. 418 
BUI'S InflBlta detamUBant. B6, 40, 419 ; evalaatioc of, 416 
Haban's aaaooiated Legendre fttoctions, 839 
HaieBiorphtc, ^ 

Ho m og tas t^ of Wmentrasaian elliptic functions, 439 

Bonetfupns haamwirtas (associated with ellipaold), 648, 576 \ ellipsoidal humonios derived 
fr^ (Niven’s fcnttiula), 543 ; linear indeputdenee of, 900 
HomagSBaoBs iaiagXBl aqnattims, 817, 819 

Banrttf definition of the gececallaed Zeta^funotion {'(•, a), 366; formula for /(«, a), 268; 

tiieorem ooncaming Fourier constants, 180 
B ypatK OC Bnatrto aqaaUoB. eee BypairfaQsnatelo foBCtloBs 

Myymwtoaudtis Itinottons, 381-801 (Chapter xxv); Barnes’ istagrals, 386, 869 ; contiguous, 894; 
oostinmtion of, 268 ; contour integrals ios, 291 ; diffarsntial equation for, 90St, 307, 868 ; 
fonotioiis a K p r essed m terms of, 281, 811; of two variables (Appeu’s), 300\ relatioQs between 
twenty-ioor exj^vesions mvolviu, 864, 289, 290; Biemaitzi's F-equation and, 906, 268; 
seriM lor (oonrergenoe of), 24, 261 squares and prodoots of, 899; value of 9; e; 1), 
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381, 293; TiJaes of special forms of hjpetgeometnc funotiona, 99$, $01, Su ai»o Diaael 

ftnottoai, Omflnttat l^ypwgeomtrtc fn&etiou arui Laceadre ftmotlonf 
g yp tr gaqjaotrtc mcImi, #«e Hjpaziiaomotr^ ftuotlost 
BSrpotbealf of Blaanau on zeros of ^(a), 273, 930 

lAoBtioally ▼MUatftiig' power senea, 58 
tdestl^ of two functions, 98 

TTnagtnwy urunont, Bessel fonctioDs with C^«(s) and Kf^{z)], 872, 378, 3S4 
lautflBuy part (/) of a complex number, 9 

Ina^Hury tt«Bafona*tiosi (Jaoobl'i) of elliptic fanctioos, 505, 508, 536 , oi Theta'faactiona, 124, 
474, of E{u) and Z{u), 519 

Improper Integrals , 76 
Incomplete Ounam fnaottono [y (n, z)], 841 
I&orenslng eeqnmme, 12 
Indimnl eqnntloiL, 108 

Inegnellty (Abel’s), 16, (Ekdamard’s), 212; satisfied by Bessel eoeffieienU, 379 \ satieUbd by 
Legendre pol^omials, 30S; satisfied by parabolic cylinder functions, 354; aatisfied by 
{-(8, a), 274, 276 

Znllsite determfiumte, see Determinants 

Infinite integrals, 60 , convergence of, 70, 71, 72 , differentiation of, 74 , evaluation df , 111-124 , 
functions represented by, »fe vndcr the iutm<8 of •pectoi funetton*, representing analytic 
funotions. 92, theorems couomnng, 78, uniform convergence of, 70, 72, 73. See also 

Integrals and Integration 

Infinite prodncte, 82, absolute convergence of, 32; convergence of, 32; divergence so zero, 33; 
expansions of funotions as, 186 137 {see also under the names of speetal functions ) , expressed 
by means of Theta functions, 473 438, uoifonn convergence of, 49 

Infinite eerlee, see fterlee 

Infinity, 11, 103 , ♦'saential singularity at, 104 ; point at, 103 ; pale at, 104 , zero at, 104 
Integen, positive. 3 , signieHS, 3 

Inte g r a hmty of continuous functions, 63 , Riemann's oondition of, 63 
Xategral, Borel's, 140. and analycic coDtiouation, 141 
IntegiaZ, Caonhy's, 119 
Integral. DtriotUet's, 258 

Integral equations, 211 231 (Chapter xi), AbePs, 211, 229, 230, Fredholm’s, 213-217, jl38, 
homogeneous, 217, 219, kernel of, 213, LiouviUe Meumann method of solution of, 221; 
nucleus of, 213 , numbers (characteristic) associated with, 210 , numerical sola* oos of, 211 ; 
of the first and second kinds, 213, 221 , satisfied by Lam^ fauctions, 564-66V ; satisfied by 
Mathieu functions, 407, satisfied by parabolic ojlmder fanctions, 231, SohlOrailoh’s, 229 ; 
solutions m series, 228, Volterm’s, 321 , with variable upper limit, 313, 321 
Integr a l fcomulae for ellipsoidal bannomes, 567 , for the Jacobian elliptic funotions, 492, 494 ; 

for the Weierstiassion elliptic function, 437 
Integral DinottOAS, 106; and Lamp’s equation, 571. and Mathieu’s equation, 418 
Integral properties of Bessel functions, 380, 381, 385, of Legendre functions, 285, 305, 324; of 
Mathieu fanctions, 411 , of Neumann’s function, 386, of parabolic cylinder funotions, 860 
Integrals, 61-81 (Chapter iv) , along curves (equiyalecce of), 87 , complex, 77, 78, differentiation 
of, 67 , double, 68, 256 , double-circuit, 298 , evaluation of, 111-124 , for derivates of an 

analytic function, 80 , functions ropreaented by, see under the names of the special functions ; 
improper, 75 . lower, 6l , of harmonics (Sylvester’s thoorem), 400, of irrational fimotions, 
452, 513; of periodic lanctians, 113, principal values of, 76, 117, rc^uUr, 301; repeated, 
68, 75, representing analytic funotions, 92, r^iresenting areas, 61, 589, round a contour, 
86 , upper, 61 See also EUlpttc Int^niis. Jafiaite integraU, and Zategrattea 
Integral theorea, Fourier’s, 188, 311 , of Founer Besstd, 385 

laftegratioa, 61 , ooznplez, 77 ; contour-, 77 , general themem on, 63 ; general theorem on 
oomplez, 78, of asymptotic expansions, 153; of integTals, 68, 74, 75; of aeries, 78; pro- 
hlem connected with enbios or quartics end elliptic funotions, 452, 512 See iBflalte 
lategnlt and Integnls 
Interior. 44 

Intenti spheroUba Rsrmoaloe, 403 

XanrlaBts of WeiCffstiassian elliptic fnaotiems, 437 

larerse teotortals, expansions in series of, 143 

tsTwelon of ^iptlo Integrals, 429, 462, 464, 480, 484, 613, 534 

matlonai fniMtioas, inkegratioa of, 463, 518 

Itratlonal-nfil noiaben, 6 
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Xn«te«tU« Ml of seroB or polM, 430 

Impiltt poSnta (singolKritiLeB) of differwal^Al eqoatitms. 197, 903 
ItsnlMl fnaottoiu, 333 

tiUFtie foAOttoiii [boh, onu, dnul, 433, 478« i91->585 (Cb&ptor xxu) ; i^4itio& thBonsav 
for, 494, 497, 5^, $S5 \ oonnezioo with Weierv^Msian fonotions, 505 , Oefinituing of Am w, 
A^, sn « (sin am u), oq h, dn h, 478, 493, 494 ; differential equations satisfied by, 477, 403 ; 
differentiation of, 498; dupheation formolae fen, 498 \ Fotiner senes for, 510, 511, 5dfi; 
geometnoal illoshation of, 534, 637; gmeral dseoriptioa of, 504; GlaiBb«‘’B notat^ for 
quotients and reoiprooais of, 494 ; infinite {woduota for, 50%, &S2 ; integral formulae for, ^12, 
494 ; Jaeobi^B im^nary tTansformation of, 506, 506 ; Lam4 functions expressed in tenns of, 
564, 573 : XiSnden^B transformation of, 507 ; modular angle of, 492 ; m^ulos of, 479, 493, 
(complementary) 479, ^8 , parametnc representation of points on canres by, 584, 587, 5^, 
5S3\ penodiei^ of, 479, 500, 502. 508 ; poles of, 482, 508, 504 ; quarter peiriods, IT, iJT, eff, 
479, 49%, 499, 601 ; rations between, 4^ ; residues of, 504 ; ^iffert’s ^thencal spiral and, 
5^; triplication formulae, 580, 554, 555 ; vaines of, when u is 4^. or ^ 5(^, 

505, 507 ; valnes of, when the modulus is small, 5S9 Htt also ElUpttc fnaetleBS, SOtp^ 
intsiinls, LemsisaaM ftmetlops, nata^foaettoas, and WelontcaMlaJi elltpUe fuioiioiis 

dsMbi’s diBoovery of elliptic functions, 429, 513, earher notation for Theta functions, 479; 
fundamental Tbeta-fnnction formolae, 4^, 488 , imfiginaTy txanaiormations, IB4'1 474, 506, 

506, 519, 585 ; Zeta-fooction, see undtr lota fua^on ^ Jacobi 
Jordan's leauaa, 115 

Xerael, 213 

Sletn*B tbeorsiB on linear differential equations with fire singularities, 308 
Kommar'e formolae for oonflnent hypergeometno functions, 38% , senes (or Ic^ r (z), i&O 

Laenasfy faactiim, 96 

lAgxasce’s expansion, 132, 149 , fetrm for the remainder in Taylor’s senes, 96 
Lam4 fnactloai. defined, 558, expressed as algebraic functions, 556, 577, expressed by Jacobian 
elliptic functions, 578-575 ; expressed by Weierstraesum elliptic functions, 570-57^ , integral 
eqaations saiusbed by, 564'-567. linear independence of, 559, reality and distinctness of 
reros of, 557, 558, 578 ; second kmd of, 562 , values of, 558 , seros of (Stieltjee* theorem), 
560 Stt alto I«m4’s equation aiu( EUipaoldal hannonlcs 
Laard’s equation, 904, 538-676 (Chapter xxin), derived from theory of ellipsoidal harmonics, 
538-548, 653-654; different forms of. 6 m, 678, generalised, 204, 570, 578, 575, 577; 
senes solutions of, 556, 577, 578 , solutions express^ to finite form, 459, 5M, 575, 577, 578 ; 
solutions of a genwalised equation m finite form, 570, 573. Set aUo lai^ fnaotlMUi and 
Etitpeoidal hameulee 

lABdsn’s ttmusfomattoa of Jacobian elliptic functions, 476, 507, 533 

Laplace's equation, 886 ; its general solution, 888 ; normal solutions of, 558 , solutions involving 
InncUons of Legendre a^ Bessel, 891, 895, solution with given boundary conditions, 898; 
symmetncal solution of, 399 ; transfonnations of, 401, 407, 551, 558 
Laplace's Isteffnle for Legendre polynomials and functions, 812, 813, 814, 819, 326, 33T 
Laurents 100 

Lead of UmiU, 13 
Lebiflgui’ii lemma. 172 
LeA(L-) dbtii. 4 

Ltge&dret eqpaticti, IHM, 804; for associated functions, 894; second solution of, 8l6. itte idto 
Legeaffre functions a«d Legendrs pcXynomlals 

Legeafiia flmoClaiBa, 802-836 (Chapter xv).; ^( 2 ), 0,(2), Pa* ( 2 ), Q^^[z) defined, 806, 816, B3dy 
835 , addition formulae far^ 828, 896 ; Batsel functions ana, 364, 867, 401 ; degree of, 807, 
324; differential equation for, 904, 806, 894; distinguished from Legend polynomials, 
806; expansicais in ascending aeries, 811, 828; expansions in descending series, 809, 817, 
826, 334 , expansion of a fun^on as a series of, 334 ; expsusaed by Murphy as hyperaeometrlo 
funettions, 811, 323 ; exisesuon of to terms of lAgendre ^lynomials, 319, 190, 53i9 ; 
Ferrers' functions assooiated with, 898, 834; first kind of, 307 ; Gegenbauer's funotion, 
C ' (e), associated with, tea OsgeBbsust'a fte^oa; Heine's expansion ^ as a eerias 

of, 821 ; Hobson’s functions sMOdated with, 825 ; integral connecting Beasei fun^MS with, 
AM; integral |noperties of, 894; Laplaee's intei^B tor, 813, 818, 819, 8SM1, 334; JlefalM* 
Ihrichlet integral lor, 814; coder ol, 896; reennnooe formolae for, 807, 816; fichlftfli'i 
integral for, Jp#, 806; eeeoDd Idnd of, 8l6'830. 825, 896; summatioR of and 

ZA* Q, (s), 809, 331 ; aeros af , S03, 3J6, 335. 8m al»o j Sgwiirs ptffBOttllda on4 Lagmsdre^l 
eqtHittOti 

liafnan ptiyaradid, [P, (dl. 9^, WI; (nmnla tor, S36, S87 ; dogrte at, jHKi j 4Ular> 

oqnctiaa tor, aO<,^8(M ; expouion la uonidiBg iorm, 811 , oxpaaiiaB la dtamadlHc 
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ieri«t, B(K2, AM; •xiNU 20 iozi of a function as a eenee of, 810, 832, $8&t S3lt 852, SSS; 
expregsed by Mur^y &b a bypergeojnetrio function, 811, SIS ; Heine’s expan^on of {t 
as a series of, 831; inte^l connecting Bessel functions with, 3$4; integnU proposes of, 
SSS, 806; Laplace's equation and, 391; Laplace’s integrals for, 813, SJ4; Bilehler>Dinchl6t 
integral for, 814 ; Neumann’s expansion in senes of, 322 , numerical ineqnality sa^sfied by, 
303 ; recurrence formulae for, 307, 309 , Bodrigues’ formula for, 285, 303 ; Schf&fii’s integziil 
for, 808, iSICM ; sommation of (r), 302 ; zeros of, 303, 316. See algo Legmdre ftmetiOBa 

legandira'a relation between complete elliptic integralH, 520 
Laanafoeate taaottmui [sm lemn 4> and cos icmn 524 
XdaiKNUioff's tlMOzesi concerning Fourier constants, IBO 
Ltantt, condition for existence of, 13 

Uaitt of a function, 42; of a sequence, 11, 12 ; point {the Bolzano-Weicrstrass theorem), 13 

Mmfflag clr<^, 98 

Umlta, greatatt of and loast of, 13 

Limit to the Taloa of a complex integral, 78 

Ltndomaam’e theory of Mathieu's equation, 417 , the similar theory of I^un^'s equation, 570 
Unear difltorential eqnatLons, 194-210 (Ohapfcer x), 386-403 (Chapter xmi); exponents of, IM ; 
fundamental system of solutions of, 197. 200; irregular singulantiea of, 197, 202 , ordinary 
point of, 104 ; regular integral of, 201 ; regular point of, 197 , singular points of, 194, 197, 
(oondaenoe of) 202 , solution of, 194, 197, {uniqueness of) 196 ; special types of equations ' 
-- Bessel’s for circular cylmdei functions, 204, 342, 357, 358, 373, Oauss* for hypergeo- 
metric functions, 208, 207, 283 , Gegenbauer’s, 329 , Hennite’s, 204/209, 342, 347 , Hill’s, 
406, 413; Jacobi’s for Theta fumtions, 463. Ijam^'s. 204, 540-543, 5.54-558, 570-575; 
Laplace’s, 386, 388, 536, 551 , Ijegendre’s for zonal and sarfaoe harmonics, 204, 304. 324; 
Mathieu's for elliptic cylinder functions, ^4, 406, Neumann’s, 3S5, Biemann’s for 
P functions, 206, 288, 291, 294, Stokes', 204, Weber’s for parabolic cylinder functions, 
204, 209, 342, 347 , T^Tultaker’s for confluent hypergeometnc functions, 837 , equation for 
conduction of Heat, 387 , equation of Tel^^pby, 387 , equation of wave motions, 386, 397, 
402 ; equations with five singularities {the Klein-B^oher theorem), 203 , equations with three 
singularities, 206, equations with two singuJanties, 208, equations with r singularities, 
809 , equation of the third order with regular integrals, 810 
UoQTlUe t method of solving integral equations, 221 
LiouvlUe’a theorem. 105, 481 

Logmiittmi, 683, continuity of, 583, 689, differentiation of, 686, 589, expansion of, 584, 569; 
of complex numbers, 689 

Logarithmic deHvate of the Qamma-function 240, 241 ; Binet's integrals for, 248-251 ; 

circular (unctions and, 240, Oirlchlet’s integw for, 247 , Gauss’ integral for, 246 
Logarltbmle tferlTate of the Biemann Zeta function. 279 
Logarithmio-lntegral fUnotloa [Liz], 341 
Lower Integral, 61 

Lunar p e rigee and node, motions of, 406 

Maolaarln'a (and Euler’s) ezpansion, 127 ; test for convergenoe of infinite integrals, 71 , senea, 
94, (failure of) lOi, 110 
Many yatned functions, 106 
■aMheioal’e oonatant [>], 235, 246, 248 

Mathematlodl Phyalot, equations of, 20S, 366-408 (Chapter xvm). See aUo wader linear dU- 
ferentlal eqnatlona and the name* of epeeud eqwiwn* 

Vath^ fanetioia q). q), 9)3> 404-428 (Chapter xix); construction of, 

420; convergenoe of senis in, 4^, even and odd, 407; expansions as Fourier senes, 409, 
411, 420; Integral equations satisfied by, 407, 409; integral formulae, 411 , order of, 410; 
second kind of, 487 

Mathleii's OQnathm, 204, 404-428 (Chapter zixl ; general form, solations by Floquet,^ 412, by 
S Lindemann and Stielties, 417, by the method of change of parameter, 424 ; second solution 
of, 413, 420, 427 , sdutions in asymptotic senes, 425 , solutions which are periodic, »ee 
llathlaii ; the integral function associated with, 418. See <tl*o HQl'i equattoa 

■ean-valne theomans, iti, 66, 06 
Kthltr's thtignd for Le^ndre iunOtions, 314 
llaiISii*s (and Barnes’) type of contour integral, 286, 348 
KemttraiMa, vibrations of, 856, 306, 404, 405 
■•«h,4B0 

Xolhoti of ‘Munmlhg* idilM, 164-166 
KaAIhg’a Ihniula, ZIP 
lHaianuB yalno of r (r) , 258 
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ModUted EalBo>Boral tbMraa, S3 

ftDgle^ 499 ; fonotlon, 481, (eqUAtioa ooosdcted with) 489 ; -surfioe, 41 
IU»dQlii>r ft Qompkx namber, 8 ; of Ja^bian elliptic luDctioQs, 479, 492, (fxmi|^exaentar7) 

479, ; penode of elliptio fnootions reg&rded es funotione of the, 4S4, 498, SOI, S21 

■MMg;eo2o, 8B ; dls&iigaiBlied from analTtio, 99 
MflBOtOllIC, S7 

Koron^'t theorem (oonveree of Caochy’e theorem), 110 
HottMU of lunftT perigee and Qode, 406 
K>Uit for uniformity of oonvergenoe, 49 

llaltl|atoa.tiOB formula for V (t), 940 ; for the Sigme function, 460 

Mnlt^iUcatton of ubeolutely oonyergent eenee, 29 , of esymptotio expungiong, 152 , of oonvergent 
sen^ (Abel's theorem), 58, S9 
jtultliiitan of Theta fanotions, 463 

l^uphj'a formulae for Legendre functions and polynomials, 311, 312 

Keumana'e definition of Bessel functions of the second kind, 872 ; expansions m serifis of 
Legendre and Bessel fanotions, 322, 874 , (F £ Keomann's) mtegm for the Legendre 
function of the second kind, 820 , method of eolring integral equations, 221 
Vmmaim’s ftaactfoa. (.0,^(z)], 874, differential equation satisfied by, 386 ^ expansion of, 874, 
expansiOQ of functions in series ot, 376, 384 , integral for, 375 , integml properties of, 
,7^ , recurrence formulae for, 3/5 
Von UBlform oaoTm'genee, 44 , and disoontmui^, 47 
formal fattottosa, 224 
Normal eolutLons of La^daoe'e -equation, 553 

Notatioiis, for Bessel fanotions, 356, 372, 373; for L^ndre functions, 825, 826; for quotients 
and reciprocals of elliptic functions, 494, 498 , ior Tbeta^functions, 464, 479, 487 
Nuoloui of an integral equation, 213 ,^symmetno, 223, 228 

Numbera, 8-10 (Ch^ter t), basic, 462, Benioalh’s, 125, Cauchy’s, 379, obaractenstic, 219, 
(reality of) 226, complex, 6; irrational, 6, irrational real. 5, pairs of, 6, rational, 3, 4; 
ration^ real, 5 , real, 5 

Odd fhttotlons, 115, 166 , of Mathicu, (r, 9)], 407 

Open, 44 

Order (O and 0), 11 , of BemouUian polynomials, 126 , of Bessel functions, 35Q , of elliptic 
functions, 432, of Legendre functions, 324; of Mathieu functions, 410, of poles of a 
function, 102 , of terms in a senes, 26 * of the factors of a product, 33 , of soros of a 
function, 94 

Ordlnaiy dtsconttnuity, 42 

Ordinary point of a hnear differential equation, 194 
^Orthogonal coordinates, 394 , functions, 224 
OsclUation, II 

FarahoUc cylinder Ihncttons 347, cxmtour integral for, 349, differential equation for, 

204, 209, 347 , expansion m a power aenes, 347 . expansion of a function as a senes of, 351 , 
general asymptotic expansion of, 348, inequalities satisfied by, 364, integral equation 
satisfied l^, 231, integral properties, 850, int^rals inToI^Bg, SM, integrals representing, 
363 , preppies when n is an integer, 350, 363-, 364 , reonrrenoe formulae, 350 ; relations 
between different kinds of and u)j, 848; 3WOS of, 354. S*e dUo Web«r*« 

Mtnatlm 

ParaUalogram of portoda, 430 

Parameter, change of (method of solnng kfothieu’e equation), 424 , oonnected witii Thefilr 
functions, 463, 464 ; ot a point on a curre, 442, 496, 497, 697, 630, 633 , of members of 
oonfooal systems of quadrics. 547 ; of third kind of elliptic integral, 5^ , thermometno, 405 

Pantrai’i theorem, 182 

Partial dffferentlal eguattou, property of, 390, 392. Su aUo Linear dUfbrentlal equatleos 
ParttUon ftmotloa, 462 
Parte, and imo^naiy, 9 
Pearton’s fonotlon [»«, „ (r)3, 363 

P-equatto&, Blemans's, 206, 387 ; coonextoo with the hypugeometno equation, 908, 288 ; solo* 
turns of, 288, 291, (relahooe between) 294 ; trsAgfiMtaatiens of, 207 
tertodio oeifl k difn t e, equaUons wi^ (Floquet's tbemgr of), 412 

Pmiodio fpaettoDS, integrals mrolring, 113, 256. See aleo Fowler letfea and SohUy pa i iodte 
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FwlfldSel^ ftoloni, 46a 

of cirealAT and exponential funotions, 585-587 ; of elliptic functions, 429, 454, 479, 
500, OOS, SO& , of Theta fonotions, 468 
Psctodlo aeli^ftOBa of MAilueu *8 equation, 407 
Vnlqd^pnxaUielofraia, 450 , fundamental, 480 

Peflods 0 f dUptto fttBotUms, 429 , qua functions of the modulus, 464, 498, 499, 501, 521 
PhSM. 0 

n&eheTle*B jhinotions (modified Legendm funotiona), S35 

nana^ «cpaiuloa, 243 

Pofthhammer's eztonslon of Ealenan integrals, 256 

Pellit, at icfiilitj, 103, limit- 12, repreaentative, 9, singular, 194, 202 

Poles of a fooctloa, 102 , at infinitj, 104 , irredncible set oL, 450 number ld a oell 481 , iBlatinns 
between zeros of elliptic functions and, 483 , residues at, 452, 504 simple, 102 
Polygon, (fundamental) of automorphic functions, 455 

Polyiunnlals, espressed as senes of Legendre polynomials, 310 , of Abel, 3S3 , of Bernoulli, 126, 
127 , of Legendre see L^endn polynonilals , of Sonine, 3^2 
Popular conception of an angle, 589 , of oontinmty, 41 
PosltlTe Integers, 8 

Power sezltf, 29, eirclf* of convergence of 30, continuity of, 57. (Abers theorem) 57, ezpon 
Bions of functions in lee undtr tfu names of special functions , identically vanishing, 56 , 
Maclaurin’s eipansiou in 94 . radius of convergence of 80, 32 , senes denved from, 81 , 
Taylor’s expansion in, 98 , uniformity of convergence of, 57 
Principal port of a function 102 , solution of a ^rtain equation 462 , value of an integraJ, 75, 
117 , value of tlie arguroect of a complex number 9, 588 
Prlselple of oonvergenoe, 18 

PrlagahetiD t theorem on aummution oi double senes, 28 

Prodnets of Bessel fanctions 379, ddO, 3S3 38o 428 , of hypergeometne functions, 298 See 
also XnfUilte products 

Qunrtnr psaiodM A' iJT, 479r 498 499 501 A/r oAto JElBptlc 

Qnaitlo canonical form of, 513, mtegratioo problem connected with, 452, 512 

Qoaai-perlodlcl^, 445, 447, 463 

Qnotlsats of elliptic fanctions (Olaisher's notation), 494 511 , of Thela-iunotiouB, 477 

ftadlos of coQTsrgsnne of power senes, 80, 32 

Bational foaotions 105 , expansions m series of 134 

Eatifffial numbers 3 4 , real numbers, 5 

Kaal foaotimw of real vanablee, 56 

Baaltty of characteristic numbers, 226 

Jteal aruBberi, rational and irrational, 5 

Real part {R) of a complex number, 9 

RsanaDffsmMt of convergent seriee, 26 , of douMe series, 28 , of mfinite detenninante, 87 , of 
infinite prodifbU, 33 
Beetproosl ftmctloas, Volterra’s, 218 

Bedproeals of elliptic fanctions (Qlaisher’s notation) 494 511 

Beearrsaos ftemnlae, for Bessel functions, 359, 373, 374 , for oonfioent bTOe rg eoaietne ftmotiaos, 
S52 , for Oegenbauer’a function, 380 , for L^ndre funotioos 307, 309, 318 , tot Neumann’s 
fonotion, 875, for parabolic cylinder fonctiotu, 350 5ee also ointignonB tiypaifeoaatriiD 

fOAOttoBl 

R e gi o n , 44 

RsffiiliT. 88 , distribution of discontinuities, 212 , integrals of linear diflmenbal equations, 201, 
(|^ the ^ird oite) 210 , points (singularities) of linear difierential eqnationa, 197 
Rtfalibni between Beesel functions, 860, 371, between uonfloent hypergeemetrie funotimm 

beWeen contiguous hypergeometric functions, S94; be* 
tween riliptic functions, 452 , between parabolic cylinder funoti<ms I>« ( i:s) and 
646 , between ^es and seroe of elliptic funotioos, 433 ; between ^ezoaiui Zeta-fonetitma 
f* (s) and f'(l - 289 See aUo BeeorreBos fonBulae 

Ranaladir after n tersns of a series, 15 ; in Taylor’s series, 96 
Remorabto dieee&tlJHtlty, 42 
Re p sa t ed tategraU, 6B, 75 
RejMsartatif point, 9 

111-134 (Chapter v^i defined, 111 ; of ilhptio fuietioM, 4S5, 497 



60 $ 


OEMEEAL INDEX 


y 

Riamaui’t associated foaetion, 163, 184, 185 i condition of integrabilil^, 60 ; eqaattous satie0sd 
by analrtio faDCiions, $4; hy^thesis eoQeemiz2g ^(«), 273, 380; lemibas, 172, 184, 185; 
i^-eqaatioD, ^8, 383, 391, 294, (tzansformatkm of) 207, (and bypergec^etrio eqoatdony 
206, ««£ oXIm) Hypargeoinsttle fomtUgu; tbeory of tri^MSometrioal seriee, 183-188; Zeta* 
fonctioD, tee Zata-ftuellon (of Elwnaitn) 

XIsd’ method of * somming ’ s^ios, 166 
Kght (B ) dan, 4 

BodrtcoM* ftirmnlJ. for Legendre polynomials, 008 ; modified, for Gegenbauer’s function, 029 
Eoots of an equation, number of, 130, (inside a contour) 119, 133; of Weieratraasian elliptic 
functions (cx , «s}i 443 

integral for the Qamma-funetion, 24S 
BddJUU’s B^sel funoti<m of the second kind, (a)], 870 

BcbULfll's Integral for Bessel functions, 362, 3T2; for Legendre polynomials and fonctions, 808, 
804, 306 ; modified, for Oegenbauer’s function, 839 
8emSiilile2L*a expansion in series of Bessel coefficients, 877 ; function, 353 ; integral equation, 229 
Sdmtidt’B theoram, 223 
Bchwarz’ lemma, 186 

Beoond kind. Bessel function of, (Hankers) 870, (Neumann’s) $72, (Weber^Sohiafii), 870, 
(modified) 378 ; elliptio integral of [£ (u), Z («)), 517, (complete) 618; *Suiehan integral of, 
241, (extended) 244: ioteg^ equation of, 213, 221 ; Lam4 functions of, 662; Lemndre 
functions of, $16-330, 326, 826 
Second mean-Talue themam, 66 

Seoond solution of Bessel's equation, 370, 372, (modified) 373 ; of Legendre’s equation, 316 ; of 
Maibieu’s equation, 413, 427; of the hyper^metDc equation, 286, (confluent form) 84$; of 
AVeber's equation, 347 

Second epec^ of ellipsoidal harmonics, 587, (construction of) 540 
Section, 4 

Seiffert's spherical spiral, 527 

Sequences, 11 ; decreasing, 13; rncieas/ng, 13 

Stftes (infinite senes), 16: absolutely convergent, 18; change of order of terms m, ‘25; con- 
ditionally convergent, 18; convergence of, 16; differentiation of, 81, 79, 92 ; divergence of, 
16; geometric, 19; integration of, 33, 78; methods of summing, 164-156; multiplication 
of, 1^, 58, 69; of analytic functions, 91; of cosines, 165; of cotangents, 189; of inverse 
factorials, L42 ; of powers, tee Power series; of rational functions, 134; of smee, 166; of 
vanable terms, 44 {tee alto Uniformity of oonrergence) ; order of terms in, 35 ; remainder of, 
16 : representing particular functions, tee under Ote name of the function ; solutions of 
differential and mtegral equations in. 194-202, 228 , Taylor’s, 93. Set alto Asymptotic 
expansions, Cq nvwgenoe, Bxpnmloas, Fonrier series, Tilgonosaetrtoal seH#s and Valfonal^ 
of cMtTOTgenoe 

Set, Irredneihle (of zeros or poles), 430 

gigma'fnnctions of Weierstiass C<r(r), ^x(r), ^^(s), es(r)], 447, 446; addition formula for, 451, 
466, 460; analogy with circular functions, 447; duplication formul^, 46p, 46(/;’ four 
types, of, 448; expression of elliptic functions by, 460; quasi-periodio properties, 447; 
singly infinite product for, 448; three-term equation involving, 451, 48i; Theta-funoUons 
connected with, 448, 473, 487 ; triplication formula, 4S9 
flfgnlem integers, 3 
Uniple curve, 43; pole, 102 ; zero, 94 
ilmply -connected region, 455 
ttne, product for, 137. See itlto Olretdar fonctfm 
Bine-integral [Si (z)], 363 ; -series (Fourier series), 166 
giai^.piffiodlo functions, 429. See alto CircaSur fhsctions 

Blngnlaiitjae, 83, 84, 102, 194, 197. 303 ; 4k4 Infinity, 104 ; confluence of, 30i3. 887 ; equations 
with five, 2004 equations with three, 306, 310; equations with two, 208 ; equations with r. 
309; essential, 102, 104; irregular, 197 , 903 ; regular, '197 
•iBgolar points (singularities) of linear difisrisntiai equations, 194, 202 
BOILA hsnnfladfis, 392 

■oltttiett ef Klemaan’s P-eqnattoii by bypotgsometric functions, 260, 268 

Buttons of dlflhiwntlal equaUoBi. tee O^ten «, rrnr, mn, and under the namet of tpeeial 

•atntioiu at latagr*! mnuthnu, wr Cb^ter u 

IobSm’* valjBOBSafl (2)), 352 

gptdm (varioua) of ellipwi^ )uutaflB(l», 537 



GENERAL INDEX 


6 ^ ' 


tffcwrtoal namoMioB, w gteBwmtot 
l^^uvlMl ^liml, Beiflert’B. 537 
8vih«toldal taftmoBioa. 40S 

Bvutfw of Bemel fonotioas, S79t 980 ; of hypergeoi&etrie fonetioDB, i98 ; ot Jaeob i an oUiptio 
lanotioiiB {rriationB between), 493 ; of Th^-iunetions (relations tetween), 466 
jtatamant of Fonxlsr’s thaorom, Diriohlet’s, 161, 168, 164, 176 
ttoadi^ telling to zero, 17 

theomn on zeros of Laia4 funetions, 560, (gentfalised) 662 ; theory of Mathieo^s 
equation, 417 ** 

ffebUng's MXles for the Oamma-funotlon, 351 
Stokos’ Kvatlon, 304 

t%0ls* oon d Atlon for convergence of double series, 27 
•triacS) Tibrations of, 160 
•nooMlive mlMtltatloiis, method of, 331 
Biua*flBiiitiUa of Euler and Blaclaurin, 127 

Snmmalrillty, methods of, 154'156 ; of Fourier series, 169 ; oniform, ISS 
Bnrfaee harmonic, 392 
fnzALee, modular, 41 
SurfluMs, nearly spherical. 332 

iyltMtmr’s theorem oonoeming integrals ot harmonies, 400 
Bymmetiic nncleus, 228, 228 

Teholatlon of Bessel functions, 878 ; of complete elliptic integrale, 518 ; of Gamma-funotions, 353 

Taylor’s series, 98 ; remainder in, 95 ; failure of, 100, 104, 110 

Telxeini's extension of Bdrmaan’s theorem, 131 

Telegraphy, equation of, 387 

Tessexal harmonies, 893 ; factorisation of, 536 

Tests for convergence, m Infkolte Integrals, InUnito prodnote atid gorlet 
Tbennometric parameter, 406 

Theta-fonetlona (r), ^( 2 ), ^(r), ^4 (r) or 3'(r), 6 (u)], 463-490 (Chapter xu); abridged nota- 
tion for products, 468, 469; addition formula, 467; connexion with Bignia-fuDotioDs, 448, 
478, 487 ; duplication formulae, 488 ; expression of elliptic fonctions by, 473 ; fonr types 
of, 463 ; fundamental formulae (Jacobi’s). 467, 488 ; infinite products for, 468, 473, 488 ; 
Jacobi’s firet notation, 6 (u) and H («), 4^; multipliers, 463; notations, 46A 4^, 487; 
Mrameters q, r, 463; partial difiereotial ^nation satisfied l^, 470; periodicity fhotors, 
463; periods, 468; quotients of, 477; quotients yielding Jacobian elliptic fusctioos, 478; 
relation 470; equarea of (relations between), 466; transformation of, (Jack’s 

imaginary) 124, 474, (Ijandea’s) 476 ; triplication formulae for, 490 ; with a«o argument 
(^s , ^3 1 3^4 • b-|'), 464 ; zeros of, 465 

Third kind of elliptic integral, II(u, a), 622 ; a dynamical application of, 539 

Third order, linear difTerentA^ equations of, 210, 296, 416, 428 

Third qwdes of ellipeoidal harmonioa, 587, (construction of) 541 

Three kinds of elliptic integrals, 614 

Thrse-twm equattoa involving Sigma- functions, 451. 462 

total finetnatloiL, 57 

TroBSOSadontal fanottons, see under the name* of tpedal function* 

ftaasfennatloBs of elliptic functions smd Theta-f unctions, 608; Jacobi’s imagiaaxy, 474, 606, 
* 506, 519 ; Landen's, 476. 607 ; of Bimxuum’s F-equation, 207 
Trtgnsmotoloal squatloBs. 587, 588 

TtigenomsMoy tntsgnls, 113, 263; and Oamma-fanctions, 356 

Trigo no mstrteal series. 160-198 ^banter ex); oonvergenoe of, 161 ; vsJues of oodBoients in, 168 ; 

Biemaan’s tiieory 163-188 ; which are not Fourier series, 160, 166. See ahto Feuisr emdes 

TrlpUeatlom fermnlae for Jacolnan elliptic fonotions and E (e), 590,534; for Sigma*fuztetigiia, 
459 ; for ThetBxfttnotions, 490 ; for Zeta-funoti<uis, 459 
Tw e gly ^ lOBr of the hypeigeometric equation, 384 ; relations between, 285, 286, 390 

Twe-dtaBeitsimtal ooatinuom, 48 

Two vulahlss, ooDtlnuoos functions of, 67 ; hypergeoioetrio fonotuma (▲ppell’s) of, 800 
^pes of ellipsoidal hanxMxiioi, 587 


OnkiirBdl, 456 
OBdUsmisatloa, 454 
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PBiftHTnWBg 'vuttUibr 48$; AMtxuftt^ vith oooiooai ooordinai9$,;$4f 
lI^lUbitiiLty» ooneept of, $3 
VstfiMcmlty of oontinuity, S4 ; ^ ^59 
OUi&Bttltx «f OOBvaCKVSM, 41-60 (Owter nr), defined, 44 ; 
infinite inteip^e, 70, 73, 7B ; of infinite prodtjets, 49 ; 

(oonditioQ for) 46, {Hardy’s test lor) 60, { Welerstrass* 3f>te»fe lor^ ^ 

ITBlSnanJr oonvorgent infinite integrals, propeities of, 73 ; sehes of analytic fonMonfl 91 
(diflorentiation of) 98 . • ’ 

VntaneoMB of an seymptotio expansion, 168 ; of solntaons of linear differential eqaations, 196 
Qpptt bound, 56 ; integral, 61 ^ 

^1^^ limit, integral equation vith variable, 218, 221 ; to the value of a complex integb^i 78 91 


ofVourletW^^m im ISO; 
of bower aertee, ST} of Series, 441 


,,,46, absolute, «« Modulus; of the argument of a complex nuruber, 9, 6B8;.ol the eoeffioients 
4- in Fourier series and trigonometrical series, 168, 166, 167, 174 ; of particuW hypergwmetrio 
functions, 281, 298, 398, 301; of Jacobian elhptio functions of AA', ^(K + ilC), 500 

SOOy 507; of IC^ K tor special values of !■, 621, 624 , 626 ; of for speoial values of 'i 
267, 369 ' * 

▼jplMUag' of power aeries, 58 

Variable, uniionulsmg, 456; terms (^es of), Unlfomlty of convergence; unner limit, 
integml equation with, 213, 221 

Vibrations of air in a sphere, 899 ; of circular membranes, 306 ; of elliptic membranes 404 405 * 
of strings, 160 ’ ' * 

Vfdltttxa’a integral equation, 221 ; reciprocal funcUons, 218 


Wave motlone, equation of, 986; general solution, S97> 403; solution involving Bessel functions, 
397 

Weber’s Bessel function of the second kind [!'„{«)], 370 
^•ber’e equation, 204, 309, 342, 347. See aUto Parabolio cylinder funotione 
W e i eretraee’ factor theorem, 137 ; Af-test for uniform convergence, 49 ; product for the Ganuna- 
« function, 236 ; theorem on hmit points, 12 

WetaorMraaetan eUMc function 429*461 (Chapter xx), defined and constructed, .482, 

488; addition tteorem for, 440, (Abel’s method) 442 , analogv with circular functions, 
438; definition of ^^7; differential equation f^r, 486; discriminant of, "444; 

duplioaUcm formula, 441 ; expression of elliptic functions by, 443 , expression of (f) - {y) 

by Sigma-funcUons, 451 ; half periods, 444 ; homogeneity properties, 439 ; inte^^al formula 
for, 437;' Integration of irrational functions by, 462; invariiiLnfcs of, 437; inverwon pioblem * 
for, 484; Jacobian elliptic functions and, 605; periodicity, 434; roots Cj, eg, 443. See ^ 
aUo B^XBa-ftmotlou aiid Zeta-functlon (of Weteretrass) 

Whittaker^ ftUietUm Confluent hypergeometrlo fonetioiu 

Wtonskl’s ezpeaalon, 147 


Zero ex!gaxnent, Tbeta-fonctions wltii, 464 ; relation between, 470 
Zero of a fbaottes, 94 ; at infinity, 104 ; simple, 94 

Zeros of a fonotlon and poles (relation between), 433 ; connected ^itb zeros of its derivato, 121, 
133 ; irreducible set of, 430 ; number of, in & cell, 431 ; order of, 94 
ZeowsNif funothms, {BesRel’s) 361, 367, 878, 3SJ, (Ijohi^’b) 557, 658, 660, 578, (Legendre’s) 303, 
316, 335, (parabolic cylinder) 354, (Biemann’s Z«ta-) 266, 269, 272, 380, (Theta-) 465 
ZetoofuBOtlon, Z(u), (of Jacob!), 618; addition formula for, 51h; connexion with £(u}, 618; 
Founer series for, 530; Jacobi’s iraaglnary transformatioi^ of, 519. See aUo Jaootdau 
sUipUo luoftloiie * 

Zotar^bBOtioa, f'(*^ f’(f« (b7 Btemann) 265-260 (Chapter xin), (generalised by Hurwitz) 266; 

Euler’s proi^ct lor, 271 ; Hermite’s intenaJ for, 269 ; H^rwitz’ uitegral for, 268 ; in- 
oqusilities satisfied by, 274, 275; logarithmic derivate of, 279; Eiemann’s hypo^esis 
conoenimg, 272, 380 ; Biemann’s integrals for, 260, 278 ; Bietnann’s relation connecting ^(r) 
and f(l “ 269 ; values of, for special vaiues of a, 267, 369 ; zeros of, 268, 369, 272, 880 

ZSta-fimotloh, f(z), (of Weterttirau), 446; addBion formula. 44 $; analogy with circular, 
functions, 4^; constants 7}^, 17^ connected with, 446; duplication formulae for, 459; ex* 
pression of elUptic functions by, 449; quasi-penodteity, 44^; triplication formulae, 46P. 
See alati WplersWauiaii olUpUo fanotlona 
Zonal haniiOBlfiij 302, 392 ; factorisation of, 5^ 
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